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Study of cLFV with `i`jγγ effective vertex

F. Fortuna

Centro de Investigación y de Estudios Avanzados,
Apartado Postal 14-740, 07000, Ciudad de México, Ḿexico.
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In this work we analyze cLFV processes using a low-energy EFT that induces the effective interaction between two charged leptons of
different flavor and two photons. We compute`i → `jγ, `i → `jγγ decays and̀i → `j conversion in nuclei. We derived indirect upper
limits on the double photon decays, which turned out to be below current experimental bounds. Our prediction for` → τ conversion in
nuclei is below the expected sensitivity of the NA64 experiment.
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1. Introduction

In the SM, lepton flavor is conserved (which also holds in its
minimally extended version, at the tree level, for the charged-
lepton sector), therefore, any measurable signal of a pro-
cess with lepton flavor violation in the charged sector (cLFV)
would be a sign of new physics.

In this work we analyze thèi`jγγ effective interactions,
in particular we study the cLFV decays of leptons to two pho-
tons,`i → `jγγ [1–3], and consider its theoretical correla-
tion with the `i → `jγ decays, which have been explored
in more detail, both theoretically and experimentally than
the former processes, specially decays involving theτ lep-
ton [4–8].

In Table I, we show the current upper limits from direct
experimental searches for both single and double photon de-
cays. Notice that the upper bounds for the single photon pro-
cesses are several orders of magnitude more stringent than
for the double photon processes, and this difference is even
larger in theτ sector. In fact, no direct experimental search
exists forτ → eγγ.

Any new physics scenario generating`i → `jγγ would
also generate a (model-dependent) contribution to`i → `jγ
at the loop level. We analyzed this correlation within an EFT
framework and derive general, model-independent indirect
limits on the`i → `jγγ decays, which turn out to be below
current experimental bounds.

On the other hand, in the literature there are plenty of
models proposed to describe the cLFV processes. If cLFV is

TABLE I. Experimental upper bounds on the rates of the`i →
`jγ(γ) decays.

Decay Mode Current upper limit on BR (90%CL)

µ → eγ 4.2× 10−13 MEG (2016) [9]

µ → eγγ 7.2× 10−11 Crystal Box (1986) [10]

τ → eγ 3.3× 10−8 BaBar (2010) [11]

τ → µγ 4.2× 10−8 Belle (2021) [12]

τ → µγγ 1.5× 10−4 ATLAS (2017) [13]

discovered, observations or experimental bounds from mul-
tiple independent processes would be helpful to discriminate
among those models.

A well-motivated scenario to study cLFV interactions is
the`i − `j conversion in nuclei. Currently the strongest limit
onµ− e conversion in nuclei was set by Sindrum II [14]:

BAu
µe =

Γ(µ−Au → e−Au)
Γcapture(µ−Au)

< 7× 10−13, 90%C.L.

In general, cLFV processes involving theτ lepton, imply
a greater experimental challenge. In fact, there are still no
experimental limits for nuclei transitions involvingτ ’s; how-
ever, at the CERN SPS, the NA64 experiment plans a search
for ` → τ conversion in nuclei [15]. The conversion is ex-
pected to occur by deep inelastic scattering (DIS) of the lep-
ton on the nucleus, as shown in Fig. 1. Using the stringent
limits that we derived from̀ i → `jγ, we compute upper
bounds on thèi → `j transitions in nuclei with an EFT ap-
proach.

This work is organized as follows: in Sec. 2 we present
the Lagrangian that we employ [2]. Then, in Sec. 3 we study
the correlation between the single and double photon decays,
and derived indirect limits on the latter. After that, in Secs. 4
and 5 we computè → τ andµ → e conversion in nuclei,
respectively. Finally, we give our conclusions in Sec. 6.

FIGURE 1. Deep inelastic scattering of a lepton (l) on a hadron (h).
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2. Effective operators

The effective`i`jγγ vertex is generated by the following
low-energy, dimension-7 operators [2]

LInt =
(
G ij

SR
¯̀
Li`Rj + G ij

SL
¯̀
Ri`Lj

)
FµνFµν

+
(
G̃ ij

SR
¯̀
Li

`Rj
+ G̃ ij

SL
¯̀
Ri

`Lj

)
F̃µνFµν

+
(
G ij

V L
¯̀
Liγ

σ`Lj + G ij
V R

¯̀
Riγ

σ`Rj

)
Fµν∂νFµσ

+
(
G̃ ij

V L
¯̀
Liγ

σ`Lj + G̃ ij
V R

¯̀
Riγ

σ`Rj

)
Fµν∂ν F̃µσ

+ h.c. , (1)

wherei, j are generation indices, the subscriptsL(R) indi-
cate the chirality of the lepton and̃Fµν = (1/2)εµνσλF σλ is
the dual tensor.

