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ABSTRACT: We use the classical conscruction oí the group riog ro presenl a

paie oí hannonic uansfonn functions as che coordinaces oí a

riog element in two different bases: enet a funcrion F (g) on (he

group manifold G I the echer 3- (j) on che sel @ oí unitary irre-
ducible representations (UIRs) oC [he group. The transfoc-

matioo kemel is given by che UIR matrix elements (MEs) oí che

group f)i(g). We develop chis mathematical formalism in arder

to present in a concise fashion several results in relativisdc

kinematics, Toller's parcial wave expansion and sorne ficId
theories on (he Poincaré group. In particular, we prove for (he

orthogonal groups three theorems which have direct analogues

in Toller's work: 1) functions 00 spaces oí cosers lead to a

reduction in the expansion basis, 2) hannonic traosforma(ion

with respect to a group and one of its subgroups yield a re-

•The grcater part of chis work was done a[ [he Dept. oí Physics and Asuonomy,
Tel-Aviv Univcrsi[y, Ramat Aviv, Israel.
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lation between (he partial-wave coefficients, familiar from the

reladon between a Taller pole and ¡es Regge daughter poles,

aod 3) the (Sciarrino-Toller) factocization oC che residues oí

che former implies a corresponding faccorizacion oC (he larter.

l. INTROOUCTION

Harmonic Analysis refers ro [he expansion of an arbitrar)' runC[lotl

F(g), "well.behavcd" in sorne sen se, in cerros af a complete and orthogonal

ser of basis functions ~j(g). The carriee space gECJon which [he function
F is defined gives meaning to [he completeness and onhogonality of che
basis {f)i} with respect to a definite scalar producto It is usually sorne

subset of ,he R" space (R. ,ea! field).
When on this space G we can aSSOclate to cverl' ordered paie of points

(gl' g2) a third point g3 in G such rhar me space has rhe properties of an
n.paramerer locally compan Lie group (J, we can choose rhe ser of basis
funcrions 'f); (g) ro be rhe unitary irreducible represenrarion (UIR) marrix
elemenrs (MEs) of rhe group. These consrirure, du(' ro rhe Perer-WeyI
rheorem 1, with an exrension given by Rjczka 2 a complere and orthogonal ser
of functions under (he Haar ano Plancherel measures. The '~partial.wave
coefficienrs" 3 (j) of rhe expansion can then be considereo as a funcrion on
a dual space j€J! of UIRs, harmonic transform ro F(g) on Q..

Harmonlc Analysis on a group manifold refers rhen. ro expansions in
which rhe eigenfuncrions are rhe matrix elemenrs of rhe regular represen.
rations of a group. From rhe work of Naimark3 we k-"w rhar for locally
:ompacr topological groups, "enough" eigenfunctions ~l. ~ lt in general
this problem involves rarher delicare considerations of ropology and funcLun2.1
analysis. For our purposes, however, we shall presenr, in Section 2, rhe
algebraic aspects of Ilarmonic Aoalysis ln rhe language of rhe group ring "'.

We shall consider a riog elemenr F and irs coordinares in rwo bases,
which we shalI calI rhe "group" aod rhe "represenrarioo" bases. lo rhe
firsr one, rhe basis vecrors are labelled by rhe elemenrs of the group. The
coordinares of rhe ring clemenr consrilUre rhen a funcrion P(g) on the group.
The second basis is more difficult ro visualize,bur ir ruros our rhar rhe basis
vecrors are characrerized by rhe labels of rhe Unirary Irreducible Represen.
rarioos (UIRs) of rhe group aod by "row" and "column" iodices as rhe UIR
marrices rhemselves. The coordinares of rhe ring elemenr F consrirure rhus
a matrix function 3 (j) on the space of lJIRs of ,he group.
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The kernel fOf the transfonnation between these [Wa sets of coordi ...

nates are [he UIR matrices.
lo Secuon 3 we introduce among orherconcepts,-kcts, [he convolution

(oeclinary) and "coupling" produets between elements of (he ring, sentar

produc! and (he norro. \lote treal concretely SO" • (he 'l-dimensional orthogo-
nal groups in Sectlon 4. Thefe we provc in a straightforward manner sorne
of (he inl('rcsting results given by Toller and Sciarrino

S
' 6 fOf (he O group:,. I

(a) A reductlon in [he set of expansion basis fOf functions on (he space of

left cosets SO SO Of (he two"'sided c ..\sets SO ,\50 /50 ,(corrcsponding
""1" PI. " n-

[Q (he rcsuh thar only .\1::;::O Taller poles contrib,Jtc in proccsses involving

spinless parcicles). (h) Dne parcial wave in an SO" expansion is equivaleot

to a family of daughter partial waves io a 50"61 expansioo (corresponding to
thc Rcggc daughter poles of a Toller pole). (e) Factorization of the partial

wave cocffieicnts in the former implies their factorization in the laner(corre
6

sponding to the same result for the residues of [he Toller and Rcgge poles).

Sincc [his work was performed, the eorresponding theorems have been proved

for SO 1 by C. P. Boyer and F. Ardalan 7.
n.A group of particular relevance in Physics is the Poincaré group, a

spacial case of [ht, ISO" and 150,,61. t groups ueatf.'d in Scetion 5. Sorne oí
the spaces of cosets are of interest sioce they can be used as carrier
spaces8.?10 for w3ve functions in order to describe objeets with extra degrees

of freedom as wcll as with a mass and spin distribution,
Applications of the present work inelude several later papers. The

kernel reduction technique was used 10 determine complete sets of functions
00 homogeneous spaces11• The use of [he UIR~iEs as complete and orthogo

6

nal S('ts of funetions labelled by the canonical chain oC subgroups has served,

whcn the group manifold is deformed through a transformation gcnt'rated by

operators built out of the group's universal enveloping algebra, tu determine

[he matrix clcmcnts of the next higher group with a negativc tenn in me metric,
i.c. thc SO I and SU 1 groupsl2. Finally, the group ring construction has

" , " ,bccll shown 10 be useful when applied 10 me Weyl group, in providing a
mathematical frarnework for the riog of quantuffi6ffiechanical operators 13.

