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AIlSTHACI U'c sur •..ey somt. of the properties and repa'sentation<> of th('

\\'eyl ~rou1', the threc.pararr.eter I.ie grc'.lp ~en('rared hy the

(Wcyl) algehra t("ali.,: •..d i" QUoInt.m: ~.tecj¡,ulif.:" by [he coordj.

na{".", mon,<:'"f}tum.lnd uni(y o1'er3tors. 'le cunsidcr onc.di.

nl<:'nsionai coser s1'aces as homo~eneous spacl's undcr th~

gwuP and, taking 1'lant.-. wa"e amI harmonie- ose-'ill:uor eigen.

function bases, we constcuct all the unitary irreducible repre.

sentation matrices of the group. U/e add soml' previously

puhli ..•hed material on lhe Weyl J;:rc.lI1' as a dcfonnalion of a

semi simp!<' group, on non.Schr;;dinger reaJi zarion .<i,on Sorne

of its <"nveloping algebras and place il in rht' Context of the

gellerill nilpoter.t groups.

l. INTRODUCTIOII

Con.sider rhe \l'cyl algcbra U1 whos(' e1emenrs Q, P and H .sarisfy rht.'
commur;:uion r('larions
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[Q,PJ~iIt. [Q,H]~O, [P,H]~O. (1.1)

This is the '\leyl algebra familiar from Quantum Mechanics 1, where Q
and Pare identified with the posi rion and rnomentum operators and H, being
the center of rhe algcbra, is replaced by a multiple Al of the identity opcr-
ator. The numbcr A. is taken to be £J, Planck's constant divided by 27T.

The Weyl group W is rhe three-paramerer nilpotent Lie group gener-
atcd by 1.0. Ir is the purpose of this anicle to survey sorne of its propcnies
and prescnt in a unified fashion sorne re lated approaches 2, J, •••

111e Weyl group does not appear as a group of geometrical invariance
in any known physical system. Its algebra, however, lies a.!.me very root of
Quantum Mechanics: the Weyl universal enveloping algebra UJ represents the
ser of aH quantum-rnechanical observables (spin disregarded), that is [O say,
the generators and homogeneous space of the group of all canonical transfor-
mations.

5
In line with sorne recent wark by Moshinsky et al. 6, ir appears to

be of considerable interest to extend the srudy of physicalIy relevant Lic
algebras (symmetry and dynamical) to finite rransformations in the genera red
Lie groups. Furthermore, as we have shown in a former publicatíon 7 l

hannonic analysis on the Weyl group, which reduces essentially to Fourier
analysü-., whose powerful results can be irnmediately used, providcs a we ll-
grounded scheme for the fonnalism of 'Quantum Mechanics. It is therefore
odd ,h", ,he Weyl group, being 'o ,he family of nilpo,en' groups. (Appendix A)
what 'he three-rotation group lS to the farnily of semi simple groups, is rela-
tivelo.- little studied by physicists.

In Section 2 we develop sorne of the resuhs on the Weyl group manifold,
homogeneous spaces and representations given in Reference 7. which deal
wi~h the chains of groups W:J WQ and W ~ Wp where W

Q
and Wp are the one-di-

rn~nsional subgroups of W generated by Q and P respectively. The unirary
irreducible representations (UIRs) of W are completely classified by their
eigenvalue A with respect to H. _

Out of the enveloping algebra lb of lJ) we can choose the operaror

<1> ~ !... (p' + Q')
2 0.2)

Diagonalizarion of (1.2) (instead af Q or P) leads ro rhe Uarrnonic
Oscillator wave funcrions ro be .used as represenrarion basis. This is de.
veloped in Secrion 3, rhe method being akin ro W.. ~filler's rrcarment2 of an
enJarged four-paramerergroup which has (1.2) for one of irs generarors.
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Section 4 is devoH ..d to place the deveIoped material in a wider context:
rhe \tIcyl algehra and group as contractionsJ,9 of rhe rhrec-paramercr semi-
simple algehra and groups, rhe non-Schrodinger realizations D of UJ which
generare multiplier representarions of W and sorne covering algehras.11

In three appendices, wc givc some propcrties of rhe general nilporent
algebras and groupS8. a realization of an n-dirnensional version of the Weyl
algehra and group, and a generating function for associated Laguerre poly-
nornials.

2. TIIE WEYL GROUP IN TIIE CtIAIN W::JWQ

2.1 Conslruelion o/ lb. GTOUP

Consider the matrix representation of the Weyl algehra Ul in (l.1)
given by

p. ti P

H I • U =

- i

o
O

I

O

O

O

2

- 2

- ~]
O

:]
-u

(2.la)

(2.1 b)

(2.le)

Wc parametrize the gcneratcd Lic group W whcn wc consrruct me gener-
al group cIernent g (x,y, z) as

g(x,y, z)= exp i [xQ + yl' + zU]

r I
l_dlYx- ry

x + iy

1+ 2iz- ~(x' + y')
2

_ 2iz+ ~(x' +y')
2

x + iy

,.1(' ')£.lZ - _ X + Y
2

1-2iz+~(x'+y') (2.2)
2
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(see foocnoce 12), (he e>..ponenciacion oC xQ +}p + zll is ca s)" since al: irs
POW(;fS highcr chan rwo are idenrically zero.