However, the effect of the dimension-8 operators is firstly
suppressed by a higher power of the cut-off scale of the EFT,
and secondly, due to a helicity flip is also suppressed by the
mass of the decaying lepton, so we will neglect them in what
follows.

On the other hand, the effective`i`jγ vertex is generated
by the following dimension-5 operators:

Ldim-5 = Dij
R

¯̀
Liσµν`Rj F

µν + Dij
L

¯̀
Riσµν`Lj F

µν

+ h.c. (2)

3. Indirect limits on `i → `jγγ from `i → `jγ

Let us first consider the scenario of our interest in which
dimension-5 operators are suppressed —by a symmetry in
the UV complete theory—, then the contributions generated
by the dimension-7 operators in Eq. (1) dominate. The decay
`i → `jγγ is generated at tree level with a total decay rate

Γ(`i → `jγγ) =
|Gij |2
3840π3

m7
i , (3)

where we have neglected the mass of the final lepton, and

|Gij |2 = |G ij
SL|2 + |G ij

SR|2 + |G̃ ij
SL|2 + |G̃ ij

SR|2. (4)

In this scenario, the decaỳi → `jγ is generated at the
one loop level, see Fig. 2, and keeping only the leading terms,
one obtains the approximate decay rate:

Γ(`i → `jγ) ∼ α |Gij |2
256 π4

m7
i log2

(
Λ2

m2
i

)
, (5)

where Λ stands for the EFT cut-off energy scale. We
then found an approximate correlation between the rates in
Eqs. (3) and (5)

Γ(`i → `jγ) ∼ 15α

π
log2

(
Λ2

m2
i

)
Γ(`i → `jγγ) , (6)

FIGURE 2. One loop contributions tòi → `jγ.

and using the experimental upper bounds on`i → `jγ from
Table I, we derived indirect upper limits on`i → `jγγ [1]:

BR(µ → eγγ) .6.4×10−14
[
1+0.15 log Λ

100 GeV

]−2

,

BR(τ → eγγ) .1.5×10−8
[
1+0.25 log Λ

100 GeV

]−2

,

BR(τ → µγγ) .1.9×10−8
[
1+0.25 log Λ

100 GeV

]−2

, (7)

which have a mild sensitivity to the cut-off energy scale.
Let us now analyze the scenario in which dimension-5

operators yield the leading contribution. The`i → `jγ decay
is induced at tree level, with a total decay rate

Γ(`i → `jγ) =
m3

i

4π

(∣∣Dij
R

∣∣2 +
∣∣Dij

L

∣∣2
)

. (8)

Clearly these dimension-5 operators may also induce the
`i → `jγγ decay, whose decay rate is given by

Γ(`i → `jγγ) =
α m3

i

48π2

(
|Dij

R |2 + |Dij
L |2

)
λ

(
Ecut

γ

mi

)
, (9)

with Ecut
γ an energy cut-off introduced to regularize the

collinear and infrared divergences in the rate, and

λ(x) ' 6 + 2π2 + 6 log2 2 + 21 log(2x) + 6 log(x) log(4x)

+ 18x
(
2 log(2x) + 1

)
+ 6x2

(
8 log(2x)− 29

)

+O(x3) . (10)

We may again find a correlation between the rates in
Eqs. (8) and (9),

Γ(`i → `jγγ) =
α

12π
λ

(
Ecut

γ

mi

)
Γ(`i → `jγ) . (11)

ImposingEcut
γ = 7 (50) MeV for µ (τ) decays, and us-

ing the upper limits on the rates for`i → `jγ, we found the
following indirect bounds:

BR(µ → eγγ) . 2× 10−16 ,

BR(τ → eγγ) . 8× 10−11 ,

BR(τ → µγγ) . 1× 10−10 . (12)

By comparing the indirect limits in Eqs. (7) and (12)
we see that the observable with two photons,`i → `jγγ
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is favored when dimension-7 operators dominate, while it
is very suppressed when the leading contribution is due to
dimension-5 operators.