2. TIIE FOR\IALlS\1 01' lIAR\IO:-:lC ANALYSlS

Let G be a group, g and element of (j, and G (he orJcr of the group.

ConstrUct a G-d.imcnsional linear spaee, one of whose lineady indcpendent
sets of basis \'('ctllrS can be choscn (O be the group elcmcnts g rhemselves.
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The \'('ctoes of mis space:

(1)

\l'oH

conscitutc [he elements of [he ring R. The symbol S, gEo., meaos 2. , gEo.
g g

foc (ioirt' groups andJdg, where dg is [he lIaar measure, for continuous groups.

The funclion on ,he g'oup manifold, A (g) will he ealled" lhe Group-Speelral
Function (GSF) of (he ring elernent A.

The addition of two elements o( (he ring is associative and commuta.
[ive, ¡es o('ucral element O has O (g) = O for ¡es GSF. The product law of
two ring elements is induced froro (he product law in G; ir is cornmutative j{

G is abelian. Associarivity holds and [he multiplicative neutra! element 1
has a GSF l(g) = "G (g), where "G (g) is me group-Dirac dislribution, sueh
thar (or any test function 1,

5j(g) SO (g) = j(<), g€Q
g

where r is me group neutral elemento Ir is [he Kronecker.ó funceion, o(g, t'),
when (he group is finite and can in general be expressed as a Dirac ,S-distri-
nution in the parameters oE the group iE this is continuous.

le is a fundamental theorem4 th~t the ring R can be decomposed
uniquely i.nlo minimal two"'sided ideal s ~] gencrated by their primitive idem-
potents e'. For Einite groups, we can [hu s write:

R J 2 , ~.=8 +8 +... +8,1= _ e'
j:2 1

(For continuous compan groups the sum is inEinite and Ear non-
compact ones the index j takes a continu,um oE values as well). Finally,
we can d~compose each two-sided ideal ~' uniquely inro its minimal Jefr
ideal s J.' generated by rheie primitive idemporents ei i. e.m m

d (j)

~
m ~ 1
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And thus, for every ring element A we can write, usmg me properties of

idempotents:

v,;hcre

A=1Al= :£ eiAei= :£
¡.al ¡-1

d(j) ,
.•, A'
'7 mm

".", -1

maps (by righl multiplieation):1 in lo Ji ,
"' mOne can now show that it is always possible ro choose a basis for

these left.ideal mappings, e~m' such that

•e.•.•, ;:::

and mus write the ring element as

0,.0.1, m , ••
(2)

• d( j)

A=:£ :£ (jmm,(ile~m'
¡_tm",'=l

(3)

The funetion (j ,(il will be ealled lhe Represenlalion-Speetralmm
Cllhction (RSF)I-4 of the ring elemcnt A.

Clearly, lO O corre sponds O and !O " 100m, (/) = 000 m' . Sinee A
can be wrillen bolh as (1) and as (3), lhe nexl slep is !O relale lhe GSF and
[he RSF. considering the RSF of [he basis vector s of the decomposition (1)
as ha~ uet:n done '¡'n detail in Reference 4. The transformatioo (for finite

grouF'- \ from lhe RSF 10 lhe GSF is:

A(g) = :£ d(j) :£ (j (') £Ji (g'l)
mm' / m' m¡ r; m. m

(4)

where d(j) is lhe dimension of lhe UIR labelled by j and G is as before, lhe
number of elements in the group.
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The transformation kernel f); I (g) is a function both on che groupmm
space Q. and 00 (he representation space ~. lt is {he RSF of (he group
<lement g. The group property yields

which ¡s, of course, rhe muhiplicalion law (oc rhe rc;presenuuion matrices .
. I 1 .. 1 • bAs rhe GSF of rhe. 1('((- (<. ca mapplng unu veccor emm, [Ums out (O e

proportional (O !J~,m (g.1) , we can writc rhe retarian between lhe funcrion
A(g) and the ma(tix funcriun Q(j) by:

A (g) (5a)

Q (j) =
j

S A(g) 1) (g), g€Q
g

(5b)

In (5a) Tr means (tace and <he symbol S. stands fOl :S. d(j)/G, j € .!
when rhe group 15 (inite and, W~ can convince o~rselves, fOf f. d(j)/V,jE ~

1
where Vis rhe volume of rhe glOUp when G is concinuous and compacto H
rhe group is non-compact, bot~ d(j) and Vare ¡nfioite and oew problem'i
appear: (he existence of rhe trace in (5a) and rhe square integrability of (he
GSF and rhe RSF. The cases which have beeo studied in detail, namely
O in reL (5) and O in tefs. (5) and (15), suggesr that foe squaee- ime-
7,1 a J,l

p.-able functions , (Sa) can sdll be wriuen, the generalized sum over ~
becoming the integral with the appropriate Plancherel measure 16, over the
con(inuum of reprcsentadons belonging to (he principal series, if it exists,
a sum over the discrcte seri ~s.

For [his weighted generalized sum it is use fui to introduce the repre.
sentation.Dirac distribution o~(j,io) with [he property

fOf any test function j.
FOf finir,' gfOUpS this means O.!(¡,j ) = O.. G/d(j) while fur con-

o " '0
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riouous groups, the group volume V re place s G. The
completeness relarjons of the lJIR matrix elements can
PUlling A = g, (5a) gives:

93

orrhogonalityand
be obtained fmm (5).

