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An information-theoretical take on electron-nuclear wave packet dynamics
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Applications of information-theoretic measures to a time-dependent coupled electron-nuclear system to analyze the dynamics and correlatior
between both particles are presented. For this, differential Shannon entropies that are derived from time-dependent coordinate-space ar
momentum-space probability densities are calculated. Two distinct scenarios are investigated: one exhibiting adiabatic Born-Oppenheimel
dynamics and the other involving strong non-adiabatic transitions. The total and single-particle entropies, as well as the mutual information
are analyzed and compared to semi-analytical expressions. The results reveal that in the adiabatic regime, correlations manifest differentl
in coordinate and momentum spaces, which is related to the formation of nodes. In the non-adiabatic case, entropies can be decomposed in
state-specific contributions, revealing information about the transition between adiabatic states.
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1. Introduction Figure 1 illustrates a typical situation based on the ex-
ample of the Ring=CHl stretch mode of fulvene schemati-
Major advances have been made in recent years in the ﬁek,hlly [13]. There, the potential energy surface of the adi-
of short-time spectroscopy [1], which also brings the manyapatic ground state and the first excited adiabatic state are
advances in numerical simulations of femtosecond dynamicgresented, as well as with the nuclear dengi¥f( Rsretch -
into the spotlight [2-4]. There, a detailed understanding Ofth‘?nitially, p"( Rsyercr) €VOIves on the excited state potential
quantum mechanical behavior of all the particles involved energy surface. However, when excited state and ground state
namely, electrons and nuclei, is required. However, their inpotential are approaching each other, which is referred to as a
teraction and correlated movement play a crucial role in manygnical intersection (or avoided crossing in one dimension),
aspects of quantum chemistry, underpinning processes rangre population can be transferred to the ground state. There-
ing from light-induced excitation to charge transfer and bondtgre, a non-adiabatic transition takes place. Later, the density
breaking/forming [5,6]. Further effects and discussions ons reflected and on the second passage of the conical intersec-
electron-nuclear correlation can be found in Refs. [7-12].  {jon, a less complete population transfer occurs so that both
The equation, that governs the dynamics of electrons anghown states are populated. Due to the high dimensionality

nuclei, is the time-dependent Sokiinger equation, of many molecules, replicating the exact dynamics is compu-
N ) tationally impossible, and approximate solutions to the time-
Hi(r,R, 1) = Zgw(rvR’ t), 1) dependent Scbdinger equation are applied. However, this

requires detailed understanding of the wavepacket dynamics

with nuclear coordinate® and electronic coordinates and the behavior of densities during the dynamics and, in par-

Here,H is a molecular Hamiltonian, consisting of the nuclear
kinetic energy operatdf, ., the electronic kinetic energy op-
erator7y, and the potential energy (r, R). We define the
electronic Hamiltoniarfly as:

A
I Excited
. R . Nuclear st
H = The+ Te + V(r,R). ) > density
N o
He o Ground
, . - . [} -y i state
If we fix R and solve for the eigenstates Bt;, we find that = r—
the statesp, (r;R), that are parametric iR, build an or- = . ~ Conical
thonormal basis for the molecular wave function: % intersection
a

U(r,R,t) =Y xn(R,t)on(r; R), €)

with nuclear coefficientg,,(R). The stateg,, (r; R) are re-
ferred to asadiabatic stateof the molecular Hamiltonian.
Furthermore, the eigenvalues Bt act as potential energy
surfaces for the nuclear degrees of freedom and therefore, arecurE 1. Schematic representation of the adiabatic potentials and
also calledadiabatic potentials short-time dynamics of the Ring=GHtretch mode of fulvene.