'fhe gfC'UP muItiplic.élrion la\\' follo\\'s 13

(2.3)
The group idcncicy is ~ = g(O,O,O) and (he invcrseg(x,y,zfl=g(_x,_y,_z).
;\11 paramners li.lnge over che whole fLa1 li,.. --. "'!anifold of W is

tht:feforc oon.compaet ,lnd simply eonn'"
dtcJ by H, ;s the subgroup of elemp

2.2 G~r;t',alú's as [)ill~Tt'fl'

Consider th~
through {he ae,;

and accion from che lefe

~'(L) L ,_1
!(g)--.I,(g)=!(g g).

~
(2.4b)

In tcrms oC the coordinaces (2.2), che transformation Jacobians of
(2.4) can be found fmm (2.3) tu be, al lhe oligin

d(gg ')/d(g) I ,
K ~ ~

d(g'olg)l, =1
K := ••

hencc the right and Jefe invaridllt Ilaar measure for W is

d¡L(¡;) = dx dy dz. (2.5)

The exprcssions for rhe gUH:racors of W as diffcrencial 0p(:'f<ltor.s in
rhe paramc(ers (2.2) can also be found from (2.4) whell \\'(' consider rransfor.
macioos hy group element ....•Sg'= g(6X'. 6)'1. 8z') in che l1eighbor~ood of the
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I(x,v,x)
ÓR'(R)

• l{x+8x',}'+ov' z+D '+ I--- ~, Zl" [ySx'- xSy'])

I [.' R ~.' JI .' R. r.• ")~\l,i ox Q 'vy P 'ox H J,,,,(og) I(x,y,x),

and similarly fUf acrion fronl rhe :cft. IJh' lhus obtain

.(;),1 ;l)QL .. (Cl la)
- I ...,_ _y" ,- I _ - __Y",,_ ,

ox 2 nx dx 2 (JI

(2.6)

(2.7a)

(2,7b)

L
.- H - I e 7e)

A:-oa check, ir edn b(, verificd that the g('ncr<:>.[or~ of rigth (ran .••(or-

mations follow lhe cornmu(ation relation<o: (1.1) and so do dlOS(, of ldl lranslor
mation.... FunhefmO[<", 01](' set commutes wirh lhe oth •...r.

2.3 11lvarianl Spou's (JI Ftmctirms and FurlctiOl1S 011 /tOTllOgt"flNJUS SPflCt"S

W{,can construet subspaccs of functions on W which will rransform
3nwng lllt.:tnscives under the actions (2.4) of lhe group: tho.se fllfletiolls

!<g(x.y, x» whose z-depenlknc{' ts gl\'co by

}. .A iAzI (g(x,y,x»= /, (x,y) , ,A.E(-~,~), (2.8a)

which can he ',('en ro preserve their form undcr (2.3) -(2.4) and which ar<:
dcarly ei~l'nftln("(ions of H in (2.7c):
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R).. L'A )..
H I (g) = - H I (g) = Al (g). (2.Bb)

Furthcnnore, as any funetion (within a wide class for which the

Fourier exisrs) can be expanded as

y-oo)., ),
l(g(x,y,%»=(271)"'f tlAl' (x,y).i.z (2.9)

we can S3)' lll •.•.t we ha ve expanded the space of funetions 00 W as a direct
inregml '0£ suhspaces invariant under rhe action of W labelled by an index A,
their eigen\'aluc with respcct to rhe generator H .

In ea eh of mese subspaces we can write me generators (2.7) as

RAy, P = . O I R-'_-_Ax,H =AI,oy 2

_.01 L_.o 1 L_-'_+_Ay,P -'_-_Ax,H --Al
ox 2 oy 2

(2.lOa)

acting on the fuoetions ¡:A (x.)') in (2.Ba). This funccion is effeecively a

funerion 00 (he homogeneous spaee W/WII = WU\W. lbe commuta(iCII relarions
(1.1) bold for (2.10a) and (2.10b). Again, one se' cornmu'es ..-i,h ,he other.