Notice that our indirect upper limits are significantly
more stringent than the current experimental bounds (see Ta-
ble I), regardless of the underlying physics generating the
process̀ i → `jγγ.

Specifically, focusing on our indirect limits from
dimension-7 operators, the upper bound onτ → µγγ is
about four orders of magnitude stronger than the experimen-
tal search by ATLAS and the limit onµ → eγγ is about three
orders of magnitude stronger than the experimental bound us-
ing the Crystal Box detector.

We want to highlight that our results in Eq. (7) show
that τ → `γγ decays may be at reach of future experi-
ments [16] and therefore motivate a dedicated experimen-
tal search. Also, future foreseeable sensitivities of Belle II
searching forτ → `γ and MEG II forµ → eγ will improve
our indirect bounds by about an order of magnitude.

Belle II might reach a sensitivity ofO(10−9) for the
branching ratiosτ → `γγ, assuming that it could achieve
the same sensitivity for single and double photon processes
(as occurred forµ decays in the Crystal Box Detector [17]).
In this case, Belle II will probe unexplored parameter space
of the dimension-7 operators, and could possibly observe the
decayτ → `γγ, finding evidence of cLFV.

Directly from Eq. (5), using the experimental limits on
`i → `jγ, we can derive limits on theGij effective couplings
that we will use in the following

|Gτe| ≤ 8.4× 10−9

[
1 + 0.25 log

Λ
100 GeV

]−1

GeV−3 ,

|Gτµ| ≤ 9.5× 10−9

[
1 + 0.25 log

Λ
100 GeV

]−1

GeV−3 ,

|Gµe| ≤ 1.2× 10−10

[
1 + 0.15 log

Λ
100 GeV

]−1

GeV−3 .

(13)

4. ` → τ conversion in nuclei

In the `i → τ experiments an electron or muon beam hits a
fixed-target nucleus, if the beam energy is high enough, the
leptons interact with the partons,i.e., quarks and gluons, by
breaking the hadronic structure of the nucleons within the nu-
cleus [15].

We will focus on inclusive processes,i.e., `i +
N (A, Z) → τ + X, whose products of interaction are aτ
lepton plus any hadrons, and where we do not have informa-
tion aboutX.

The low-energy non-perturbative QCD effects heavily in-
fluence the dynamics of the interacting parton living in the
hadronic environment of the nucleus. This non-perturbative

behavior is encoded in the so-called parton distribution func-
tions (PDFs). We are interested in calculating the total cross
section of the aforementioned process, and using QCD fac-
torization theorems, we can obtain it by computing the con-
volution of the non-perturbative PDFs (f ) with the perturba-
tive cross-section (̂σ)

σ`→τ = f ⊗ σ̂. (14)

Given that we compute the perturbative cross-section
within the EFT framework, this calculation is valid up to a
certain scale, the characteristic energy scale, usually taken
as Q2 = −q2, beingq2 the transferred momentum of the
system. Both the PDFs and the perturbative cross-sections
are functions ofQ2 and, in addition, the PDFs are also char-
acterized through the Lorentz invariant quantity,ξ, the frac-
tion of the nucleus momentum carried by the interacting par-
ton. Therefore, we express the PDFs as well as the perturba-
tive cross-section as functions of the two discussed invariant
quantities

σ`→τ = σ̂(ξ,Q2)⊗ f(ξ,Q2). (15)

The PDFs dependence on the momentum fractionξ is di-
rectly extracted from the data, while to describe their evo-
lution in terms ofQ2, the DGLAP evolution equations are
used [18–20]. Since, in our case, we are dealing with heavy
nuclei instead of free nucleons, it is more suitable to use the
nuclear parton distribution functions (nPDFs) to describe the
` → τ conversion in nuclei. For this calculation we use
the nCTEQ15-np fit of the nPDFs, provided by the group
around the nCTEQ15 project [21], and incorporated within
theManeParse Mathematica package [22].

Using the dimension-7 operators in the Lagrangian in
Eq. (1), we compute the following contributions to the per-
turbative cross-section:

(a) `iq → τq process (see Fig. 3), that involves a loop with
a quark and two photons.

