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Applications of information theory to compact objects:
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M. Gleiser and N. Jiang [Phys. Rev.92, 044046, 2015] established that, within the simple Fermi gas model and self—gravitating complex
scalar field configurations, the stability regions of neutron stars-determined using conventional perturbation techniques—align with the critical
points of the configurational entropy, with deviations of only a few percent. Extending their work, we employ a range of realistic equations
of state, suitable to describe neutron stars, quark stars, and hybrid stars (twin stars), to explore the potential correlation. Our findings indicate
that, at least quantitatively, the proposed stability prediction lacks universal validity for neutron and quark stars. Furthermore, to enrich
our analysis, we compute the configurational entropy for fermionic and bosonic systems (interacting Fermi and boson gases), revealing &
strong correlation between the stability points predicted by configurational entropy and those obtained through traditional methods, with a
slight dependence on interaction strength. In conclusion, configurational entropy can be a valuable tool for studying compact object stability,
though its predictive accuracy depends on the specific equation of state.
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1. Introduction The variational method developed by Chandrasekhar [43,44],
which assesses stability by examining small radial perturba-
In recent years, there has been significant interest in studyions of the equilibrium state via the Sturm-Liouville eigen-
ing astrophysical objects using the concept of informationvalue equation. This yields a discrete series of eigenfrequen-
entropy and related measures.fiBdo and Pacheco [1] ex- Ciesw,, [36] satisfyingw? < w;  forn =0,1,2,...,where
plored the relationship between complexity and the structure’» being real numbers. If any?, is negative, the perturbation
of white dwarfs, while this approach was later extended tcrows exponentially, leading to stellar collapse. Stability is
neutron star structures [2], revealing that neutron stars, withignsured only when all eigenfrequencies are positive. (c) The
the current theoretical framework, are ordered systems. SinPproach relying on the relationship between gravitational
ilar studies took place in the following years in a series ofmass)M and radiusiz with respect to the central energy den-
papers [3—7] and Herrest al. [8-11] refined the definition Sity & (referred to as the traditional method, TM). According
of complexity factors in self-gravitating systems, offering anto this criterion, stability is ensured when the mass increases
alternative approach to the problem. Further applications oWith rising central energy densitye., dA/d€. > 0. A mass
information measures can be found in Refs. [12—24]. A spe€xtreme signifies a transition in the stability of the compact
cific application of information measures is configurationalstar configuration [36—-42]. Itis crucial to highlight that these
entropy (CE), introduced by Gleiser and Stamatopouk)s [25]hree methods converge when determining the Stabl'lty point.
to explore the link between dynamical and informational as-Therefore, identifying this point using any of them guaran-
pects of physical models with localized energy configuratees the accuracy of the result.

tions. In the following years, CE has been applied in various  yntjl now, no comprehensive study has systematically ap-
related studies [26-36], where in one of them, Gleiser anglied CE to the investigation of compact astrophysical ob-
Jiang [27] found that minimizing CE provides an alternativejects. This work aims to build upon the limited existing re-
way to predict stability through the maximum mass configu-search by exploring all potential natural objects through an
ration. alternative approach to assessing their stability. In partic-
It is worth mentioning that the study of the longstandingular, in the present work we make an effort to answer key
problem of the stability of relativistic stars [36—42] is mainly questions, including whether CE minimization uniquely cor-
carried out by the following three methods: (a) The approachiesponds to the stability point across different EoSs, whether
for identifying the point corresponding to the minimum of the this relationship is universal or EoS-dependent, and whether
binding energy, defined &g = (M —m;N)c? (wheremy, is  stability can be linked to CE minimization in specific cases.
the mass of a single nucleof{ stands for the gravitational Undoubtedly, discovering new approaches beyond classical
mass, andV is the total number of nucleons) [36-42]. (b) methods for determining the stability of compact objects
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is of great significance. To be more specific, we revieworiginating from the solution of the TOV equations, that is
and analyze the methodology and the results of our recent

wqu [45, 46], where the thir_d. method to .in\./estigate the re- F(k) = ///p(r)e—ikden (3)
lationship between the stability of relativistic stars and CE

is employed. Extgndlng the findings of Ref. [27], We an-y; is notable that the functio' (k) in the case of zero mo-
alyze the connection between neutron star properties and

