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.\ '\STRACT: In Ihis work tranSp~Ht propl'rties oí dc:.nsC' g.ISC''> art" 1.,lltlll;i(t.d

using lhe empirjcal equarions '.lf ¡he \lodificJ Lns\.;og 'lh{.o:~'.

A (\\'0 p.1Llfficter equatiütl oí st,He i~u ....•ed for th(. lluid-; hefe

;.,mdicd. W¡rb ir Ihe nccess.uy :-,pcLific Leal functiollS L';1ll be

ohtained . .\lso, a fC3'>onahle kno\\ledge of [he P\'T ht.h,";,l[

oí lhe fluid.., in ,he den ...•c re.~illn cm be obt,lil}{',! frlll11 ;1. rh~.
tr.lllspor! proPCftlCS ,¡{ rhe dilutc gas are c:ticul'l'l'd i1",f!~

Cha;-.man.Fnskog's eqll<ltions. ill;¡Jly. lhe ,11-"l"'l ;lll:';lIHl j"

ar;~li('J lO Ar.c:on and OX}-'¡':Cil comJ,.If;i1,o.: the rc ••,dts oh¡,¡jnl.'d

wi~h those of other oí other atltllOr~.

I:"TIWlll"( 110:"

-'lam' ,HU,.'lllpts h,l\l" rCL"l'(l!l~ hCl"1t n:,l,k ro dn'clop<: ,\ tll""ory C,lj1,lb!<:

nf predicting tf,ln,"Pllrt propc:r[¡c •• (lf d,'ll", g,l."l"" .\fld I¡quid". 1(1 t1H' 10\\
den:"i[y limit the (r,\I1SpOn Pt"lll;('rtics pf ,1 )..:,L'"(\-¡..,cI, ....I,:--.ilH(l;l,l] C{llllluui\-ity

.\nd difusi\.¡ty) CH1 ~)e Obt.lil, •....l l'lnlll :h<.: (1,.q'I)l;l1l-"r; '. 1") ('/lQ.Hlqll"';. T]¡(., ....<.:

1.1(('_'f ,HC hascd on '{lllf"lll,llln' " e'j1l.,rillll ,lf1d t!J{ir \,I!i,\tr: 1'; 1¡'Hite,! [o nl{llltl-
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atomic gases. They havc to be modified when the molecules of ¡nteresr ha ve
internal struc(urc, and several such modifications have beco proposed, para
ticularly in conocerían ro thermal conductivity.

A fiesr 5tep cowards (he extension of (he theory ro higher densities
was made by Enskog himself, who in arder to extend me dilute gas theory,
restricted himself to hard spheres. More recently, lIanley McCarrhy and
Cohen have pUl forward an empírical modification to Enskog's theory. 'loth
(he theories of lIanley and Ensko~ allow correction~ to be made (O [he
transport propercies of a gas obtaincd at atmospheric pressure to extcnd meir
validity co higher pressures.

In chis work transport properties of Argon and Oxygen are cakulated
using the empirical equations oC flMC's theory. For a proper application oC
such cheory it is necessary Coknow che PVT behaviour oC che fluid under
consideration as welI as che speciCi hcac Cunction and che transpon p-openies
oC the dilute gas. A universal cwo parametcr equation oE state is used Eorm{'
fluids scudied here. With it the neccssary, spcciEic heat functions can be ob-
cained, as well as a reasonable knowledge oE che PVT behaviour oE the rtuids
in the dense region. Previous ca chis work this modiEied theory ol Enskog
was applied using a differenc equacion of sta te for each fluid considcred,
furthermore these equations involved many more parameters.

The transpon propcnies ol che diluce gas are cal~lated using alapr.ilan-
Enskog's equations. The general method al calculating me transport propet-
ties as well as the PVT behaviour and specific heat functions al den:>e gases
is then given. Finally, results are shown for Argon and Oxygen and are
compared with those ol the modificd Enskog's theory]

MOIJIFIED ENSKOG'S nlEORY

The modified Enskog's thcory (MET) is an cxtension to che real gases
of Enskog' s re sults for the tran sport properties ol a haco sphere model1• The
basic assumptions are:

a) There are no fundamental differences between che mechanism ol
momentum and energy transfer in a real fluid and that oC a hard-sphert:' gas.

b) The existing di ffercnces may be assumed [o be contained in [he
funccional rclationship between [he collision frcquency and the temperature.
For real f1uids [his can be expressed in [errns ol PVT data.