;
'Ohile foc A = e~m ' (5b) gives

(6a)

. .,
{\I _1 {\ISr; (g )IYm'n,(g)

g mn
(6b)

which is a memod of ca1culating the PlaochereI measure.1J Using (5) and
(6) foc a paie of cing elements A, B with RSFs a and B wc obtain using ,he

unirarity of rhe kernel

ni - 1
mn (g )

SA'(g)B(g) ,jEl;, gEQ,
g

(7)

which js a mapping of R)( R joto [he field of compIex oumbers with rhe
properrjes of [he ¡onu product.

For A :;;;B (7) gjvcs [he familiar Parseval equatioo aod allC''\'s us to
define a lIilb('rt-Schmidt norm fur rhe ring as:

2 2
11 A 1I "S ¿ I a (j) 1. mn

I mn

(8)

lo order to clarify the conoectioo betwecn ti e left-ideal indices m,n
of rhe RSF aod the chains of subgroups of Q., consider a maximal proper
subgroup U Q.. Under righ[ multiplicadon by [he subset h,EU somc of the
leÍt- ideal s 3'm are no longer l1'apped ioto each orh{ r '-1Od~' becomes a set of
[wo-sidcd ideals which can be in turo brokeoup uniqu(.ly ioto left.ideals and
so [he index m can be subsritured by the pair (j ), m which label rhe two.

1 1
sided and Ieh ideals under [he subgroup. When this is done repealcdly,
iollowing a chain of subgroups of Q. (as rhe well.known canonical chain in
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che- pcrmutation group 5:>5 ::J ..... ::JS oc similar ones for che unitary,
" ".1 1

orrhogonal and symplectic groups). [he leEr-ideal index m becomes a striog
oC two.sided ideal ¡ndices (j 1 ,; 2' •••• ,i" ...1) which are me irreduci ble repre'
sentation labels for each ol rhe subgroups Di [he chain. These ate [he
Yamanouchi symbols foc the permutadon groups 17,18 and me ¡ndices oC (he
GeJ'fand-Tsedin kets for rhe unitary 19, ortho~onal3) and symplectic 21 ~roups.

Final1y, we want to remark rhar a paie oC transforms analogous ro (5)
between a scalar function 00 the UIR space t!l and anocher on [he manifold o!
classes oí G can be ser up.22 bur does nOI seem ro have found a physical
applicarion.

3. CONVOLUTION AND COUPLINí.

Consider rhe transformaríon oC che cing elements under left mulci.
plicalion by a fixed group elernen, hEG:

h ,A _ A ~ hA

Ir is easy lo see frorn Eqs. (1) and (5b) ,ha, lhis induces on lhe GSF
and RSF chl" following transfonnations:

h
A(g) - A'(g) ~ A(hOl

g) (9a)

h, ]
a(j) - a (j) ~ f) (h) a{j) (9b)

where the group product law is followed, i. e.

h
A (g) _' A' (g)

while
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whose GSF is ¡:/O (-') and••• go o
and (he familiar transfor-

Transfornlations of the ring elements under right multiplication (io e.
h

A ---Ah.I) need nO[ be cons.idered separately since [he invohJtion induced
on [he ring by me corresponden ce A (g) -00 A:g -1) makes [hem equivalent.

Consider now rwo ring clemenrs A, 3 wilh lheir GSFs A (g), B (g) ,and
RSFs Q(j), B (j). 1Oen, ro rhe producl e ~ Al! corresponds, rhrough (3) and
(1) rhe RSF

(which is just the product of matrices). and [he GSF

C(g)~ SA(h)B(h"g)" AOB(g),hEG,
h

(lOa)

(lOb)

The convoluticn over the group is associativc butnotcommutative ur.less the
group is ahelian. This result is familiar from Fourier analysis23•24 where
ro rhe producr of rwo funcrions 3(p) Ji(p) correspo.lds rhe convolulion
(FOH)(x). For rhis kind of transforms, ro lbe producrF(x)//(x) corresponds
the convolution oC me inverse transforms 3 o U(p). This, however. is a
peculiar property of the T,.4tarmonic transformo In general, to [he produce

C(g) ~ A(g)B(g) (11 a)

of two GSFs corresponds what will be called me coupling of two ring element~.
e ~ A e JI. The COrresponding RSF i s
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Cm n (j ) = •S ¿ ¿ 0m' • (j') B " ,,(j ") x I
j ,jll ",'mll"'II" n ", n

Wolf

(llb)

••••.he[<: W(: h3\"(, US(.J (5) and ('xehanged rht' sums OH'r ¡'.jl! and (}\"(:r g.

Thi.'lo product is associali\"(' and commutarin', ir h,lS a unir A(g) = 1 and <ln

invers{' ....-hen A. (g) = O. Funh(.'rmore. frum (8) aud (Ila).

2 1 2
11 A e B 11 ::: 11 A 11 11 B 11

Such a product, syrnm(:tric in ¡t.'lO factors. can be extcnded to any
numbt'f of them.

The harmonic transform of A (g) = A( 1) (g) A(21 (g) ... .1(n)(g) i....:

o .(j)=5m m .
]i m m

1 1

(1) (n)

0m m,(jl)'" Oro m'(J~)(mm'
I 1 H. n

, ] 1

m m'
1 1

wht:re we have defined
( 12)

( ]

mm m m'
1 1

m m'
n n

. 1 ]
S,,, ,,1 -1 "n -1 G

= "mm,(g)"m m,(g )"'''m m,(g ),gE .
~ t 1 n n

(I3)
This integral25•2b is (he ooe encount{'r(,d when calculating Clebsch-

Gordan coefficients. In fact, when using th{, fonnalism for (he group SO •
.1

(he Clt:bs{"h--Gordan series yiclds, fOf the simplest tl = 2 case:

( 1
mm'

1
11.1,)=
m m" m m'
1 1 2 2

, .
~ e (j 1 1; m In m) (; (1 1 1; m 1m' In ')
2/ + 1 1 2 I 2 1 2 1 2

Notice that whef) tht, ~roup G is con(inuou~ and non-compact, [he
product of two distributions may encounter difficultics.