. ) o L . mentum, coincides with the gravitational mass of the com-

CE, with a particular focus on stability conditions. Using . . o : L
: : ; pact object, that isF'(0) = M, since by definition (see

two analytical solutions of the Tolman-Oppenheimer-Volkoff .
(TOV) equations and a diverse set of realistic equations oF a. @) R
state (E0Ss), we explore various compact objects, including M = 47T/ p(r)r?dr. (4)
neutron stars, quark stars, and twin stars. Additionally, we 0
present the calculation of the CE for fermionic and bosoniavioreover, we define the modal fractigiik) [27]
systems, modeled as interacting Fermi and boson gases in
self-gravitating configurations [45, 46]. Our conclusions can
be summarized as follows: while the proposed stability pre-
diction lacks universal validity for neutron and quark stars,
in the case of fermionic and bosonic systems a strong corand also the functiofi(k) = f(k)/f(K)max, Wheref (k) max
relation exists between the stability points predicted by CHs the maximum fraction, which is given in many cases by
and those obtained through TM. As a main conclusion, CEhe zero mode: = 0, or by the system’s longest physics
serves as a valuable tool for analyzing the stability of com-mode, |kmin| = 7/R. The above normalization guarantees
pact objects, though its predictive accuracy is influenced byhatf(k) < 1 for all values ofk. Finally, the CE,S¢, as a

|[F (k)|

the chosen EoS. functional of f (k), is given by

The paper is organized as follows: in Sec. 2, we present
the basic formalism of hydrodynamic equilibrium, followed Sc[f] _ —/f(k) 111[f(k)]d3k. (6)
by a review of the definition of configurational entropy

in Sec. 3. The role of the analytical solutions and the - o .
parametrization of the EoSs are discussed in Sec. 4. Tq%ummanzmg, foreach EoS, an infinite number of configura-

jons can appear, leading to the constructiodbf- p. and
results of the present study are presented and analyzed . . c
. . . c-p. dependence. The latter facilitates the investigation of
Sec. 5. Finally, Sec. 6 contains the concluding remarks.

any possible correlation between the minimun$gfand the
stability point of compact objects under examination.
2. Hydrodynamic equilibrium

To establish the corresponding configuration for each com4. Equations of state

pact object — a crucial step in computing the CE — we utilize

Einstein’s field equations for a spherically symmetric fluid.4-1. E0Ss and analytical solutions
In this context, the mechanical equilibrium of stellar matter

is governed by the well-known TOV equations [36—39] In general, to obtain realistic solutions, one must follow

the procedure outlined in Sec. 2. However, an alternative
dP(r) GE(r)M(r) P(r) approach uses the analytical solutions to the TOV equa-
- — 1 + . . L . .
E(r) tions, which are often of limited physical relevance. While
s . many such solutions have been found, only a few are sig-
" (1 n 4 P(r)r ) (1 B QGM(T)) (1)  nificant. This work focuses on two important solutions: the
M(r)c? Ar ’ Schwarzschild (constant-density) and Tolman-VII solutions

dr c2r?

dM(r)  4xr?

= 2 E(r), (2) e Schwarzschild solution In the case of the
Schwarzschild interior solution, the density is con-

where P(r) and £(r) are the pressure and energy density, stant throughout the star [40, 41]. The energy density
respectively. The TOV equations are solved numerically by and the pressure read as
incorporating an EoS that describes the relationship between
pressure and energy density, yielding the properties of neu- E=E = B3M (7
tron stars. AT R3’

P) VT2 1932
3. Configurational entropy &e 1—-282%-3y1—23

The key quantity to calculate the CE in momentum space is wherez = r/R, 3 = GM/Rc? is the compactness of
the Fourier transforn#' (k) of the densityp(r) = £(r)/c?, the star, and.. = p.c? is the central energy density.
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e Tolman-VIl solution: The Tolman-VII solution has well-suited for describing phase transitions within a compact
been extensively employed in neutron star studies [47-ebject and is formulated as follows [54].
51]. The energy density and the pressure read as [51]