Thc exprcssions given by ~tET are:
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Tb~nnaJ Conductivity. For a dense gas oc a liquid thece exist two contri.
butions to me thermal conductivity: une due to the translational degrees of

freedom and the other due to me internal motion.

1\.'
t 0.755¡'3pXJ +-"-

X
(1)

Viscosity. lOe expres510n obtained i5 the same as Enskog's:

TJ = TJ ¡'3p [ _1_+ :!- t 0.761 ¡'3pxJ (2)
o ¡'3px 5

In me above equations,BPX i5 Enskog's modulus, defincd in (he case

of hard sphcrcs by me cquation of state:

PV = 1 + ¡'3px (3)
RT

Ncvertheless, in MET dle pressure is rcplaced by (he thermal pressure

T(dP/dT)V' traosformiog equatioo (3) ioro

or

~ ( dPV)
R dT V

1+¡'3px

V (dP) = 1+¡'3px .
R dT V

00 me omcr hand
J
Mason and Monchick 1have shown that the thermal conduc.

tivity dilute polyatomic gas can be splitted in two parts: one pan describing
me (hermal energy transfer due to (he translational motion of the molecules,

and me other one dcpictiog the energy transfer produced by the infernal encrgy
changes of dIe molecules. Tha( is:

\ =\'+\fI
1\.0 1\.0 1\.o .
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~loreover. ir is knO\\'fl thar rhe specific heat at constant \'oJume can be sepae

raeed jmo a translational pan and ¡nto an internal one2:

Th('n, according [o ,\Jason and ~lonchick:

( 4)

whné \.' . Tj and J) art'. fespt'ctive1v, rhe (hermal conuuctivity, lhe \'isr" ..•ity
f) ['lO'

and [he autodiffusi\'ity of the dilu[{' gas.
In ,\IET ir is assumed [har rhe rheflllal conJuLrivit~ Cm d. J('¡j~(' g,a" Ol

llquid {'<lll also be spliu{'d ioto a tr,mslational and .In inH:rnal parlo 11('11"'-('

\='A'+>t

wherc:

and:

te' (31' [ _1_ + 6 f 0.755 13(' X ] ,
o fpx)

(5)

t:' {)C~
f'--

'"
(6 )

If (he autodiffusioll coefficielll i~\\'1itten In rhe following wa)':

/)
/)
o

y.

.nt.' cOllrribution ro r!le [11('1[11,11cnnductivity dlle ro rhe internal motion can be
explicirly writ<cn as follows:

t:'o
l

('
n e"
() \'

y.
(7)
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SInce rhe inrernal cnergy transfer is due {O the molecular di£fusion.
In this case, according to Eucken 2, C~~can be exprcssed by rhe.'

equation:

181

(N - 3)
2

1< , (8)

whcre 1? is the Rydberg consranr, and similarly:

N ~ 2/( Cp _ 1)
Cv

(9)

wherc Cp is rhe spccific hear at constant pressure amI C\' is the specific

hcat at constant volume2•

CIIAP~lAN-ENSKOG'S RESULTS

In MET, values of the transport properties at lo\\' dcnsities are re.
quircd. Thcse can be eithcr expcrimentally obtain('d or calculated J from
the Chapman.Enskog's results. The final cxpressions4 being:

Th~l1Ilal Cúnductivity

A' 1.9891xl0.4 IT/M
o

a'n(2.')'

Viscosily

7)0 2.6693 x 10,5 ¡JIT
•a'íl( 1, ,)

A ulo diffu si lli Iy

5 '¡Ú,I¡- - 1f) 3.2027 x lO'o Ca2O(I.l).

(lO)

(I 1)

(] 2)
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whefl' 0(1, .••)* ar<-" the reduc<:d collisiofl intq~rals ca!cuL:ued wich a Lennard.