Recurrence reiations can be set up and wc can ('xpress the n-factor
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coupling coefficient (Q the (n-} )-facwr coefficient involving aoy of the n-l
j-indices in aoy order. In (3) however, the coupling order is irrelevant and
aH factors are takeo 00 the sOlme footing.

This is important, in the use of the Poincaré group for n-body rela-
tivistic kioematics. The motivation for (l3)here is completely straightf<X"ward
and requires no auxiliar)' construction as in Re£. 26.

A coupling coefficient (g g"", ,g.) dual 10 (13) can be se' up through
summing (and integrating) over row-, column- (and representation) indices
in a product oí [)' s as in (13).

Classical Fouricr analysis leads us to expect thar if a funcrion
sarisfics a parrial differcnrial equation27 its uansfonn will sarisf)' ao alge-
braic equarion and will rhus rurn ir into a disrriburion with suppon on a
lower-dimensional manifold. This is iodeeJ rhe case, and rather compli-
cared-Iooking differential equations can be formulatcJ as simple conditions
on rh,. rransform function Y).

Finally, ir must be remarked, man)' of the properties ~ of the n-Ji-
mensional Fourier uansform. as beha\'iour under a gen<:-ral linear transfor-
marinn x-' .\1 x of the group space aH' peculiar to '[~, wher<:-[he group <md re-
presenration-space ha\'e the same m('uic.

4. KERNEL HEIlUCTlON, DAUGIITEH PAHTlAL \l'AVES AND
f ACTOH!ZATION.

~onsider the J~-harmonic transform (orclinar)' n-dimensional Fourier
rransform) of a radial function 2l}:

3(p) "~ S F (r) /P .x, r ~ (x2 ) , ,

x
xET .• (l4a)

"lIence 3(p) will be a function of s =(p2) 2 onl}', and w(' can perform (n-!) inre-
gratlons o\'er the surface of an n-dimensional sphcr(' and reduce it ro the
form:

"2
.h
r In_

2
(27Trs)dr.

2

(14b)

Th is example illu srrare s [Wo poi n ts: Firsr. rhe funcrion F (x) ha s rhe
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''$ame value for aH rhe points on [he surfa,::c of a sphere in group space aud
thus the integrations over me sphere can be Ufactored out" and (he kernel in
Eq. (I4a) reduced lO lhe kemel in Eq. (I4b) which is in genelal (lhough nOI
here) more rractable. Second, when looking atthe rrans(orm ¡nverse [O(14a)
whlch gives F(x) 1 wc may regard 1; (x) as 30 cven funcrion on a lioe (dlame-

le,) and decide !O ob,ain ,he T.-uansfo,m (14) o, a T,"transform, 3,(q). The
((:rm "daughter Regge poles" has beco used in [his context ro denote a
family of potes of (he (j -rrans!orm of a funerian whose O .•transform ex.

2. 1 3, 1
hibits a single poleo The position and residue of [his ("Tol1er-Lorenrz")
poJe determines (he position and residues af rhe daughter Regge poles.

We can parametrize [he SO" group manifold ll, 12.3) by observing thar
ir is [he direc[ producr oE rhe 50"_1 submanifold and rhe surEace oE rhe n-di-
mensional unir sphere. Thus rake upéSOp and let 'ab(8) be a roration in
rhe a-b plane; enclosing collecrive variables in curly brackets, we can wri[e:

(1 S)

and cal! it [he Euler-angle paramettization JI. For SOJ'

fo, SO.'

u.(a,/3,Y; [,,8,</;)= uJ(a,/3,y) 'J/T,) '2J(8) "2(</;)' elC.

The Uaar measure ca:I ~e splir as du = du 1 db .mereu ,.- ,.

This will b..- [he rnC:lSUH 00 rh.~ space oE 50".1\50" cosets. We shall be
specially ¡i1lf'res~cd i,l luncri.ms ,:(8) 00 the space oE [wo.sided cosets:

(17)
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lo e. lunctions 01 the angle /J._ •• only. For SO, this is the second Euler
- - 'sanglc' for SO or SO it becomes the one "non-compact" parameter.

, 2, 1 J, I
Let us turn next ro a brief description of de transformation kernel

'f/ , (u), its UIR indices i and "roVo'and column" indices m, m' .•••• From the ",ork of Gel'fand and Tsetlin}) we know that the bases for
irreducible representations of SO classified by the canonical chain•
SO :JSO :J ... :JSO can be written as:
"".1 2

i"ti",. ,

where en] is the largest integer smaller or equal to n. This ket transforms
as lhe {¡p,,' ip", ..... ip, ¡PhJ}= (iplUIR of SOp' For convenience, de-

note by (Tq) the sel {(iq), tiq _ ,) , .•. ,(j,)} and lhus tip -1) is lhe "row" or

"column".label for an SOp represenratior.. The ranges of me UIR indices
are constrainedAl by:

For odd n, n= 2m +1, i ~ O, while for even n= 2m, i 1> li I The'"'' "" ...~ "".'rcw-indices satisfy

(k = 1, 2, ... ,p) ;

(k = 1, 2, ... ,p-l)

and
. > l' I12tJ + 1, P .••.• l1.p,? .
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Since a rotarion rp_1,p(8) involvcs only coordinares p-l and p, ir

cornmu[( ....•with all SOp.2 rralls!ormarions and i ...•dia~onaI (anJ indepcndt.'nt)
of rhe represenrarion labels of SOn' SOn.}' .,., SOp + 1 W(' may in principie
dc.din(' the general Wigner d-funcrions as;

where rhe bra and kcr ha\'(' b('('n writtenhorizonrally in ordcr ro save spac(',
Thc expression (l8) vani ..•hes if any orher bra- and ket-indiccs are

different. ~o other idefltification fOf rhe d-functions is nccessary. since
the indi("es refer it ro SOp'