(b) `iq̄ → τ q̄, that is the same process as in (a), but with
antiquarks. The perturbative cross sections are dif-
ferent than those involving quarks, and also the non-
perturbative behavior of antiquarks inside the nucleons
is not the same as their opposite-charged partners.

There is a possible additional contribution to our cross
section of interest, by thèig → τg: starting from the dia-
gram in Fig. 18, if we close the quark lines in an additional
loop and we couple the initial and final gluons to it. However,
it would be generated at two loop level by our dimension-7
operators and therefore we do not include it.

Considering the previously mentioned contributions to
the perturbative cross-section, we derived the following ma-
trix element squared, as a function ofQ2 andξ
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|Mqq(ξ, Q2)|2 = 2e4
(|Gτ`

LR|2 + |Gτ`
RL|2

) [(
m2

` + m2
τ + Q2

) (
(mi + ξM)2 + Q2

)]
Γqq(ξ,Q2)

+
1
2
e4

(
|G̃τ`

LR|2 + |G̃τ`
RL|2

) [(
m2

` + m2
τ + Q2

) (
(mi − ξM)2 + Q2

)]
Γ̃qq(ξ,Q2) , (16)

whereΓ(ξ, Q2) andΓ̃(ξ, Q2) are functions resulting from the calculation of the loops (see Fig. 3), and are shown Ref. [23].
Analogous expressions are obtained for the process with antiquarks except that the corresponding “Γ(ξ,Q2)” functions are

different. The interference term between operators with and without dual tensor vanishes, while we neglect the interference
between left and right operators because is chirality suppressed.

From the matrix element squared in Eq. (16), the perturbative unpolarized differential cross sections can be computed as a
function ofξ andQ2,

dσ̂(` qi(ξP ) → τ qi)
dξdQ2

=
1

16πλ(s(ξ),m2
` , m

2
i )
|Mqq(ξ,Q2)|2 ,

dσ̂(` q̄i(ξP ) → τ q̄i)
dξdQ2

=
1

16πλ(s(ξ),m2
` , m

2
i )
|Mq̄q̄(ξ,Q2)|2 , (17)

wherei labels the quark flavor,pi = ξP is the momentum of the interacting parton,P the nucleus total momentum, and we
have definedm2

i = ξ2M2, beingM the nucleus mass;λ(s(ξ),m2
` ,m

2
i ) stands for the usual K̈allén function. Finally, at leading

order (LO) in the QCD formalism, the total cross-section reads

σ(`N(P ) → τX) =
∑

i

1∫

ξmin

Q2
+(ξ)∫

Q2
−(ξ)

dξdQ2

{
dσ̂(` qi(ξP ) → τ qi)

dξ dQ2
fqi(ξ,Q

2) +
dσ̂(` q̄i(ξP ) → τ q̄i)

dξdQ2
fq̄i(ξ,Q

2)
}

,

with fqi(ξ, Q
2) and fq̄i(ξ,Q

2) the quark and antiquark
nPDFs, respectively. In appendix E of Ref. [24] the integra-
tion limits can be found.

At this point, we can compute the ratio between the con-
version probabilities

Rτ` =
σ(`N → τX)
σ(`N → `X)

, (18)

that is our quantity of interest since we can compare our pre-
diction with the expected sensitivity of the NA64 experiment,
of Rτ` ∼ [10−13, 10−12] [15]. The denominator in Eq. (18)
is the lepton bremsstrahlung on nuclei, that is the dominant
contribution to the inclusivè + N process, and we took it
from Ref. [15].

We set three benchmark scenarios for our numerical anal-
ysis

FIGURE 3. One loop contribution tòiq → τq, with `i = e, µ.

(i) |Gτ`|2 = |Gτ`
SR|2 + |Gτ`

SL|2 = |G̃τ`
SR|2 + |G̃τ`

SL|2 ,

(ii) |Gτ`|2 = |Gτ`
SR|2 + |Gτ`

SL|2; G̃τ`
SR = G̃τ`

SL = 0 ,

(iii) |Gτ`|2 = |G̃τ`
SR|2 + |G̃τ`

SL|2; Gτ`
SR = Gτ`

SL = 0 , (19)

taking the upper limit on|Gτ`|2 from Eqs. (13)i.
According to the prospects of the NA64 experiment [15],

we useEe = 100 GeV andEµ = 150 GeV in our analysis
for the energies of the incident lepton beamsii, as well as two
specific nuclei, Fe(56,26) and Pb(208,82).