Ring=CH, stretch
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ticular, the correlated movement of electrons and nucleiwhere the MII measures non-linear correlations in po-
Information-theoretical measures provide a variety of toolssition space andl in momentum space. In EqB)
to analyze densities and correlations present but their appliEg. (7), we encounter the total position densitif, R, t) =
cation to dynamical situations is sparse. Here, we will discus$¥ (r, R, t)|?, the nuclear position densitp™“(R,t) =
an application of information-theoretical measures. [ dr|¥(r, R, t)|? and the electron position densj§ (r,t) =

Another situation of great interest is, when potential en- [ dR|¥(r, R, t)|?, as well as the total momentum density
ergy surfaces are well separated and the dynamics take onji{p, P, t) = |¥(p, P, t)|?, which is calculated as the absolute
place in one electronic state and the Born-Oppenheimer apsquare of the Fourier transformation of the molecular wave
proximation [14] can be applied: function. Further, the nuclear momentum dengity¢( P, ¢)

Upo(r, R, 1) = xBO(R, t)on(r; R), 4) and the electron momentum dens_mk'c(p, t_) are calculated
analogously to position space by integrating out the electron
wheren is the label of the adiabatic potential on which the momentump and nuclear momenturr, respective|y_ Vari-
dynamics take place on. Note, that within this approximationances, which we will refer to as nuclear/electronic widths,
in the evolution, equations coupling terms to other potentiatovariances and linear correlation coefficients are calculated
surfaces are neglected. This approximation is fundamental t9om the respective densities as known from statistics [17].
many applications in quantum chemistry [15]. Note that all here defined quantities are time-dependent.

In the following, we consider both of these situations:
first, a situation where the energy surfaces are weakly cou-
pled and well separated, so that the Born-Oppenheimer ap:
proximation is expected to hold. Secondly, a situation, Wher%
the surfaces are strongly coupled and a nearly complete pop-
ulation transfer takes place. Both situations are analyzed us-
ing information theoretical measures, namely, the differenDetailed numerical simulations were carried out using the
tial Shannon entropy (DSE) and the mutual information (M) gird-based split-operator method [18,19] to evolve the molec-
that are calculated from total and marginal densities obtainedlar wavefunction and analyze the associated densities using
from the molecular wave function. Herby, we define the DSEinformation-theoretical measures in a series of papers [20-

Information-theoretical measures applied
to coupled electron-nuclear motion

of a density as [16] 23]. We will here reference and summarize the results and
conclusions presented there. Note that additionally, previous
Slp(x)] = /dXP(X) In p(x), (5)  unpublished data is contained in Fig. 5 and 6, namely the

wherex is to be replaced by all position (or momentum) vari- propagation within the. Bo_rn-Op.pen.h.emer a}pprOX|mat|on,
) ) . where the same numerical input is utilized as in Ref. [21].
ables of the respective densitjx) so that we obtain total and

single-particle entropies in position and momentum space. R
We use the MI to measure the non-linear correlation between o ! '

r R,
1
. . . 1
the electronic and nuclear degrees of freedom. Since we will ‘
only encounter one electronic and one nuclear dimension, the

Mls in position space and momentum space are defined as Fixed Mobile Mobile Fixed
I = S[pel] + S[p™9 — S[pot], (6) Nucleus Nucleus Electron Nucleus
I =S[p + S[p™ = S[pod; (") FiGURE 2. The Shin-Metiu model.
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FIGURE 3. Schematic representation of the adiabatic potential energy surfaces and the dynamics for the weakly and strongly coupled cases.
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AN INFORMATION-THEORETICAL TAKE ON ELECTRON-NUCLEAR WAVE PACKET DYNAMICS 3

The model applied to study the coupled electron-nuclear B B
motion is the one-dimensional Shin-Metiu model, which was %}”“C(R,ﬁ—mu p"UC(R,1)
originally introduced to simulate the transfer of an electron 2L -
and a sodium ion between two zeolite cages [24,25]. How- _,
ever, it proved to be useful as a tool to study non-trivial quan- ED = i
tum dynamics by solving the time-dependent Sclimger /

| ;’f
| |

7

equation numerically exact in wide-ranging contexts [8,26-

31]. The model consists of two fixed nuclei at positidRs 4
and R, that interact with a mobile nucleus ARtand a mobile I ‘
. . . . . 30 e —
electron at. In explicit, the potential is given as MUC(P) pMUE(P)