Inst('ad of writin,g the exprcssion for (he !J-matrix in rerm .••nf
d-funcrions rhrough the decomposition (l5), le( us rurn ro [he familiar c~ses.
Fur W we have !)m(O) = dm(O) = exp(-im8). For SO ,he familiar di ,(8)

• 2 3 mm
funcrion ...•«or rorations around rhe: x-axis) appear in

and a simi lar expression (or SO 5 For SO. ,
2, 1 .•

v-.m

. . • , I

0
'

f3 ',', r j 8 m ,J,Iy ,,(a y)d. ",(s)d" ,()d (op),
mm 1m 1 f1J m

and .1 similar one for O 5
3. ,

'L) have a funcrion 011 rhe space of cosers (Ji) meaos to hay e in [he
las( cao,;e, a func(ion F(~) independent of the orh('[ paramercrs. We can no\\'
conS(ruct rhe integral (5a) and cOllvincc ourselves usin,g (úb) that (he inre.
~ratlOn can be performed 00 all the othcr paramerns Yldding Kronecker S s
to z<-'ro fOf al1 ro\\'- and culumn-lahels aod iotroducioJ{ factors which are rhe
\'ulume of SO 1 aod rhe surfacc.' S I of the (n-l) .•djmell~jol1al sphere. 11 This

".. n-
m('ans, for 50

3



RfOma,k3 012 Harmonic Ana/Y3i3' ..

- .'
I'(e); ~ 2j!.! 3 (j) [d' (O»)

j "" o 87T 2 00 00

for SO.

" .3 (j,O); 3271'J sio'edeF(e)d'o (e)
00,00 ° 000

101

1'(0); ~
j~o

. ,
I

1671'

•

Observe rhar only (he (j, O)-parrial waves appear Slnce me only SO",.reprc.
scnrarions conraining rhe sealar SO "'represenration are rhose (j ,i ) wirh, , ,
i
2

o;; O. For (he Lorenrz ~roup chis means rha( only Toller's ,\f:;: O poles can
contribure ro (he elasric scauering ampli(ude between spinless parricles. s
One can see [har ir is sufficienr Corone oC the parricles to be spinless for
this resrriction ro hold.

lndeed, for San rhe rransform pair can be secn to be, from (16), (l8).
and a similar procedure,

3
0
(j) ; V (SO.',) 5._ J" sio' -2e de l' (e) d~ (e) ,

o

~ d (j) .'
F(e); ~ _'_ 3 (j) [d' (e))

; ~ o V (SO) o o•

( 19a)

(l9b)

lo (l9b)

where we have abbrcvialcd 3
0
(j) for 3 __ (j, O, ... , O) and d' (e) for

(0)(0) o
(j,o, .. , o)

d (0)(0)(0) (8).

i
d(j); L d ,'k)
" k = o "-

{aod d, (k); 2k + 1) is .hc dimcosioo of ,he IJIR aod
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(aod V (SO,) = 2rr)

U'oif

IS .he volume of the group. whece SN = 2rrN;' /r (n/2) '5 .he surface of ,he
n-.dimcnsin:l:ll spher<-.

'~OW,given sor.le funqion F{¿ J we may want ro COflsidf'." ir as a
(unctioti on me space ol cosets (17) and find!ls transforr. (19) ft. ar.~.".
lndeed, this i5 a specia! ("a5(" al (he s.huacion ,ve pres(:( red al (..,('" bc-
ginnirg al this sect:oll: a given function F(v) ol an 50;.1 iub"11lanifolJ ol
S0", Dol nccessarily (he canonical 50".1 subgroUi), bUl relatcl: to ir th.ough
a similaricy uansformation v= R-luR(V€SO~.I' u€SO".I; RESO", fixed).

Considered as a function ol the SO' gc<)op manifold, ir is me transe.-1
focm of:

(20)
while considered 15 a functlon of a submanifold ol S0•• ir i5 me tran")(onn :lE:

<iN)
F(v)= S :£ :£ 3 _ (;.») tJ (v-I). (21)

<1_) (..,..- )(-. -)' (' )(') (-. - ).(~).• ',,_1 '''-1 ',,-J 1,,_1 '''_1 ',,-1

For VESO:_1• me transformatíon kernel in (21) can be wrinen as:

=

(22)
where B = 1J(R). Sínce uESO".I' the decomposítíon (15) allows us to wríte:
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where me Kroneckec-ó in (he representadon label (in"}) is a product of
Kronecker"Ss in me individual indice!:; and rhe use o.f me symbolic identiry

(j'"I) " (i•• ,)(j'"2) is clear.
Equation (23) is independent of the representation label (j.) as i. P.

f)/ ,("'. O, O)= exp (-imq,) S • = f)"'(q,) S ,is independent of .,,~ :J!;;mm '+' mm mm
label l. Replacing (23) in (22) , (21) is now expanded in the '''olaü elements
<i,",)

f) (u) of 50,", and tan be compared with (20) where v, being a dummy
index and SO; .., ~ 50".1 ' can be replaced by u.

Equality of (20) and (21) is implied by the following relacions betwccn
,he SO 1 and SO RFSs, for any one partial wave (j) of the lalter:

""'- " "0

x
(24)

We can draw two conclusions from rhe general form of Eq. (24).
First, that to any one partial wave Un)o of the RSF in S0" corresponds a
family of daugh<er partial waves (j•• ,) of the RSF in 50~", given by (23),
¡.e. a11those (j".I) contained in (¡,,)o' This corresponds in Toller's
treannentS, 6 thar any one Lorentz pole (in rhe SO .. representation manifold)

3. 1
generares a family ot daughter Regge paJes (in rhe SO .. representation mani.

2. 1
fold) .