Coo sirler no~; the deeomposirion of an arbitrar)" elemenc in W as

g(x,y,%)= g(O,y,O) g(x,O,w), W = % _ ~.ry,
2

(2.11)

where g (O, )'. O) EWp, the one.parameter subgroup generated by P. The ser
lt'p g (x, 0, w), for fixed :x and w. is a leh eoset of W by Ir" and g(:x. 0, úJ) irs
rcpresen[3rivc. The spaec of eosets Ifp'\W is che se( of aH represenra[ives
g (x, O,w). As me J acobian o (x, y, z);o (x, y, w) = 1, me lIaac measure(2.5)
can be wriucn as

á¡..¡.(g)= á¡..¡.p(Y)ác(x,w)= áyáxáw, (2.12)

l. c. as [he produce of the measure d¡¡.p 00 Wp aod che mcasure de on me
spaee of left cose(s Wp\.W. The decomposition (2.11) is also unique and
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hcnce v.:e ha\'c decomposed me group manifold oí W as a direct product of th\:
manifolds of Ifp and Wp\If,

:\ funnion 00 the space ol co~ct.s is a function of the pararncter x
and w in (2.11). If such a function is furthc[ mken to lie in ooe ol the H-
cigc:nspaces labelled by A, it must b<. of the form

le » ",le ) ;leO'I (g(x,y,z = '1' (x. , (2.13)

The transformation of cjJA(X), funC"tioo on Wp\W io tbe eigenspacc A under the
ríghl mapping (2.4a) is thus deserihcd by

g• (R)
",le ) ",le , r "(' • 1 • ')]'P (x -- ••I~'I' (xt x )exp .r" z -y X-_X)'

2

, ",le= U(g ) '.p (x),

(2.14)

(Set. foomole 15). Equation (2.14) is ól multiplier representatíon of W 00 a

space of funcfions of one \'ariabk. Proceeding as in subscction 2.2, ',¡,'C can
f¡nd 14 tht., generators of che rransformation (2.14) a~

Q = - i _~, p o, - lo:< ff = A ¡,
dX

whieh, agaín. lulfill (1.1),

(2,15)

2.4 A lIilb<T1Spae. and a Rasis

Out of che space of funerioos cjJA(x) 00 which W acts duough the
muhiplier representalÍon (2.14) we can build a Hilbert space ¡(A by ¡otro.
ducing the scalar product

(2.16)

2
and consideriog me subset e (-0<;1, CIO) of Lebesgue square. integrable hmctions 16

ol x.
. leIf \\"e noVo'choose a complere, onhonormal basls {if1

n
}, n€Ny where N
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"i~some Índex seto foc Ji. we \.-an define rhe fl.:presentation matrices uf lY

through [he mapping (2.14) as

f)}' ,( ') = (,1," U( ') ,1,\ )
nn g 'f',,' g 'f'n (2.17)

:lnd be; assurcJ mar rhc) follow rhe group multiplicarían law. lJnd('r rhe
s':alar product (2.16), rhe 0kc.rators (2.15) arc hermitcan, fOf real A. The
c~rr::-sponding ;~'presentation matrices (2.2) will be unitary.

A basis cons;sting of eigcnfunc(ion.o:. of (1.2), essscntially me harmonic
oscillator wa\'c~functions, \vill be de:::cribed in [he nexc secciono HCf(; we

will choosc an cigcnba.sis of Q i. e.,

QX"
q

which, rcpre<:cnrcd by eh(' operator (2.15) 15

) %
X~(x)= (27T)-1 ~iqx, qE(-oo,oo)

(2.18a)

(2.18b)

which. rhough ou{sidc J{ f.. (rhey
(00[00[(" 16), arc orthollormal in

00
are In e . hue are nor .squarc~intcgrablc. Scc

thc scnsc

(X" /')=8(q-q')q' q

and complete under the Plancherel measure dq l. c. ,

00 A. Af dqX (x) X (x')~8(x-x'),
-00 q q

(2.19a)

(2.1%)

\\'hcn placcd inside an integral ovcr x, as is known from thc thcory of Fourin
[ransforms.

An eigenba.sis of P, I. C. ,

(Z .20a)
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can be built, for the representation (2.15) as

199

(2.20b)

which is also outside Uf.. (in f/ the space of continuous linear fuoctiooals,

see footoote 16), also orthonormal io the seose (2.19a), i. e.,

(2.21a)

aod complete

(2.21b)

As 00 subspacc of either (2.18) or (2.20) is left invariant under the
mapping (2.14), the representations thus obtained will be unitary, irreducible
repre sen tation s.