~
B 1 1 B er f[|Ry —r|/Ry] 15 F\ \ ~
VR = 2 R TR =R R 1] To [\/\ y
erf[[Ro —1|/Ry]  erf[|R—r|/R.] :

SRS 0 e

The choice of parameters; and R, allows accessing differ- e w | | C | \
ent coupling regimes between electronic and nuclear degrees  °  %° &?5? L 11[95? L L

of freedom. As noted before, we generate a weakly and a

strongly coupled case, compare Fig. 3. In both cases, the nirGURE 4. Nuclear densities in position and momentum space, for
clear degrees of freedom are initialized by an excited Gausthe weakly coupled (left) and strongly coupled (right) cases. Re-
sian wavepacket, while the electronic degrees of freedom ar@duced from Ref. [21].

prepared in an electronic eigenstate.

1
2.1. Weakly coupled case Wi Rt) = {@] 1 e_%t(R—Rf,)"’
o

Coupling the ground- and exited states only weakly results
in a well-defined gap between both states. Then, the nuclear
motion happens nearly exclusively on the ground state. The Y% —3(r—R)?
numerical result from the dynamics of the nuclear position x {*} ¢ '
density is shown in the top left panel of Fig. 4. There, it can
be seen that the initial Gaussian density moves across the sys-
tem until it is reflected on the opposite potential wall due toHere, the first term represents a Gaussian shaped nuclear
the repulsion of the fixed nucleus &b. This process repeats wavepacket, which is centered Bt and has widthl /2;.
periodically while the wave packet disperses. Below that, théhe second term, the electronic eigenfunction, is centered at
dynamics of the nuclear momentum density is shown, wherg? and has width /2, which we assume to be constant. Us-
it shows a less coherent dynamics and takes a more compléxg this, the analytical expressions for all examined guanti-
structure than in position space. The entrops&8*(t) and  ties in position space in terms @f are calculated. Note that
SY(t) of these two nuclear densities are presented by théhe quantities in momentum space can be calculated using
red lines labeled “num” in the upper panels of Fig. 5 togethethe Fourier transform of Eq9J. Then,; is determined nu-
with that of the electron densitieS¢(t) and S;l(t) (mid-  merically for each time-step using the relation to the nuclear
dle panels) and total densitiés (¢) and.Sx(t) (lower pan-  position width for quantities in position space and using the
els). Additionally, the blue line indicates the same dynamicsnuclear momentum width for quantities in momentum space.
but within the Born-Oppenheimer approximation, which areThe explicit equations can be found in Refs. [21,22]. The re-
identical to the numerically exact entropies. sults are the green lines labeled “approx” in Fig. 5. There,
Note, that the dynamics of all entropies in the respectiveve see that the derived approximate expressions indeed re-
spaces are closely related, as minima and maxima are fourfoduce the dynamics of the entropies qualitatively, in both
at similar times. Since in Ref. [20] it was observed that thesgosition and momentum space. In particular, the electronic
dynamics are also similar to the dynamics of the widths inentropies are represented very well, which is not expected
position space, (or momentum space, respectively). We forsince the only dynamical input is related to the nucleus. The
mulate the hypothesis that the entropy dynamics are given bgifferences found in the total and nuclear entropy is due to the
a single dynamical variable, the nuclear position (or momenfact that for later times the nuclear density structure is more
tum) width. Therefore, we chose an analytical ansatz for the€omplex than the Gaussian ansatz chosen ingjg. (
wavefunction in position space, that reflects in particular the In Fig. 6 the correlation measures are presented the
Born-Oppenheimer nature of the dynamics: covariancecov(t), the linear correlation coefficientorr(t)