We evaluate the integral in Eq. (18) in the three bench-
mark scenarios for|Gτ`|2 described above to obtain theRτ`

ratio in the different channels explored. Our results are shown
in Fig. 4, and are compared with the expected sensitivity of
the NA64 experiment, which is displayed as a gray area.

In fact, we also want to highlight the impact on the ratios
Rτ` due to the stringent indirect limits on|Gτ`| derived in
Eq. (13). If we compute limits on these effective couplings
|Gτ`| directly from the tree level̀i → `jγγ decays —whose
decay rates are shown in Eq. (3)—, and using the direct lim-
its in Table I, we obtain the ratiosRτ` displayed in Fig. 5
—where the expected sensitivity of the NA64 experiment is
also shown.

We see in Fig. 5 that using the direct limits on the
`i → `jγγ one might naively expect that theµFe → τX
andµPb → τX could be within the reach of the NA64 ex-
periment. However, we see in Fig. 4 that this is not the case,
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FIGURE 4. Upper limits for the ratiosRτ`, in Eq. (18). The dif-
ferent scenarios are described in Eq. (19) and the values of|Gτ`|
come from the Eq. (13), assumingΛ = 100 GeV.

FIGURE 5. Upper limits for the ratiosRτ`, in Eq. (18), obtained
for ` → τ conversion in nuclei, compared to the NA64 expected
sensitivity (gray band). The different scenarios are described in
Eq. (19).

because our predicted ratiosRτ` are several orders of mag-
nitude below the expected sensitivity of the experiment.

Notice that the muon channels have larger predicted ra-
tiosRτ` than the electron channels. In Ref. [24] Huseket
al. also obtained larger results forµ → τ than fore → τ
transitions, and they explained that the reason is that the nor-
malization channel (the bremsstrahlung cross section) in the
ratioRτ` is much smaller for muons than for electrons.

However, we obtain better results for theµ → τ con-
version in lead than in iron, while Huseket al. found the
opposite. In case of an eventual observation, these different
results could help to probe the type of new physics inducing
these transitions.

Using SMEFT would be more appropriate to study` → τ
conversions in nuclei, where our low-energy effective opera-
tors becomeD = 8 operators (to generateSU(2) × U(1)

invariants), and there would be additional dimension-8 con-
tributions. However, operators involvingZ bosons instead
of photons would be negligible with respect to the di-photon
ones. Besides, we do not expect the (soft) running of the
Wilson coefficient to alter our results. On the other hand, we
see from Fig. 4 that our predictions for` → τ conversion
in nuclei are not at reach of future foreseen experiments and
the complete calculation of these processes with dimension-8
operators is beyond our scope.

5. µ → e conversion in nuclei

Davidsonet al. [3] analyzedµ → e conversions using the
dimension-7 operators. They found that the limit on|Gµe|
from µ → e conversion in nuclei is about one order of mag-
nitude more stringent than the limit from theµ → eγγ decay.

However, the indirect limits we derived in Sec. 3 from
`i → `jγ, are currently the most stringent bounds on the
|Gij | effective couplings. In this section we will use our
constraint on|Gµe|, in Eq. (13), to compute upper limits on
µ → e conversion in nuclei.

Theµ → e conversion in nuclei is explained in detail in
Ref. [3]. Here we will only sketch the main contributions.
Notice that theFµν F̃µν operators are proportional to~E · ~B,
which is negligibly small in the nucleus, and therefore we
will neglect them in the calculation.

In Ref. [3], the authors explain that theµ → e conver-
sion in nuclei has two main contributions. First the interac-
tion of the leptons with the classical electromagnetic field,
that arises at momentum transfers∼ mµ for a contactµeγγ
interaction. Secondly, there is a surprisingly large “short dis-
tance” loop interaction of individual protons with two pho-
tons; stemming from the loop mixing of thēeµFµνFµν op-
erator into the scalar proton operator,OS,X = (ēPXµ)(p̄p)
(X labeling the chirality). The naive expectation of a loop
suppression is overcompensated by energy ratios, numerical
factors and overlap integrals. Thus, we have [3]

BR(µA→eA)=
4m5

µ

Γcap
|Gµe|2

(
mµFA+

18αmp

π
S

(p)
A

)2

.

(20)

whereS
(N)
A andFA are overlap integrals that can be found

in [3, 25], respectively, andΓcap is the muon capture rate on
nucleusA [26].