2.5 Th~ Unitary Irr~ducib/~ R~pr~s~nttltion Matn"ces

The matrix reprcseotations chus obtained have rows and columns label-
led by continuous indices, that is, they act as integral kcrncls. From (2.14),
(2.16), (2.17) and (2.18) we find

f);q' (g (x, y, z» = S(~y - [q' - q]) exp i (~ + ~ [q + q '] x)
2 (2.22)

which can be checked 17 directly to follow the group composition law (2.3)
under multiplication

and be unitary,

Jd ' A (A Aq D • g ) D • "(g ) = f) ." (g g )qq t q q 2 qq 1 2

A _1 f.. •
D • (g ) = D • (g)qq q q

(2.23a)

(2.23b)
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As functions on the W manifold, they are eigenfuncrions of the com-
muting operators in (2.7)

R ).. • )..Q f) '(g) = q f) • (g)qq qq

L ).. )..O f) '(g)=-qf) '(g)qq qq

R ).. L ).. )..
H f) '(g)=-H f) '(g)=\f) '(g),qq qq qq

(2.24a)

(2.24b)

(2.24c)

indced, in Reference 7, they \\'ere constructed in this way. The D's (2.22)
are thus cIassified by the chain W=:> W

Q
.

Further, as UIRs, they are orthogonal on W as we can verify, using
(2.5) and integrating over .t

They are, moreover, al! representations of W as they form a complete
set of functions on W: they are orthonormal in the sense (2.19b) - (2.21b) on

the space W of UIRs of W, isomorphic to the real line, with the Plancherel
rncasurc

df¡. (\) = ~ d\
477 2

whos(' weight function as its inverse 10 the right-hand side of (2.25),

(2.26a)

I.e. ,

(2.26b)

1'h(' f) functions are thus unitary rransformation kerncIs bctween
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funecions on,..the W manifold, and their harmonic transforms, matrix
on the dual W manifold. This is devclopcd in reference 7.

A paraIlel procedure for the basis (2.20) yields

201

functions

D;p '(g (x, y, x)) = 8(,,-x - [p - p ']) exp i ("-x + ~ [p + p '] y), (2.27)

with the properties (2.23) of the group UIRs, eigenfunctions of pR and pL
with eigenvalues p' and -p, analogous to (2.24), orthogonal (2.25) and

complete (2.26).
They are the double Fourier transforms of the former, 1. e.,

A.1 A
Dpp«g) = (2771"-1) Jdq Jdq' exp [- ipq/"-] Dqqdg) exp [ipq/"-]

(2.28)

Clearly, in (he limil A -- 0, the Weyl group UIRs beco.me (he UIRs of
the two.-dimensional abelian algebra generated by (commuting) P and Q .
This is regarded 1, 7 as (he group-theoretical meaning of (he "classical limi("

of Quanrum Mechanics.

2.6 Th~ Coordinat~ Basis

The realization (2.15) of the Weyl group generators as operarors in the
Weyl group coset manifold is not the usual one in Quantum .\fechanics. There,
the eigenvalue q of Q is rcgarded as the physical configuration-space coordi-
nate. A function of the coordinates can be built as the functional

A A A -"J . AI (q) = (Xq ,CjJ ) = (277) dx exp [- .qx] cjJ (x), (2.29)

i. e., as the Fourier transform of the functions considered.
In this space, we ha ve the Schrodinger realization 1 of the Weyl algebra

~ A A A
QI (q) = (X.' QcjJ ) = qf (q)

A A A Cl A
PI (q)=(X ,PcjJ)=-i"-_1 (q)

q Cla

(2.30a)

(2.30b)
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"" ,,-" - - - f HAs che Fourier transformation I •.........•~ IS a unHaey mapplOg o A 00
irse1f, wc have rhe functionals ¡).,,(q) consricuting a lIilbert space with a scalar
producr identical to (2.16) with q •......•x i. e.,

"" ~ ","(1 ,/2) ~ J dq/, (q) 12 (q),1 _~

which, undee (he action of the group W transforms, from (2.14), as

(2.31)

rhar is, che [)-matrix (2.22) acts as an integral kernel

"g(x,r,') "" _[ ( I ) ]1 (q) 1 U(g(x,y, x»)1 (q) ~ 1 (q+/l.y)exp t /1. x+ _xy + qx
2

(2.32a)

"J'" ",U(g (x, y, x» 1 (q) ~ dq lJqq• (g) 1 (q )

The representations in momentum space folJow suit.

3. IIAR~fONIC OSCILLATOR WAVE FUNCTIONS AND TlIE

II'EYL GROUP REPRESENTATIONS

3.1 Th~ lIarm01J;C Oscil/alor Basis

(2.32b)

Jn arder to find (he \t'eyl youp representations (2.17) we can employ
any basis of functions dense in JiAthe Hilbert space of square-integrable
functions with scalar producr (2.16) which rrans(orm undee [he action of W
lhlough ,he multiplier (2.14) or (2.32). Two non-denumerabJe basis were
used in rhe lasr section. In rhis section we shall use the denumerable or~
,hogonal basis {.p~(q)} provided by lhe eigenfunelions of (1.2), i.e., in ,he
realizarion (2.30) by the operaror

(3.1)

As (3.1) is idenrical \,..irh the quanrum oscillator Hamiltonian of
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f ' g, d'requcncy unlty ,unlt mass an f\.