Nuc. Gaussian Wavepacket

-
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™

El. Eigenfunction
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FIGURE 5. Entropy dynamics for the weakly coupled case. This ttis] sl
figure contains data published in Ref. [21]. FIGURE 6. Correlation dynamics for the weakly coupled case. This

figure contains data published in Ref. [21].
(LCC) and the MII(¢) in both position and momentum

space. As previously, the comparison between the numeso that they vanish when integrating out one or the other de-
ically exact values, the values calculated within the Born-gree of freedom. This then leads to a non-vanishing con-
Oppenheimer approximation and the ones using the derivedibution to the MI. This effect can be included in E@) (
approximate analytical expressions shows, that they agresy introducing,e.g, excited Harmonic states with a similar
very well in position space, indicating that the molecularnumber of nodes than observed in the simulation. Then, the
wavefunction is indeed in Born-Oppenheimer form. In mo-increase of the Ml can be replicated approximately. In Fig. 6
mentum space, however, we encounter larger mismatches: the correlation measures are presented,, the covariance
the linear correlation measures, namely the covariance ang@w(t), the linear correlation coefficierbrr(t) (LCC) and
the LCC, the values within the BO approximation and thethe MI I(¢) in both position and momentum space. As pre-
analytically derived ones agree, while they are both distincviously, the comparison between the numerically exact val-
from the exact values. Therefore, from a momentum spacees, the values calculated within the Born-Oppenheimer ap-
point of view, the linear correlation within BO approximation proximation and the ones using the derived approximate an-
is represented worse than in position space. Furthermore, falytical expressions shows that they agree very well in posi-
the MI the numerically exact and the BO values agree verytion space, indicating that the molecular wavefunction is in-
well, while the analytical expression cannot replicate the in-deed in Born-Oppenheimer form. In momentum space, how-
crease and instead nearly vanishes. This means, that higheser, we encounter larger mismatches: in the linear correla-
order correlations instead are well represented by the BOtion measures, namely the covariance and the LCC, the val-
approximation, but an effect arises that is not described byies within the BO approximation and the analytically derived
the analytical ansatz in EcQ) ones agree, while they are both distinct from the exact values.
We indeed find that the increase of Ml is related to theTherefore, from a momentum space point of view, the linear
formation of nodes during the dynamics. We showed [23]correlation within BO approximation is represented worse
that the alignment and number of nodes can lead to an inthan in position space. Furthermore, for the Ml the numer-
crease of the Ml of a density.e.,in position space, the nodes ically exact and the BO values agree very well, while the an-
are aligned parallel to the electron coordinate axis so herglytical expression cannot replicate the increase and instead
the influence of the nodes is negligible. But in momentumnearly vanishes. This means that higher-order correlations in-
space, due to the Fourier relationship, the nodes are diagstead are well represented by the BO-approximation, but an

Supl. Rev. Mex. Fis6 011302



AN INFORMATION-THEORETICAL TAKE ON ELECTRON-NUCLEAR WAVE PACKET DYNAMICS 5

effect arises that is not described by the analytical ansatz ifhis results in vanishing linear correlation measures as well

Eq. 9). We find that the increase of Ml is related to the for- as in the vanishing MI.

mation of nodes during the dynamics. We showed [23], that Since multiple electronic states are involved in the

the alignment and number of nodes can lead to an increastrongly coupled case, it is interesting to consider the decom-

of the MI of a density. l.e., in position space, the nodes position of the total density

are aligned parallel to the electron coordinate axis so here,

the influence of the nodes is negligible. But in momentum p(r,R,t) = Zﬂnm(r» R, 1)

space, due to the Fourier relationship, the nodes are diago- m,m

nally aligned so that they vanish when integrating out one _ * . *

or the other degree of freedom. This then leads to a non- _ZX”(R’ O (B )i (13 R) oo (73 ), (11)

vanishing contribution to the MI. This effect can be included

in Eq. (9) by introducing .g, excited Harmonic states with a derived from the Born-Huang expansion E8). (Note, that