Using the upper limit derived for|Gµe|, in Eq. (13), and
assuming conservatively thatΛ = 100 GeV, we find upper
limits on theBR(µA → eA), with A= 197Au, 27Al

BR(µ Au → eAu) ≤ 2.7× 10−13 ,

BR(µ Al → eAl) ≤ 6.9× 10−13 . (21)

Comparing the upper limit onBR(µAu → eAu) by the
SINDRUM II experiment [14] with the value obtained in
Eq. (21), we see that the latter is slightly stronger.
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In Eq. (21) we add our prediction for theµ → e con-
version in aluminum since the upcoming Mu2e [27] and
COMET [28] experiments plan to start with an aluminum tar-
get.

6. Discussion and conclusions

In this work we first derive indirect upper limits on the
` → τγγ decays. We show that, in scenarios where the
leading contribution is generated by dimension-7 operators,
the rare`i → `jγγ decays can be enhanced and even been
within the reach of the Belle II experiment.

Concerning theµ− e sector, any improvement onµ → e
conversion in nuclei orµ → eγ, will enhance the sensitivity
to the effective couplingGµe.

The target sensitivity of the MEG II experiment forµ →
eγ will be O(10−14) [29], and in the long term, it is widely
expected thatµ → e conversion in nuclei experiments will
reach sensitivitiesO(10−18) [27,30,31] or lower. Therefore,
in the future the more stringent constraints on the low-energy
dimension-7 operators, in theµ − e sector, will be provided
by µ → e conversion in nuclei.

Concerning theτ sector, by comparing Figs. 4 and 5
we see that the big improvement in|Gτ`| from τ → `γ,
precludes the early observation by the NA64 experiment of
` → τ conversion in nuclei induced by thèi`jγγ effective
interactions. However, future foreseen experiments such as
the electron-ion collider (EIC) [32], the muon collider [33],
circular colliders as LHeC [34] or the ILC [35] might search
for this conversion in addition to the NA64 experiment. An-
other way to probe our effective di-photon vertex,`i`jγγ,
is

in an electron-positron collider through thee+e− → γ∗ →
`+i `−j γ process, with̀ i 6= `j , for

√
s ¿ mZ . However sev-

eral difficulties arises, first it is suppressed by an additional
factor ofα from thee+e− → γ∗ vertex besides the effective
dimension-7 vertex. On the other hand, it would not be pos-
sible to distinguish between the effective vertex`i`jγ plus a
photon of final state radiation (photon coupled to any of the
final leptons) from our effective vertex with two leptons and
two photons.

Appendix

A. Functions from the loops evaluation in` → τ
conversion in nuclei

Here we display the relevant functions that appear in the ma-
trix element squared in Eq. (16), which result from the eval-
uation of the loop in Fig. 5.

In particular, we define

Γqq(ξ, Q2) =
1

64π4
|F1(ξ, Q2)|2 ,

Γ̃qq(ξ, Q2) =
1

64π4
|F2(ξ, Q2)|2 ,

Γq̄q̄(ξ, Q2) =
1

64π4
|F3(ξ, Q2)|2 ,

Γ̃q̄q̄(ξ, Q2) =
1

64π4
|F4(ξ, Q2)|2 ,

(A.1)

with

F1 = 2
[
m(Q2) + Mξ

]
B0(M2ξ2; m(Q2), 0) + 2

[
m(Q2) + mi

]
B0(m2

i ;m(Q2), 0)

+ 2
[
m(Q2)−mi

]
B0(−Q2; 0, 0) + 2Mξ B1(M2ξ2; m(Q2), 0) + 2

[
Mξ −mi

]
B1(−Q2; 0, 0)

+ 2mi B1(m2
i ; m(Q2), 0) + 2

[
m3(Q2) + Mmi m(Q2)ξ −M2miξ

2 + m(Q2)Q2 −Mm2
i ξ

]

C0(m2
i ,−Q2,M2ξ2; m(Q2), 0, 0) + 2

[
m2(Q2)−m2

i + mim(Q2)−miMξ −M2ξ2 + Mm(Q2)ξ
]

(
Mξ C2(m2

i ,−Q2, M2ξ2; m(Q2), 0, 0) + mi C1(m2
i ,−Q2,M2ξ2; m(Q2), 0, 0)

)