and can be ",:rinen as

203

ror 1J,its eigenfunctions are well known

~ 1;. .q2/2A
=(2",,!)- (7T>-')-" 1/ ('1/1>-.)," = 0,1,2, .. ,

"

and are the sQu •.re.integrabl(.' solutions of the Schrodinger equation

(3,2a)

(3.2b)

for A> O and '1 a non~egative integer (see footnote 19),
It is meaningless to consider the case A < O in this context as (3,1)

is the same differential equation, but (3.2) is non.square imegrable and
presents multivaluation problems. From (.'qs. (2.22) and (2.27), howevcr, we

scc that, irrespectivc of the basis,

_A A A •
D (g(x,y.z)=1J (g(x,-y,-z»=1J (g(-x,-y.z»

This seems to be extendablc [() an}' basis20
,

(3,3)

The representation matrix (2.17) can lhus be built in the basis (3.2)

as

A .I,A A{) (g(",y,z»=('f' ,U(g(x,y,z»tjJ)mn m n

%
+ ] - 'J~ [2] 1= [2m "m! ,,! 7T>-. dq ex!, - q /2>-' If~(q/ >-.) x-~

(3 Aa)



204 \l'olf and García

, m "
C>O + 'í).. ts
~ [2m "m'n'] Dm (g(x,y,z» __

",m=o n ",1,,'

x r dq exp [- q'/,,- + q(2 {t + s}/(\- y + ix)] =

= exp"-[iz+~(x'+y')]exp [2ts+s(\(y+ix)+t(\(-y+ix)]
4

(3.4b)

A gencrating function of (he associated Laguerre polynomials is
(see Appendix el

OQ .1 (m.,,) * m n m'-n
exp [ab+ae- e'b] = ~ (m!) L (e e)a be

",m = O n
(3.5)

!<Using(3.5) in (3.4b) loe a=/2t, b=/2s, e =("-12) , (-y+ix),
collccring (he coefficients oC rceros tmsn, we obtain

(3.6a)

.....hich i.s valid, for rhe definition. oC (he associated L~uerr{' polynomial, foc
m;' 1/. Similarly. setting a=/"2s,. b=/2t, e=(>v'2)'(y +ix) in (3.4), <he
samc procedufc yields, replacing rhe dummy ¡ndices m<lt--+n in rhe right-hand
side of (3.4b), rhe equivalent formula 23

vA (g(x,y,z)) = exp [,,-(;z+ ~{x' + /})] xm" 4

1 (n-m)!2 n-m (n-m) 2 2
'(m!/n!) ("-/2) (y+ix) L

m
("-[x +y ]/2),

\'alid fOf m ~ n.

(3.6b)
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lt is easy to check unitarity oí the representadon

A A'
V (g(- x, - y, - x)) = V (g(x,y, x»)mn nm

(3.7)

eomparing (3.6a) for ,he right-hand side member and (3.6b) for the left.hand

side one.
The proof for irreducibility is parallel to that given by W. ~tiller24,

while the representation property fo11ows from construction and yields sum-
mation formulac for the associated Laguerre polynomials.

4. OTIIER REALIZATIONS AND IM!JEDDlNGS 01' TIIE

WEYL ALGEBRA

4.1 Con/rae/ions /0 /h. W.yl Alg.bra

The WeyI algcbra UJ Ís the contraction'~ of rhe k6 (3) algcbra whose

gencrators JI,1 2' J J satisfy

Upon the replacement

( 4.2)

eqs. (4.1) read

[a" P,J = iH" [0" H,J = - iEP" [P" H,J = iEO,. (4.})

In the limir E--o O these bccome the \Veyl cOlllmut,Hion rcli1rions (1.1L
As in rhat limir (he matrix clements of given (finirc) represenlatinns of ~(3)
bccome ZCr(l rhrough (4.2), it is suggcsrcd by the hehavinur of tbe opcrarors
EJ2 _ E2 J: = Q~ + p~ that \ve take (he ¡¡mit in ~tlch a W,lY lhal E/U + l) re-
maln fini(¡', i.e., / "'-'-E-:! as E-o O. lf we now fix our ancnrj(ln on rhe lo\\:er
diagonal CLHllerof (he ffl(3) algehra reprcsentalioll maHices211 and let (hem
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ext<-'nd downwards, we can \l/rite clown the
infinite...¿imensiona¡ hermitean matrices

U'oH and Garda

familiar27 representation of Ul by

o 11
11 O 12

lim Q =fi 12 13E ....• O £ 2 O

13 O

O 11

-i~

-11 O 12
lim P =

-12 13£ ....• O £
O

-13 O

(4.4)

In fact. {his result can also be obtained fmm (3.6) considering elements
gCx.y. z) in a neighborhood of the identity.

A dosely relatt'd contraeríon IS given by

(4.5)

whieh aIso yield eommutation relations of the rype (4.3), which in rhe !imir
E ....•O oeeome {hose of rhe Wq'¡ algebra.