Second, a general forro ol factoriza[ion holds: if me S0". RSF can be
fac[ored as:

(25)
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,hen (24)
wirh:

Wolf

implies thar (he SO -RSF can be factorized In a similar fashion
.-1

(26)

where

(in- 1)
T

(in - 2)

(1. ) _ <in)
K:£ T n (B 1)

(j •• ~I)' Un.)' (;"-I)'U"-I)

The physicalIy relevant caseS which has so far beco studied is (he
expansion of (he scattering amplirude of an clasdc reaction in tcrtnS of (he
matrix elements of (he UIRs of (he ¡ittIe group uf me momentum transfer.
Foe equal masses, (he general littlc group of (he (spacelike) momentum is
[he O which Icaves [he X -dircction invariant while foc forward scattcring

2. 1 3
ir aecom{'s U In (he corresponding SO problem (defining (he space3. 1 ~
coordinares as xl' x2' x3' x<4) [he canonical SOJ subgroup involves coordi-
nates xI' x

2
' and x

3
' while (he non-canonical SO; one would involve coordi~

nates x , x and x (k'aving % invarianc). The rocacion R which realizes
! 2" J, . " I •

che equlvalence becween S03 and S03 IS a cocauon by 7T/ 2 In che %3 -x"
plane and che corresponding B.matrix in Eq. (22) becomes an SO 'l"igner
d-macrix d,AMI (77/2) which is diagonal in the SO indices. The ¿ case6,32

1m . 2 J, I
lS clearly more difficuh since cite () subgroup and the canonical O sub.

2, I 3
group are noc isomorphic and che rocation R does noC belong [O O ,buc ca
ics complexification33• Furchermore, in che reductivn of che O 3'r~presen.

. 3, 1
tacion O,-,,'tt) into O representations (/), each of the lauer (/=i\.,i\.-I, .. )J.I
appcars twicé' 32. ,thus, an extra relatjon 35 hetween the (rcsiducs of the
poles uf che) transformation matrices B has to be used in arder to prove that
the factorization of (the residues of the poles of) the RSF in che group implies
cheir factorization in the subgroup.
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Let 8 and U be two groups; x€8~nd let /h(x) be an aurornorphisrn of
8. determined by an elernenl h€U. We define the serni.¿ireel produel of 8
and U,O ~8(j)U as a sel ofall elernents g~ (x,h) wirh the produel law
(x"h,~(XI,XI)~ (X,'/h (xl)' h, 'h,)',

Wc are e~pecially interesred in rhe cases where U is rhe componenr
of rhe idenriry in one of rhe so or SO groups and n is T , rhe n.di.

,. n-I,1 ••
mensional rranslarion group. Thf: producr law takcs the form:

The usual memod J6. 37 of constructing bases for UIRs of the inhomo.
geneous unimodular orthogonallSO,. (and pseudo.orthogonal of rhe rype

150••_1, 1) groups makes use of rhe subgroup ~ in order ro build a ket I pm >,
where the n-dimensional vector p labels the UIRs of ~ and m is an auxiliary
label (or eolleetion of labels) whieh will be affeered by transforrnations in U
which leave the vector p invariant. ""e caIl the group of mese elements the
li!tle group (or slabili<y group) of p.

We define the slratum of p as the set of alI p' which have littIe groups
isomorphic to that of p. For ISO we choose the metric of me vector spacen
ofp~(p ,p , .... ,p}robeg ~I(allolh<.szcro},andlherear~lwo

I 2 n J.J.¡J.
strala: for (a) p / O an<! :~; l' ~ O. Their litt!e groups are SOn_. and ,he full
S0,. respectively. For 150n_1•1 we fix the rneuic of the 8 carrier space ro be
• "g ~ - g ~ ... ~ - gIl ~ l. (All omer zero). There are four""!Xl nn 11 n- ,JI.

strata: (a) p' > O, (b) p' < O, (e) p' ~ O bUl P f O, and (d) p" O, whose li!tle
groups are 50".1 ,50,._, 1,150,._1. and the fuIl 50".1 1 respectively. In each

• ,. '( t)
stratum we can define a standard vec.tor p, or a pair p if the stratum has
two disconnected pieces. For ISO the standard vector of me firs( strarum

...• _ n 2 2 .
ean be laken to be p = (O, O ... ,J, M) where M = P (M> O). The '.econd IS

trivially p = O. In 150".1 (n> 2)M" = p2, (he standard vectors iH eaeh
.1 '( t) _ I IstralUrn ean be laken ro be (a) p =(0, O, .... O, tM},(b}p ~(O, ... , O, .11 ,O)

(e) p( t) = (O, ... ,O, 1, tI), while for the p = ú straturn again, lflvially ¡, = o.
(For SO (he second stra(Um has ins(ead (wo picces while [he third hasl••
foue). By ex[ension, the vectors in each of these strata will be ealled cime-
likl:, spacelike, lighdike and null.

Thc consrruction of [he bases lar tht' UIRs now proceeds using che
idenli<y (x, 1)((J,h)~(O,h)(h-lx, l) in OIder lo define me UIR labels ano
transformation properries of the ke(s under a g<.'ncrnl group element(x.h) as:
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(x, h) I (.\I/l ,pm >

= exp(ix'hp)"i.,fl, (Rw(p,hnl(.II/l,pm'>
•• •• ••

Wolf

(27)

where we havc assumed [har the kets Wilh [he same p transform irreducibly
under ,he elernents of ¡es 1¡"le group, thus labelled by ,he UIR index (]l.
The (gencralized) Wigner farafian J6 Rw(p, h) is an elemene ol (he Iiule group
ol (he standard vector p ol (he srratum oí p and can be wr¡[[en as:

(28)

whece Lp is an element ol U wich (he peopen)' LpP = P (oc each strarum. The
(reedoro left in che definition oC Lp allows us [O ask for (he condition .lB. 3'1

(29)

when h belongs to ,he li<tle gtoUP of p. It is suffieient for (29) to hold dla,
Lp = , .