Jan{"s (12-6) poccnrial. Th{, diff<-"renc conscancs chac appear in ch(,s(' {'x"

prcsslOlls '-1ft: ncce,<.;sary Co ohtain che daca in cf!,s unic sysu"m. wh('n a (col ..
lislOn diamecer) is in ,:\, T in K and ,\1 in ,g/f!,mo,

llA '1':\ P REIlICTEIl \\'1'1'11~IET

To apply .\JET it is nec('s."'iar)" ro han." a dcscripcion of th<: P\'T b<-,..
hayiour of che fluid scutiied. In [l1e pres{.m work US(' is madl', up (() th(. [hird
cO'.:fficient. of an l'quation of ,<.;[at(' applicahlc onl)" to f!,as('s and with a pr('.
cisinn nor yer der(:rmin('d. bu[ ,good ('nouF:h for practical purpos{"s. Du{' to
th(,S{. rcsuictions" onl)" calculacions for d('ns<.' ft,a,"'ies ar(' mad('.

From rhe (:quation of srare

l' ; pR'f (l + (3p + c¡i'

(3px" (3p + y p'

( 13)

( 1 .¡)

wher('. in equation (13), H scands for rh<-' s('cond virial cOl'ffjci<:nr and e for
[he third ,.jrial ctwffici<-'nt. In ('quation (l/O. {3px is cornmonly known as

Enskof!.'s nwdulus; (3 = lJ + T/J'. Y = e + TC' and /J', e' are th<-' cemperacure
dl'ri,'atin.s of n and e.

Piczl'r and C:url5 ha,"(' shown chac lJ is a fUllccion of chl' r(.duc(,d
t('mpnarur(' and the ,-H'entric factor, ti'. while CluJ(.hb has shown chac e is a

functjon uf thl' reduc{,d u'mpl'raturl" ami a paralllCCl'r el char takcs inco account
che ,'alue of e.H T = 1,,

Thc contiuetivic)" corrt,ction Ccrm in .\IET cakl's ¡nto account che in-
tl'rnal concrihurion ¡H U)flscanr \"oiurnl' to thl. hca[ capacity, Euck('n2 \\-Tires
this conuillluion as f!,i\"l'n in (:quations (H) and (1»).

The Ch<lpm<ltl~Ensk(),g resulrs are u,ed to predict dH' "i,'.;('o,ity. con"

ducti\'ilY <lnd aUlOdiffu~i,'icy rC(luiring a cotreClioll <tUl" [o rh(, non dilu[ioll of
rhe ~as" These corre('rion, can be m.lde (.¡cher u,in.c Enskog', rl.suirs or
lJ"in~ the nwdified Chl'ot~- flet(. <l1l.t1yz(.'d.

\ILT', correcrion lo En.,kog's chuny fm dl(. c(lnduc(i,'ir~' i..•,gi'"Ul h("(:
~H" l.qu.uion (';")" In Fi.c. (1) ch{, Ldue of thi, cmrenin" fauor for .'\ " ha •.•. ,
bet.fl pl(l{(ui ,IS a fUllctinn of prt"'Urt. for a .en'ell \"alut" ~lf rhe .1b,olute [emper.



Tran:<>port Prop£'rtiP5, , , 18.\

ature. lt is worth stressing that this corree don takes ncgativc values sincc
C~ is a negative for the temperatures considered (298K). This fact arises
from N < 3 or Cp/Cv > 5/3. (,he value a' which C~ = O is cp/rv = 5/3.
corresponding to the ideal gas).
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Fig. 1. Thennal conductivity correction factor according lO Enskog' s

modified theory.

1'0 use equation (8) the I.p and Cv values at the 1-'and T conditions
of me problem are needed. lbese values can be obtained using ao cmpiric,:al
correlation between C~. (the heat capacity at atmospheric pressure), and m"
usual thennodynamic relations for heat capacities, togethcr w¡th the equation
of state (13). Thc functions used in this work are given in the Appendix'.

RESUL 1'S AND CONCLLJS[ON

.\IET adds to Enskog's conductivit\., on(: correction [('rm >--:' whih:. Jo'
leaving the víscosiry unchanged. Thercforc, in chccking .\-tET. p,-Hricular
attention ilas ro be given [Q [he conducrivity.
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The gases under considecarion are Argon and Oxygen. N'o significam
diffecenc('s wcrc found betwecn [he \'alues obtained and [hose reponed by
Han1<-')' ce all fOf rh<.' same gases ar similar conditions. The resuhs herc
obtained and also (hose of lIaol(')' arc presenred in Figs. (2-3), where [he