P P<P,,
g(P): 5( )7 o >~ 1t (12)
8(33) 2 15M ¢? g(PtY)+A5+Cs (P_Ptr)v P> Py,
= 1 — - —_—
Sc ( x )? EC 87TR3 I (9) - - -
wherec, = /9P /J€ is the speed of sound (in units of the
P(z) 2 [3e 1 22 speed of light), and\¢ is the magnitude of the energy density
E. 15 3 tan ¢ — 3 + 5 (10) jump at the transition point. The subscrifit” denotes the

corresponding quantity at this point. In the regiBn< P,

Analytical solutions are valuable as they provide explicitwe utilized the GRDF-DD2 EoS [55, 56] while in the region
expressions for key quantities and serve as a means to verify > P;,, the value of the speed of sound is fixedat= 1.
numerical calculations. These solutions apply to any com-
pact object, regardless of mass or radius, making them usefyl g Interacting Fermi gas (FG)
for studying both massive and supramassive objects governed
by the TOV equations. Analytical solutions provide valuablefFor compact objects composed solely of interacting Fermi
insights into the qualitative and quantitative behavior of CEgaS (FG), we considered the Simp|est extension of the free

as a function of central densiy.. fermion gas by adding an extra term that introduces repulsive
_ interactions between the fermions. As a result, the energy
4.2. Hadronic EoSs density and pressure of the fermions are described as follows

. (for a detailed analysis, see Ref. [57
For the description of neutron stars, we use a set of hadromg: y 57D

EoSs, which have been extensively employed in the literature (myc2)t

for applications in neutron star properties (see Ref. [52] and E(ny) = (hcgcw [IV 14 22(1 4 22%)
references therein). These EoSs have been collected in order
to satisfy the prediction of the maximum observed neutron

2
Y 3,2
) . e —1 1 2 = 1

star mass, that is)/ > 2Mg. In this case, for a specific n(r+ Vitw )] 3 (he)my - (13)
EoS and for each M-R configuration, we implement the cor- (my )
responding density distribution(r). Afterwards, the calcu- P(ny) = % [mq +22(222/3 — 1)
lation of F'(k), f(k), andf (k) is performed according to the (hc)?8m
presented recipe. It has to be mentioned that it is well estab- 1> 5 9
lished that the stability point corresponds to the configuration +n(z+V1+ 372)] + 5 (he)"ny, - (14)

of the maximum mass [38].
wherem,, is the particle mass, considered equahig =
4.3. Quark EoSs 939.565 MeV /c? for reasons of simplicity (this holds

o - throughout the study);,, is the number density and
For the description of quark stars, we utilize a set of EoSs

for interacting quark matter, as predicted and applied in (ﬁc)(gw%x)l/?)
Ref. [53]. In this scenario, the pressure is connected to the T=—""""35
energy density through the simplified expression

p 1( £ 1)+ 4 The last parameter,y (in units of MeV~!), is the
9

2
myc

5. —3\1B A one that introduces the repulsive interaction. In
eff eff this study we have considered the values =

a2 & 1 [0,0.001, 0.005,0.01,0.05,0.1,0.3,0.5] (MeV~—1) where in-
x(—1+ 1+ { D (11)

T2

A

1B 1 creasingy increases the strength of the interaction and vice-
eff

versa.

Specifically, in the present work we employed the value of _
Beg = 150 MeV fm~3, while for the dimensionless param- 4.6. Interacting boson gas (BG)

eter), we applied the values @i, 2, 5, 16) [53]. ) ] .
Since the construction of the EoS for the boson gas is not

4.4. Hybrid EoSs uniquely determined, we present three cases based on dif-

ferent assumptions. It is important to note that, because the
For the description of hybrid stars, we adopt a more soscalar field only vanishes at spatial infinity, boson stars do not
phisticated EoS designed to replicate the characteristics oflaave a defined radius where the energy density and pressure
third family of compact objects, known as twin stars [42,54].drop to zero. Therefore, we do not apply a momentum cut-off
Specifically, we utilize the Maxwell construction, which is scheme( < |k| < co.