Given a funerian F (g) 00 [he manifold ol the group G, we want to
construc( its harmonic transformo The Ilaar measure in G can be seco [O be
che produce ol the Haar measures 00 T and U: dg = dx dh.

In arder to obtain (he transformarian kernel we must find (he matrix
elemcnt ol the general group element (x, h) between the kers I (.'tf,]) , p, m>
and for [his we rnake use of (27) and ,he faet tha, in T., <p Ip' > = Fi'(p-p').

Consider first the IS0" groups. Denote by p {he (n-l)-dimensional
vector (PI 'P2 l'" ,P".I) aud thus:

so {har we can wri{e:

(30)

whcre
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"-1
SQ(P,P')= 2p"S (p -p') (3la)
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is (he Dirae disuibucion on (he (n-l).dimensional sphere p2 = M2.

No confusion will arise if we use che same symbols for the 150".1 1

groups: p will have che same meaning as above, buc we ehoose: .

so tha t wc can wri te (30) ,

.-1
SQ(P,P')= 2poS (p-p') (31 b)

being che [)irae distribution on (he (n -1) dimensional hyperboloid p2 = M2.
The UIR matrix elements can (hus be wriuen, using (28), as:

{jMJ (jJ 1
l'Ip' •• ',p.,(x,h)= exp(ix 'hp) l'I•• ,•• (L;,hLp) SQ(p',hP), (32)

where Ola) (resp. (3lb)) is meanr for ISO. (resp. ISO•• 1, 1 ). For SO. lhe
form of lhe UIR label (j) and lhe row- and column-labels m, m' have been
de(ailed in the lasc section.

For the SOn~l I r{')UpS, lec it suffice to say that (he index In 1 is
replaced by a (eompl~x) j, dex A. which does no' obel' anl' of ,he branching
r{'latioos, thus J on1y has a lower limit and the representation is ¡nfi.n.1,1
ni te dimensional. For details see Refs. (40) and (41).

1< is immediate ro check ,ha, (32) fulfills:

J .'1J .\IJ .'1J
dQP" k" !)pm,p"m'l(x2,h2) !)pllm",p'm,(xl,hl) = !Jpm,p'm,(xL +h ,XI ,h2h}),••

(33)
ehe produce law of 15011 (resp. ISO".I,I)' dQP is ehe surface elernent of the
sphere (resp. hyperboloid), and ehe produce law of the UIR matrices of ehe
litrle group of the seratum of p has beco u~ed. This holds for aoy Sotratum.
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Th~ harl1looic transform pair (5) can 00\10'be wriltcn bc[wCCIl a (~SF

A(x,h) and a RSF (jC~,jl of /SU. (resp./SO._¡¡) as

MJ rta(.~,jl; S SA(x,h).19 (x,h),xEU,hdi
x b

A(x,h); (27T)-.5 dII' S Tr [a(.~,jl.l9MJ(x,h)-l)], jE,l¡(.\t),

J

(34a)

(34b)

wherc [he integration cange of M2
IS from O to + !XI (resp. Crom - IXI 10 + !XI)

and (he generalized suro over [he litde group UIR spac(' ceCces to rhar of (he
corresponding strarum with (he kernel (32) and me trace is taken ayer (he
[ow. and column-labcls p. m as in (33). Notice char in rhe intcgration [he
strata M =0 have zcro measure so (hat, unless (he RSF A has a Dirac 8
distribution with support al thar point, ir may be disregardt:d. \\'e shall re-
tum tú (his poine belaw. We can check [har (34b) is (he transform ¡nverse
ro (Ha), replacing (34a) ¡nro (34b), exchanging the integra,ions over group
and repccsentation spacc we obtato an idcntity if a rc1ation (6a) holds for 0..
This can be checked directl)" u,ing (32) and (6a) i(self for ,he li"le group of

every stratuffi.
As remarked in Sec(ion 3, (he GSF A(x,h); .I9p

M
,f• p (x,h)"l)

1

m, m
hence forth dcooted by C\ij) p' m ' , pm > has

for its RSF and the transformadon propcrdes of the kct 1 (M-j) pm > .
The overlap function:

can be expanded using (12) dr directly through (32) and (34a) in terms of the
•uverlap function in D. 21 Cip¡ -p), and an integral in Ji. A similar treatmcnt

has bt'cn plesented by Roffmaon in Ref. (26) for me Poincaré group, so w(;.'

shall not rcpeat it here42
•

It has beco Lursat's idea9 chat, since a description of the sraCe of ao
objecr can be gi\"en by [he (active) transformacion g which takes a refercnce
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frarne R tu a frarne R = gR fixed 00 the object, a field theory of these ob.
j{'Cts should in\'ol\'c not m~rely wave funnions F~ (~) on ~tinkowski space,
x, hut funcrions F(g) on the Poincaré grcup manifold g=-=(x.A). If the wa\'e
F(g) is to a'present stable objens of definite mass aod spio. momentum and
helicity it must satisfy the differential equations (on group space)
p~1' F(g)= ,II'F(g) and W,.W F(g) = -.II'/(j + l)F(g) where W is lhe Pauli-

~ 1-'
Lubanski veelOr", l' F(g)= P"F(g) and S (I')F(g)= mF(g) whele S(I') is1-' ~ J
the rela[ivistic spin operawrJ1

Th{. n{'w feature of this poin[ of view is tha[ we are allowcd [Q con ...
SUUCt more general objec[s with both a mass and spin dis[ribution.