The different.'e buwcen rhe contracrions (4.2) and (4.5), hO\l/cvcr,
resides in the following: if we sran from rhe familiar ~ (3) basis where J 2

and J J are diagonal. rh<-'opcraror H€ remains diagonal. The rows and eolumns
(lf da' macrix remain di~c((:,,[e ando as was done by J. D. Talman3, rhe matrices
LL6) are obtained frum thl' SO (3) group represenrarion marriees in th('
neighburhood of rhe id<-'ntity. In the contraction (4.5), un the other .band, th<-'
marrix ro~'s and columns are classified by their <-'igcnvalues under Q

e
and th('
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representations as the eigenvalue under E J = HE + E p( + Q E •

from the group reptesentations of SO (3) in the neighborhood of the
one expects lO regain the representation (2.22)28
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Thus,

identity,

4.2 Non.SchToding~r R~alizatioTls

In finding operators which exhibit the U) commutation relations (1.1)
we can count on the Stone-von Neumann theorem 29 to know that we are able
w perfonn a unitary equivalence transformatíon from any one-dímensional
homogeneous space realization, to obtain the Schrodinger realization (2.30).

It remains rcue, however, thar rhe realizarion

f.. f..
('jI (q) = ql (q),

(o.) f.. el f..
P I (q) = [- iAóq + ua(q)] I (q), U

f.. f..
H I (q) = Al (q),

r ea I.

(4.6a)

(4.6b)

(4 .6e)

satisfies (1.1). 1, may be ,ha, ,he fo,m (4.6) is foreed upon us by ,he
measure of rhe homogcncous space in rhe scalar product (2.31) nor being
uni,y, bu' sorne djJ.(g) = w(q) dq in whieh case we require in (4.6b) ,ha,
a(q)= ';\w'(q)/2iw(q) (rhe prime indicares dcri\'arion wirh respecr ro rhe
argumenr) if rhe operaror (4.6b) is to rema in hermirean,

In ordinary quantum mechanics, howevcr, where [he measure is simply

djJ.(q) = dq, <be addi,ion of any real fune,ion a(q) in (4.6b) preserves ,he
hermiticity of the momentum operaror, bur changes rhe represenration of rhe
f¡nire rransformarions (3.2) of rhe Weyl group ro a multiplier representarion 11.

Indeed, whereas (Z.32a) for g (O,y, O) is seen simply 'o transla,e ,he horno.
geneous space q in a(q), rhe realizarion (4.Gb) brings in a mult~plier function

jJ.:

( o. ) f.. f..
U (g(O,y,O))I (q)=jJ.(g(O,y,O), q)1 (q+AY), (4.7a)

wherc, as in (2.32a), general group elemenrs g (x, y, x) wiII not change [he
multíplícr:
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¡.L (g (x. y. x). '1) = ¡.L (y. '1) •

\l.'oH and G arcí a

(4.7b)

'111('usual mulrip1ier properties obtained from [he group muhiplicarion
propcuit-s herc rcad

, .1¡.L(O.q)=1 and ¡.L(-y,q)=¡.L(y,q-!'-y) .

Thcse rdarions'W) suggesr we write

a
¡.L(y,q)= [p(q+AY)/P(q)] (4.7c)

wher(' p(q) is ao)' non-zeta differentiable function of q.

lE W{' [('place (4.7c) in (4.7a) and consider ~roup clcmcnts in rh<.'one-
param('[('r sub,group generated by P in rhe neighborhooJ of rhe ¡d('nti ry. we
ha\'{'

whereupon U'l' can identify [he multiplier-generaring funerion a (q) in (.i.6b)
as

a(q)= -iA ~In p(q). (4.Sa)
'0'1

which mcans rhat, COfreal a (q), [he multiplier (4.7c) will b<: a t,llío of imagi~
nary exponentials, i. <'., a phase

¡.L(Y. '1) = cxp [ ia
A

{1'(q + Ay) - 1'(q)}]. a(g)= '01'('1)dq (4.Bb)

which c1early follows rhe group peopen}'. A unirary rransforrncHion
(a) .1. (a) .