+ mi − 4m(Q2) + Mξ . (A.2)

F2 = −2i

(
2
[
Mξ + m(Q2)

]
B0(M2ξ2;m(Q2), 0) + 2

[
mi + m(Q2)

]
B0(m2

i ; m(Q2), 0)

+ 2
[
Mξ + mi − 2m(Q2)

]
B0(−Q2; 0, 0) + 2Mξ B1(M2ξ2;m(Q2), 0) + 2mi B1(m2

i ; m(Q2), 0)

+ 2
[
mim

2(Q2)− 2m3(Q2) + Mm2(Q2)ξ −Mm2
i ξ −M2miξ

2 + 2Mmim(Q2) + m(Q2)Q2
]

C0(m2
i ,−Q2,M2ξ2;m(Q2), 0, 0) + 2

[
m2

i − 2mim(Q2)−M2ξ2 + 2Mm(Q2)ξ
]

(
mi C1(m2

i ,−Q2,M2ξ2; m(Q2), 0, 0)−Mξ C2(m2
i ,−Q2,M2ξ2;m(Q2), 0, 0)

)− 3(mi + Mξ)
)

. (A.3)

Supl. Rev. Mex. Fis.4 021111
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F3 = 2
[
m(Q2)−Mξ

]
B0(M2ξ2; m(Q2), 0) + 2

[
m(Q2)−mi

]
B0(m2

i ; m(Q2), 0)

+ 2
[
m(Q2) + mi

]
B0(−Q2; 0, 0)− 2Mξ B1(M2ξ2; m(Q2), 0)− 2mi B1(m2

i ; m(Q2), 0)

+ 2
[
mi −Mξ

]
B1(−Q2; 0, 0) + 2

[
M2ξ2 + mi

(
Mξ + m(Q2)

)
+ Mm(Q2)ξ + m2

i −m2(Q2)
]

(
Mξ C2(m2

i ,−Q2,M2ξ2; m(Q2), 0, 0) + mi C1(m2
i ,−Q2,M2ξ2; m(Q2), 0, 0)

)

+ 2
[
m3(Q2) + Mmim(Q2)ξ + M2miξ

2 + m(Q2)Q2 + Mm2
i ξ

]
C0(m2

i ,−Q2,M2ξ2; m(Q2), 0, 0)

− (
mi + 4m(Q2) + Mξ

)
. (A.4)

F4 = 2i

(
2
[
Mξ −m(Q2)

]
B0(M2ξ2; m(Q2), 0) + 2

[
mi −m(Q2)

]
B0(m2

i ;m(Q2), 0)

+ 2
[
mi + 2m(Q2) + Mξ

]
B0(−Q2; 0, 0) + 2mi B1(m2

i ; m(Q2), 0) + 2Mξ B1(M2ξ2;m(Q2), 0)

+ 2
[
2m3(Q2) + mim

2(Q2) + Mξm2(Q2)−Mξm2
i −M2ξ2mi − 2Mξmim(Q2)−m(Q2)Q2

]

C0(m2
i ,−Q2, M2ξ2; m(Q2), 0, 0) + 2

[
2mim(Q2)−M2ξ2 − 2Mξ m(Q2) + m2

i

]

(
mi C1(m2

i ,−Q2,M2ξ2;m(Q2), 0, 0)−Mξ C2(m2
i ,−Q2,M2ξ2; m(Q2), 0, 0)

)− 3(mi + Mξ)
)

. (A.5)

The functionm(Q2) represents the running of the quark mass in the loop. We used the RunDec package [25] for the
computation of the quark masses at different energy scales. The standard notation for the Passarino-Veltman loop functions is
employed.

We use Package-X [30] to analytically evaluate the loop integrals, and the CollierLink extension —that uses the COLLIER
library [40]— to numerically evaluate the Passarino-Veltman functions.

Acknowledgements

F. F. is grateful to Conacyt for funding. It is my pleasure to thank Alejandro Ibarra, Xabier Marcano, Marcela Marı́n and Pablo
Roig for a fruitful collaboration and insightful discussions.

i. The running of these Wilson coefficients between the invariant
mass of the nuclei conversions and the decaying lepton mass
scale, that corresponds to their determination in Eqs. (13), is
neglected. This small effect will not change our results and con-
clusions.

ii. The validity of our EFT in these processes is addressed at the
end of this section.
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