~IET's cxccss funcrions, 6TJ and t1"A., and those cornputed in this papec ha"e

been comparcd graphically. Thesc funcrions arc defined in 1 as follows:

en) (p, T) = TI (p, T) - TI (T)
o

..,
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Fi,í!;. 2. Excess conductivity

In [he graphs no {'xperinH'nra! data is includcd sÍnce me graphs purposc
wa~ ro compar<: a particular {'quation of sr,He wilh [he multiparam{'rcr une
lJ~(.d b," rhe said authors.
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Fig. 3. Excess viscosity

lOe resuhs (har havc be en obrained here are valid in the pressure
range that goes from rhe atmospheric pressure to 4,000 atmospheres.

Filt. (4) shows the rcsults for Argon using MET and the experimental
values reported by Ilailey and Kellner. for 298K. Also included are <he ex-
pected resuhs using Enskog's expressions. In this graph it can be seen rhar
Enskog's values fir berter rhe experimenral dara roan rhose obrained with MET.

Such resule should nor be considcred applicable lO omer real gases.
Rather, it suggesrs the necessiry of a deeper study of the modifying rerm A~'
parricularly in connection with the intemal pan of me specific heat (C~).

Resides, for a proper comparison more experimental data fiOr yet available is
needed.

The most importanr result here reporred is the possibility of using em-



lB6 Acose. and Ficorros

pirical correlar:ic.Is of virial coefficienr:s ro predicr: rranspou properties at
high densilies.
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Fig. 4. Thenna) conducciviey



r,•••.,o,' Pro/Je"ies ...

APPENDlX

187

/. VirilÚ Co.l/;c;mls Co•••I.lion

A power expansion in rerms 01 me reciproc~1 =¡;f jite reduced tempc:ra:1.
lUre T . will be used loc me sC'condvirial cOC'ffiei~r. ~Hatee, aceordiog to, , .
Pilzer and Curl:

where

8P
8 ~ _o_~I + wf

, RT ° I

°
(A.l )

( ~ _ 0.33 _ 0.1385
'o --

T T2, ,
0.0121

T2,
+ 0.1445 (A.2)

0.46
T,

0.097
T',

0.0073
TI,

+ 0.073 (A.3)

In (A.l), 8, is !he ,",cond reduced eoefficic:nl and !he aec:nlrie
faelOr. In (A.2),(A.3), !he conlranls ""ere adjusled to lit bo!h vol_etrie _d
meraal data {oc .any reallases. From me three expressions B' and 8" CaD

be obrained.
FOC'the third virial eoefficient Que'. eottelation is

(A.4) :

f ~ 0.232
I --

TO•25,
(A.5)

f 2 ~ I - exp [1 -1.89 T,' )

f, ~e.p[-(2.49-2.3T +2.7T2)), ,

(A.6)

(A.7)
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Here me derivarives e' and el! can also be fOllnd.
In (A.1) [he correlarion facwr is w, [he acenrric factor, while in(A.4)

ir is d. Values ol (hese parameters can be found in me usual literature5 •

lor example.

2. H~al Capacity Funct;ons

lrt1en (he equarion ol state is (he viria! equadon one can obtain [he

following expressions using known thennod)'namical relatioos.

Cv - COv =
R

and

thar together with

-¡1T(2R'+R"T)-P'T(C'+ C"T)
2

2

[ 1+ (B + TB ' ) p + (C + Te' ) p' ]

1 + 2Bp + 3Cp2

(A.8)

(A .9)

o
Cv - Cv=---+

R
- 1 (A.10)

define Cp and Cv completely fOI any p. T condi,ion.
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RESUMEN

Se calculan propiedades de transporte para gases en la región densa,
usando las ecuaciones empíricas de la teoría modificada de Enskog. Se usa
una ecuac ión de estado con sólo dos parámetros para los fluidos aquí estu~
diados. Con ella es posible calcular las funciones de capacidad calorífica
requeridas, así como también tener un conocimiento bastante adecuado para
nuestros propósitos, del comportamiento PVT de los fluidos en la región den-
sa. Las propiedades de transporte para el gas diluido, se calculan usando
las ecuaciones de Chapman~Enskog. Finalmente, todo lo anterior se aplica
al Argón y al Oxígeno, comparándose los resultados obtenidos con los reporta-
dos por oUos autores.