J-1 () -' q) P J-1 (Yo q) brlngs P back Co {he Schrodlnger r<-.pr<''''<-"nlation pO .
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This is afie of (he key steps in provLng (he Stone-von Neumann theorem
29
.

r"no;;ider the clerncnb of (he vector spacc \.1)given by

Q aQ + bP + .H
(<\.9)

P cQ + dP + ¡H

where a, b, ... , I are complex numbers subject to {he condition ah - cd = 1,
i. c:....J,th.! transformadon (4.9) is a complex inhomogcneous sympleccic onc.
As Q. P and H also exhibir (he cornmutation relations (1.1), (he transfor-
marion (4.9) 15 said to be canonical. Ir induces a corresponding transfor-
marion in the one-pararnctef groups generated by Q ami P and ir constirutcs
thus a mapping ~..hcre [he W group manIfold is (he homogeneous space of a
group of complex inhomogcncous symplecdc transformations. This has beco
used by C. hzykson 31 in arder ro find (he lancr' s irreducible representations.
In particular, for real a, b, e, d and r, 1== O, the representation mat~ces (2..:..22)

or (2.27) diagonalizcd with T('spect to the suhgroups genc:rated by Q and P
(which are hermitl'an ir Q and P are) can be obmincd through the integral
transformation kernel

wh (' re

).. .-, ).. -, .
K (q, q ) = K (q ,q)

ax\ =q
, ::;¡,

q X 'q

(.UD,,)

(<\.lllh)

w:lich h,lYC be(.n cnlcuLltl'd in Rcferenec Ú, alld \'1,hich carry tilu" ,1 un: Ir\

....• _ 1. --" '"
rl'prt.scllration (Sill("l' 1\"{l{. ({') = f\"(q'. q) ) of dH: ~ymrkuic rr~nstor.

m,l[Íon (,1.9) .
.-\ reiatl'd t1lOlI}!.h distinct tr;lil~Íl)rfTI;Hioll IS

"K, = ¿-'(P :!:iQ). (.í.1 1)
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foc which
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(4.12)

\VC can now definc, out of [he universal enveloping algebra of (he
\\'e)'1 algebra, (he operarar

K =W'(K K -)¡H)=W'rJ>o - + (4.13)

which is properly defined (in (he sense of irs reprcsentations), since H com-
muces with all orher operators. Ir can be checkeJ directly thar

and

[Ko' Q] = - iP, [Ko' P] = iQ .

(4.14)

(4.15)

The operators Ka 1 K t and H can now be considered (he generawcs of
a four-parameter algebra32 wirh (he cornmutation relatiaos (4.12) -(4.14).
This is me algebra 0.(0, 1) considered by W. Miller2 which is meo realized
as firsr-crder differential operacocs 00 ooe- and two4dimensional homogeneous
spaces.

Further, we can considcr (he generators6

J = 1, WI(P' _ Q')
1 14 ,

J,='l..WI(QP+PQ),

J = 1, K = 1, H-'rJ> = I,Url(p' + Q')
3/2012 -4 ,

(4.15a)

(4.15b)

(4.15c)

and check rhar chey clase under cornmurarion as (he generawcs of an
l1a(2) ~ Ju'(l, 1) ~ .d0(2,1) algebra. If we add rhe ser Kt• H or Q. P and
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H. we obtain an algebra which we can call \\'eyl-symplectic Ul~¡'(2).
Aeting on Q and P through the cornmutator, they gcneratc the six-pararneter

group of canonical inhornog('n<:ous symplectic transformations (4.9).
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APPENlJIX A: TIIE NILPOTENT ALGEBRAS AND GROUPS

The purpose of this Appendix is to define the general nilpotent Líe
algebras and their correspondíng Lie groups.

DEFlN1TlON l. A Lie algebra h is called nilpotent if we can find a
scquence of sets

(A.l)

such that

(A.2)

Since (A.2) implies that [hk, hk] e hk ir is clear that
hk (k = 0, 1, ... ,n) are subalgchras of h.. As sets, they are also ideaIs of
h under the bracket operarion (recall that j i s an ideal of h if [h, j] e j).

Equation (A .2) also tells us thar for any subset h'e h, [h', h'] is
properly contained in h' and hence, if \Ve repeat the commutator a sufficient
number of times, \Ve get zero, i. e.,

[h', [ ... , [h', h'] ... ]] = O •

\Ve can characterize a nilpotent Lie group N as that generated by a
n¡lpotent algebra h. \X'e shall no\\' explore sorne of ¡ts propenies. :"otice
first that each subalgebra Yl.k of n(k, =0,1, ... , n) will genera te a subg:roup
.\Jk of S as in the sequen ce (A.l). with ,\1

0
= t', the trivial group consisting

of the identity.
H.ec,lll tha( 3] if Jl 3h is a nonnal subgroup of (; "3 g. then

gb g • 1 =::; ,\ d b E 11 a 11d h en ce /' - 1g - 1h g E 11. :\ ()W, if h ::::: (' XP (h X;l) ( Xf.L E Ji
. R IJ. IJ. e ., IJ. '

gc:neraung 11) and g = eXPCR;¡.X ),(X E J generatlng (,). \\'here h" and g~
are (he coordinares of h and g. rhen. as sets [O, U] e Jt. 11('[1('(:-- (he

, [XIJ. XV] I"'XPstructurc ConSr:lll(S e ',. In , := t p h,-~ , (he IlTnperty

o-u
(O,U = () (,\,3)
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where the aJ~ebra labels U and G are used to indica te the set of indices j.L

sueh ,ha, Xl' E Ji and Xl' E G, and G -Ji is ,he eomplement of Ji in G.
From the propert)' (A.3) of (A.2) we condude rhat Nk_1 is a normal

subgroup of Nk (k :;:;1, 2, ... ,11). The eondition (A.3), however, is weaker
[han (A.2) sinee it would also be [fue if (A.2) were \nitten with hk in the
right-hand sirle. ~ilpotent groups have, [hus, a further propen)'.