Supl. Rev. Mex. Fis6 011301



4 P.S. KOLIOGIANNIS, M. VIKIARIS, G. TSALIS, C. PANOS, V. PETOUSIS, M. VESELSKAND CH.C. MOUSTAKIDIS

1. BG-C1:The EoS of boson stars with repulsive interac- where the index is restricted ta: > 2. In this study,
tions was first derived in Refs. [58—60], and has since we have considered the values= [4, 5] for MT [here-
been widely used in relevant calculations. Specifically, after case (a)] and = [3,4, 5] for VT [hereafter case
the energy density is given as (b)]. Another reason for using the mentioned cases is

5 that they produce different mass-radius diagrams (de-
4 Jw pending on the index values), thereby covering a broad
£(P) = 3w ( \ TP + 1) -1 (15) range of scenarios that could correspond to boson stars.

where the interaction parameter is equal tow =
4)\(716)3/(771)(02)4 (|n units of MeV~! fmS) In 5. Results and discussion
this study, we have considered the values =
0.001,0.005,0.01,0.05,0.1,0.3,0.5] (MeV~! fm%) 54
where increasing increases the strength of the inter-
action and viceversa.

Neutron stars

We first examine the relationship between gravitational mass,

2. BG-C2: The interior of a boson star can also be de-radius, and CE for hadronic EoSs, as shown in Fig. 1. The re-
scribed using the EoS provided in Ref. [61], which wasSults indicat_e that th_e stability poin?, determined t_)y the TM,
recently applied in Ref. [62], where the energy densitydoes not coincide with the CE minimum. A possible expla-

is expressed as nation is that the existence of the crust in the outer envelope
of neutron stars, with a specific structure, may have a dra-
E(P)=P+ /2P (16) mgtic. effect on locating the stability point by the 'C.E _minj—
z’ mization method. In some cases, no clear CE minimization
with the interaction parameter being equal to: = is observeq, even at high qentral d_ensiti_e_s. Generally, (_:E de-
u?(he)®/(myc®)? (i units of MeV—! fm3). In  Creases with _central density, and its minimum occurs in t_he
this study, we have considered the values = instability region of neutron stars. However, in one special

0.001, 0.005, 0.01,0.05,0.1,0.3, 0.5] (MeV—! fm?). case—the free Fermi gas—the CE minimum and stability point

nearly coincide.
3. BG-C3: In Ref. [63], the authors investigated self-

interacting boson stars with various scalar potentials

and found that their properties differ significantly from 5.2. Quark stars-Hybrid stars

previous calculations. To improve the link between the

stability criterion and the CE, we used two EoS casefQuark stars differ from neutron stars in structure, as their

introduced in Ref. [63]: (a) one with a mass term (MT) surface density remains non-zero even when pressure van-

and (b) one with a vacuum term (VT) without a massishes. This affects the mass-radius relationship. For the four

term. The scaling EoSs are expressed as EoSs studied, the CE minimum and TM stability points do

o/m not align, as shown in Fig. 2. In this case, where there is
£(P) = {P +(n+2)P/(n=-2), MT (17) Nocrust, the failure of the method does not currently have a
1+ (n+2)P/(n—2), VT solid explanation. In the case of twin (hybrid) stars, shown in

MDIAPR1
BL1
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=
Gravitational mass (M)

sl 5 —— scves
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FIGURE 1. a) Gravitational mass as a function of the radius for a set of hadronic EoSs. b) The corresponding dependence of the gravitational
mass as a function of the central density. ¢) The corresponding configurational entropy as a function of the central density and two analytical
solutions of TOV equationsa(andb are constants to ensure dimensionless units; for more details see Refs. [45, 46]). The inset figure
indicates the location of the minimization of the CE. The black crosses indicate the stability points due to the TM while the open squares
correspond to the minimum of the CE. The hadronic EoSs are presented with the dashed lines, and the analytical solutions with the solid
ones.
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FIGURE 2. Same as the caption of Fig. 1, but for a set of quark star EoSs.
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FIGURE 3. Same as the caption of Fig. 1, but for a set of twin-star EoSs.