The complementary approach is to make a statemen[ on [he functional
dcpendcnce of the GSF on G much i," the same way as we did in Section 4.
As a simplifying analogy in a lower-dimensional space, consider [he [hree'"
dimensional Euclidean space, where g=(x,r(<:/J,e,I.j;))EISO] transforms a
reference feame R lO a fcame R fixed on the object. In 3"'space we can haveo
three kinds of objects: (a) Pointlike, i. e. invariant under rotarions r(<:/J, e,..p).
The wave fUllnion F(g) will thus be a function 00 the space "1"]and reduc~s
10 an F (x). (h) :\xially"'symrnetric, i. e. invariant under rotations..p around
[he bod)' axi s. The wave function F (g) will thus be a function on che space
of cosccs ISO Iso aud Ihus, Ihe fonelion reduces to au F(x,<P,e). (e) Com-J ,
pletely assyme[ri<.:. wh{'reupon its description needs the full P (x, cP, e, f).
\\le will no[ consider objects with discrett' symmetry groups nor infinitely"'ex'"
tended objec[s. i.l'. ¡:(g) as a function on coset spaces of the [ype TJ\ISO]
:::5°

3
, W<:can [hus C<.hJOt[he differen[ cases as the homo~encous spaces 11

of [he group: -1' ': ~ .• ('t spaces of IS0] by the (continuous) subgroups of
SOJ and lhe identilY, namely ISO/SO

J
:::: 1'J' ISO/SO, and ISOJ ilself.

A similar [reatment has been made for the Poincaré group, both from
[he geornetrical.] and the group-theoretic8 .•• point of view. There are c1early
more cases since, for instance, the axis-like objects may havc a time-, space'"
or light-like axis. h turos out [hat there are eleven possible distinc[ horno ...
geneous spaces. Among [hem, using Finkelstein' s.3 notadon, wc: can have a
function on the whole Poincaré space [6] 1 F (x, A), a functioo on the Minkowski
space [O], F(x). Four other cases are interesting: those corresponding to
Ihe eosels by Ihe subgroups SO • SO 1 and ISO. cases [3], [3'] and [3 ]

] 2. 2 o
respec[ively; and [4], by [he nilpotenr subgroup N in the Iwasawa decompo'"
sition. This laM case, motivated by the geometry of electromagnetism, has
becn invcstigatcd by J. Nilsson and A. Kihlberg8.« .•s

\\le '..\'rj[c out (34a) with [he kernel (32) for the elemen[ g=(x,A) of [he
Poincaré group:
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3."" (MI)=Jd4xd6AF(x,AF(x,A)exp(ix'Ap) x
,. m 1 p",

Wolf

(35)

The so group element A can be written0i6 as A.= R Hk wherc, foc3,1 A

each stratum, R belongs to (he liule group of che standard vector p o£ (he
stralum of k, and l/k = Lk, where LkP = k is such lhal (29) holds. The Haar
measurc over SO can (hen be written46 as a6A= d

3
R dQk.. 3,1

Furlhermore, in (35) lhe O.¿islribudon leduces lhe sel of A= RI/k as
lhe subsel Lp' R' L;' (R' belongs 10 lhe liule group of p). The argumenl of
f) is now R" and Eq. (35) simplifies 10

r¡ J 4 3, '-1)" "l (")
cJp',.',p,.('Il¡)= d xd R F(x,Lp,R Lp exp('x 'P ) "',.',. R ,

(36)

where we have used me invariance oí (he Haae measure.
The RSF indices and variables may have suppon 00 several secara,

and al! of lhem are needed in order 10 recons[fuCl F (x, A) lhrough (34b), bUl
for each stratum Eq. (36) holds Wilh lhe corresponding dccomposidon of A.

One can point to (he unconventional feature oí having lO interprct (WO

"momentum" labels, p' and p. This is inevitable in (chis basis of) (he
Poincaré partial-wave expansion, since (he labels are imposed by (hose oí
(he transformation kernel.

When (he GSF is a function 00 one oí (he 7 "parameter homogeneous
spaces [3], [3'] or [3

0
]: F(x,A)= F(x,AR), lhe kernel (32) does nOl appear

lO reduce simply, as was the case lor the orthogonal ~roups in the lasc
section. We would like to point out, however, chat for (he particular column
P = P (limelike), since L- = " lhe inlegradon of lhe righl-hand side of Eq.
(36) over lhe (compacl) ~ivisor group can be performed, yielding

3., , ~ (,11])= O '00 o. (l,O)J d4x exp(ix ',0') I'(x, 1/. , )
t' ", , t'''' "'."'. o feo t'

(37)

where ~D is the representadon space of the divi Sllr ~r'1up.
The treatment of the 8--dimcnsiooal homo,gcll(,OUs space [4] requlres8

the Iwasawa decomposition of SO "so rhar the ab')ve Íorrr'11ism does oot3,
yield a simple kernel reduction. Furthermore, (he hl.'lllogcncous spaces with
non-eompact divisors present morc fundamental dif!Jc¡.lliesll due to (he face
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(har wave functions are chen nOI square-integrablc: 00 che Poincaré group
manifold.
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RESU~lE:"l

lJ~amos la con~trucción clásica del •.millo de un grupo para presen-
tar un par de funciones, transformadas armónicas la una de la otra, como las
coordenadas de un ek'mento dt.l anillo en dos bases dif~rentes: una, una
función F (g) sobre la variedad del grupo G, la otra 3 (j) sobre el conjunto
;; de representaciones unitarias irreducibles (RUIs) del grupo. El Kernel de
transformación está dado por los elementos de matriz de las RUIs {;)j (g).

Desarrollamos este formalismo matemático con objt:'to de presentar
en fonna concisa varios resultados de cinemática relativista, desarrollo en
ondas parciales de Toller y algunas teorías de campo sobre el grupo de
Poincaré. En particular, probamos para los grupos ortogonales tres teore-
mas que tienen análogos directos en el trabajo de Toller: 1) funciones so-
bre espacios de coeJases se desarrollan en términos de una base reducida,
2) las transformadas armónicas respecto a un grupo y a uno de sus subgru-
pos dan una rt'1ación entre sus coeficientes de ondas parciales, conocidas
de las relaciones entre los polos de Taller y Regge y, 3) la factorización
(de Sciarrino y Toller) de los residuos del primero implica una factorización
correspondiente de los residuos del segundo.