Consider the decomposirion of an element g of N ineo an element h
in Nk times an elemen[ e in N, represen[ative of a eoset in the spaee of
eos('ts N/Nk. This spaee of eose(s is generated by h modulo hk, mat is,
by <he sers {X} = {X + J, J E YLk}. e1emenrs ot n;YLk, and ,he group el<ment
e lies on a one-dimensional group generatect by sorne X == {X} mod h

k
•

Sinee hk is an ideal of h, a bracke[ operation can be defined for elemenrs
{X}and {Y} in YLIYLk,

[{X},{Y}] = {[X+J, Y+K],J,K EYLk}=

= {[X, Y] +L, LE YLk} = {[X, Y]}.

If in (A.2) we introduce hk_l as rhe divisor algebra,

For the generated Lic groups we have therefore, [hat [he representa-
tives of [he elements of me coser spaces N/Nk_1 and Nk/Nk_l comrnute, as
O generares [he group identiry eIement. This means that Nk/Nk_1 belongs
tu the centre of NIN k- l' As rhe argument mal' also be followed backwards,
we can give a definition of the Lie group N generated by a niIpoten! Lie
algebra nas

/JF.F1N1T10N 2. A Lie group N is called nilpotent if there exists a sequence
of subgroups

(A.4)

where ,'lk_t is normal subgroup of Nk and Nk/Nk_1 is contained in the centre
of N /.'1k (k = 1,2, ... ,,).

For simply conneetcd Lie groups l'l and their Lie algebras h the (w()

definitions a,re equivalen!.
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APPDlmx !l: AN lI-lJI~lENSION,~L WEYL GROUP

The group Wn uf (11 + 2)( (1/ + 2) matrices

+
g(x,y,Z)= -~

where ~ is a complex vccwr

1 + 2i Z _ !¡ I~l'
,

- 2i Z + !¡ I ~ I

,
2i Z - !¡ I ~ I
1- 2i Z + !¡ I~l'

(B.l a)

(/ = 1, 2, ...• 11 ) • (B. lb)

+
~ ¡ts transposc conjugare, and z real, has [he foIlowilig group composicion
I:.lW

h is <ln n-dimensional \\Ieyl genul' in [he sen se [hat the gcneraring
matrices dcfined through (B.I) as

g(x.y,z) = ""pi [~xO. +~yP. + zH]
¡ 1 1 ¡ 1 1

have [he following cornmutation relatinos

(B.3)

<B.4a)

[Q,.,P¡]=iO,.¡H, [O,..H]=O. [P,..H]=O, (!l.4b)

i. e .. [hat of [he quanrum-m<:chanical 0p('fólrOrS of posirion and momentum In

an n-dimensional space. Clcarly.

1; W.
1
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APPE:-IDlX C: A GENERATlNG FUNCTION FOR TIIE

ASSOClATED LAGUERRE POLYNmlIALS

215

One of the known generating functions of the associated Laguerre
I . I . .,po ynomla s IS.

00 (m~n)
::s L (a) v"

n ::::o n
(Cl)

Set tJ cd, v = b/c; multiplying buth sides uf (Cl) by

and summing over all non-.rlegative m

exp [ab+ ac-dbJ = :s
", m ""O

1 (m~n) m n m~n
_L (cdlabc.
m! n

(CZ)

Equation (C.2) generalizes a related genecating flinction given by
W. .\fillec

35
foc c = d, while putting c. = dwe obtain eq. (3.4). Expression

(C.2) scems tú be new.
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RESmlE:-I

Exploramos algunas de las propiedades y representaciones del grupo
d(, \\'('yI. el grupo de Lie de tres parámetros generado por el álgebra (de Weyl)
f('alizada por los operadores cuáncicos de posición, momento y ('1 operador
unidad. Consideramos espacios de coclases de una dimen ...•ión como espaa
cios homogérH'os bajo la acción del grupo y, tomando bas('s de ondas planas
y funciones d<:,onda del oscilador armónico, construimos todas las matrices
repres('ntaciolles unitarias irreducibles del grupo, Agregamos algo de mate-
ri.tl ya puhlicado sohre realizaciones no Schrodingerianas. sobre las álgebras
de cubrimi('nto, )' lo colocamos en el contexto de los ~rupos nilpot('nt("s ~("n('-
rales.