similar number of nodes as observed in the simulation. Therfliagonal terms of the density decomposition are real and pos-

the increase of the MI can be replicated approximately. itive semi-definite and therefore, we define decomposed en-
tropies,e.g,

n,m

2.2. Strongly coupled Case

S%(t) = /drdR n (T, By t) In pn (7, R, T). (12)
In the strongly coupled case, the avoided crossing allows for k() prn ) ( )

nearly complete population transfer between the ground- andimilar definitions can be obtained for the electronic and nu-
excited state, as indicated in the lower panel of Fig. 3. Thejear entropies. Note, that then, the sum over the respective
dynamics of the nuclear position density is presented in th%ecomposed entropies.g, > 5% (t) behaves as a DSE as
upper right panel of Fig. 4 and yields nearly harmonic oscil-ye|| while the individual decomposed entropies carry in-
lations with only very weak dispersion visible. The nuclearformation about the population of the states, that leads to
momentum density (lower bottom panel of Fig. 4) shows simyyarped transformation behavior under coordinate transfor-
ilar behavior, with the typical phase shift compared to the poations, see [32] for a detailed discussion. The entropy sums
sition space, known from the harmonic oscillator. Note that.5, pe compared to their not-decomposed countergags
during the considered time frame, the electron remains bouni S7(t) and Sx (¢). Interestingly, we find that in position

to one of the fixed nuclei of the Shin-Metiu model and showsspace, the total entropy and the nuclear entropy are equivalent
no dynamics. The entropy dynamics were studied in detaif the decomposed entropy sums, but the decomposed elec-
in Ref. [20]. There, we find that the nuclear entropy 0sCil-ronic entropy sum shows spikes at non-adiabatic transitions.
lates similar to the nuclear width, while electronic quantitiesThs is related to details of the transition for the respective
remain basically constant. Further, we see that the total enyensity. If there is no density overlap present, we observe no
tropy is approximately the sum of the electronic and nucleagpikes as for the nucleus and if there is significant overlap,
entropy, resulting in the Ml to vanish. Therefore, in the con-55 js for the electron, we observe spikes that were shown to
sidered setup, only negligible correlations are present. In 8¢ related to the population transfer. A deeper study on de-

similar approach to the weakly coupled case, we chose agymposed entropies was conducted in Ref. [33] on a similar
analytic ansatz to relate the entropy dynamics to the nucleagystem_

widths:
1 .
U(r,R,t) = Vﬁ} B (R-R.)? 3. Conclusion
™
_ We presented a non-standard approach to quantum dynam-
Nuc. Gaussian Wavepacket ics, revealing a new perspective on coupled electron-nuclear
S AE TR motion by using information-theoretical measures calculated
X [;} e 2 07 (10)  from time-dependent densities of the considered system. We

showed how differential Shannon entropy can be used to an-
alyze the dynamics and how mutual information can be ap-
wheref; is determined from nuclear position width, or mo- plied to study the correlation between the particles. In de-
mentum width, respectively, angdis chosen constant. Note tail, we presented two case studies. One, where the poten-
that in contrast to Eq\9), the electronic eigenfunction cen- tial energy surfaces are weakly coupled, so that the Born-
tered at a fixed nuclear positidR,, reflecting the observed Oppenheimer approximation can be studied, and one that in-
dynamics. We find that the quantities calculated from thisvolves strong coupling to study how densities behave under-
ansatz yield excellent agreement with analytic properties ipopulation transfer. In the first, we show that while the Born-
position and momentum space [21], indicating that here, th®ppenheimer successfully replicates correlations in position
density dynamics are purely described by the nuclear widthspace, correlations in momentum space are not. Further, we
Eq. (10) also illustrates that the total density, therefore the abargue that nodal structure is relevant to understand the mu-
solute square of Eq10), is of an uncorrelated product form. tual information in momentum space. In the second, strongly

El. Eigenfunction
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