Fig. 3, two stability points exist for the six EoSs. The first CE in predicting the stability point is partly attributed to the use
minimum closely matches the first stability point but is likely of a single EoS for the entire star. This contrasts with neutron
an artifact of an EoS discontinuity. The second CE minimum stars, where separate EoSs are used for the core and the crust.

however, remains significantly distant from the second stabil- In the BG case, a similar behavior to the FG is observed.

ity point, occurring at much higher central densities. The difference between TM and CE points is minimal,
but error analysis shows that, like in the FG case, the error

5.3. Fermion and boson stars in gravitational mass is undéfs, while the error in central

density can reach up to 100%. While CE can estimate the
Moving on to fermionic and bosonic E0Ss, we present inmaximum mass, it cannot accurately determine the associ-
Fig. 4 four cases: FG, BG-C1, BG-C2, and BG-C3. In theated central density. This behavior in both FG and BG cases
case of the FG, the first panel of Fig. 4 displays that the pointseinforces the idea that the stability point’s location is an in-
due to TM and CE are located in proximity, validating the CEtrinsic property of the EoS.
method for the location of the stability point. Error analysis  Finally, it is worth mentioning here that the primary dis-
of key quantities (gravitational mass, radius, central densitytinction between fermionic and bosonic systems lies in the
and compactness) shows that while the error in gravitationathoice of the momentum cutoff scheme. Specifically, we
mass is belovws%, the central density error can reach nearlyconsidered two cutoff schemes: (&), = 7/R, which is
99%, depending on the interaction value. This issue arisebased on the radius of the boson star originated from the
from a plateau after the rapid decrease of CE, which keepeondition that the pressure vanishes at the star’'s surface,
CE narrow while central density spans a wide range. No cleaP(R) = 0, and (b)knin = 7/Res, Which is the effective
pattern links interaction strength to error. While CE can ac+adius where most of the star’'s mass is concentrated and de-
curately estimate the maximum gravitational mass, it encourfined as [27]R.g = f0°° p(r)r3dr/f0°° p(r)r?dr. Figure 5
ters difficulties in determining the central density. In someillustrates the impact of the cut-off scheme for the BG-C1
cases, CE fails to identify the total minimum, finding a local (0.001) EoS as a representative case, showing a substantial
minimum near the maximum mass configuration instead, &nhancement in accuracy. In particular, case (a) exhibits a
result consistent across all cases studied. In any case, we hyetable improvement compared to the no cutoff case, consis-
pothesize that the accuracy of the CE minimization methodent with the results of other cases [45,46]. Furthermore,
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FIGURE 4. Same as the caption of Fig. 1, but for a set of FG EoSs (first panel), BG-C1 EoSs (second panel), BG-C2 EoSs (third panel), and
BG-C3 Eo0Ss (fourth panel).
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FIGURE 5. The CE as a function of the central density for the BG-
C1(0.001) EoS and two analytical solutions of TOV equations. The
black crosses indicate the stability points due to the TM while the
open markers correspond to the minimum of the CE with: a) no
cutoff (kmin = 0; circle), b) cutoff atkmin = 7/R (cross), and c)
cutoff atkmin = 7/ Res (SQuare).

the cutoff scheme in case (b) alters the behavior of the CE,
leading to a sharper and more distinct outcome. Conclud-
ing, the choice of the momentum cutoff contributes signifi-Acknowledgments
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6. Concluding remarks

The conclusions can be outlined as follows:

due to their strong dependence on the EoS. A possi-
ble explanation, at least for neutron stars, is that the
existence of the crust, which has a special constitutive
explanation, has a dramatic effect on locating the sta-
bility point by the CE minimization method. On the
other hand, in the case of quark stars, where there is no
crust, the failure of the method does not currently have
a solid explanation.

e In the case of fermionic or bosonic matter, the TM
and CE methods for the location of the stability point
converge with a good or moderate accuracy, for three
out of four quantities under consideration. In fact, the
most accurate prediction lies with the maximum mass,
where the difference reaches values lower than 5%.

e As akey conclusion, the CE method serves as a qualita-
tive rather than a quantitative tool for macroscopically
identifying the instability region in certain compact ob-
ject configurations. While it provides an alternative ap-
proach for exploring instability regions, its reliability is
strongly influenced by the specific EoS and the internal
structure of the compact star.
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