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ABSTRACT: • In chis paper we modify thr many-particlf: point uansforms

previously drvdoprd by N. M. 1'iuiol in such a way chat chf:

transformacion varif:'s from che idf:'ntity Iransformacion -one

isolatf:d body - to chf: N.bodif:sintf:racling as chf: inlf:rparticlf:

separacíon.!'! fall ",ithin an arbicrar}' chosf:n cutoff distanct:.

Tht: mt:lhod is ust:d co providf: Hamihonians for strongly intt:r.

actinK partic1f:s Ihac art: equivalt:nl to che usual Hamiltonians.

1. 1NTRODUCTION

Thc method of poinllransformalion, as developed by F.M. Eger and
E. P. Gross3-6, is basically a classical canonical transformarion of rhe vari.
ables of me sysrem and ir rhen quanrizes lhese transformed variables. They
began ro explore rhe use of chis method in many-particle meor}', with the
main purpose oE obtaining tlamihonians free oí the difficlIlties encountered in
dealing with slrongly inte[acting particles. Using rhis merhod, Eger and
Gross have assumed rhar lor a sufficiently dilure sysrem rhe equivalenr many.
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boJ)' Hamiltonians arc rhe sum over all pairs of lwo-body Hamiltonians. \\'hen
this pairwisc puint transformarian method is appli(:d (O deduce rhe maio
propenics of lo\\' tcmpcrature quanmm ¡iquids, such as rhe grolUld s[arc energy
amI the 10\\'-1(:'\'('1 excitations of rhe hard-eorc Bose liquidS, [hey are found to
agrce wirh rhe low-density resules of Lec, Huang, and Yang7• Similarly,
whcn rhe method in [his pairwise limit, as dcvelopcd by Eger and Gross, is applied [ü

rhe many-body hard-core Fermi system8, rhe ground state encrgy and Landau
parametcrs are in ag:rcemclH with [hose of Abrikosov and Khalatnikov 10. In
('sscnce, in [hese methods approximations arc r¡gorousl}' valid unl)' in [he
¡¡mil of low-densiry (smallness of the ratio cp3, where p is rhe densiry ami
e is the radius of the hard-core potential). For physical systcms of interese
such as liquid 3He, 4He, and nuclear ma((u. the conditions for the validity
of these approximarions are not actually sarisfied.

Recently, N . .\1. \X'itrioll, 2 has extended rhe method of poin r transform
ro rhe consideration of (he truIy many-particle rerms ofmany-particle systems.
\X'itriol's merhods han' bcen based on rhe previous poim transformation methad
d{.\'clored by Eger alld Cross3-6. In his firsr paperl• Witriol developed an
in[eracring particle clusrer lll('thod for transforming rhe many-boJy harJ-core
lIarnilwnian illto a Iess singular and equivalenr lIamiltonian. The transfor-
mation is taken ro be r{'gional -one frce particle, two interacring particle.~,
three interacting panicies, ... ,\l-interacting particles. as desired - and con-
rinuous in the 3N-dimensional configurarion space. The clusrer transfor-
marion funcrions were defined in a manner such (ha( each N-particle clus(er
woulJ shrink abour i(s cemer of mass; (he shr:nkage factor depending on the
smallesr interparticle separa(ion . .\ta[hematically. these transforma(ion
functions depend only on rhe two-body smalles( dis(ance. F or large c lu s«:rs
-more (han (wo-body in[erac(ions - the form of rhe (ransforma(ions leads ro
laborius marhematical compu«l(ions as a resul( of rhe cominuous and cutoff
conditions 0[1 (he cluster formalismo In his s('cond aucmpr2, Wi(rio! removed
the cutoff terms in (he transformarion. Essen(ially, ir is an N-body cluster
where the curoff distance of rhe new (r~\nsforma[ion is (aken ro be 00 rhroughour
[he configura(ioll spacc. To faciliwtc (he cakulation of rhis hard.cofe
.\'-parricle [erm. rhe transforma(ion funcrion is resrricred (O being also rq~ional
as in his pr('violls work, regions being de[ermined by (he smaIles( in(erpani-
cle separarion; dlar is (o say. (he rrallsforma(ioIl fllllcrion is restricred ro
depend onl)' on the smalksr distance bC(W{,Cll (he particles. ~1oreover.
because of [he ver)' long range of rhe rransforma(ion funcrion used, (he
resulring lIamiltonian does nor approach the free particle Hamiltonian for
brge \'alues of me in(erparticle separa(ion. and the original and rransformed
wave func[ion differs asymptotically for large r. which is of course somewha(
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inconv<.'nierH in disclls.'iing scau<.'ring problems.
In (his anicle \n' su,g,ges( a oe\\' transformalion function without using

(he cluster formalisrn in(roduced by \\'itrioI1. 2, In (he resuhing confi,guration
spac{' (he sys(em is also shrunk around its cen(er of mass with (he same
purpuse of r('ducing (h(;' effeC(S of (he short-ran,ge, strongly repulsivc or han!-
cor(" potel1tial, hut wi(h .l cutoff conditions in .such a way (ha( (he (ransfor-
mation varies from the id('ntity lransforma(ion -olle particle isola(cd - to the
S-bodies intnacling, as the intcrparticle separations fall within an arbitrar)"
chos('n cutoff dist.lllce, In oth(;'r words, whel1 th(' mean interparticle s("pa.
ra(ion is llluch larg('f than ,l c(;'rtain dis(ance, the probahili(y of a eonfigur<ltion
with higher ordl'f of panic1(;'s within this distance of ('aeh othcr is negligihle,
For Lug<' in(er,lC(iog (erms the cxpansion techniqu(' causcd by this transfor-
mation giv('s rise to les.s mathema(ical computation (han (hat cau.sed by the
funnional furm of rhe (ran.sformation sugg('sted hy Wi(riol.

In sel'. 2 \\'(' define a transformation of coordinate ...•and constrUCt
th(' corresponding family of (ransformatillf1 tunc(ions on the wound of conri-
!luit\", Olll'-to-one amI invarianc(' conditions. In sec, 3 the transforma(ioll is
u"ed fllr [ransforming (he many-body hard-core Hamiltonian into ao cquivalent,
"'well heha\'ed~ S('t of hermi(ian Hamiltonians. \X'e note how, in the limit of
the [\\o-r,ulicle interanion term, (he resulting set of poin( transformation
.lpproximatt's (he S('( of pairwise poin( transformation devc:lopt'd by E~er anJ
(' ',b di' . 1 d b'Iross an 10W It em('rg(''s lfl an e ementary an unam Iguous way, In che
final s(,<:tion \\T gi\'c a discllssion and compile the ~eneral r('marks of (he
pre.'ient wmk.

, ()EFI~ITlO~ 01' TIlE TRA:'iSFOR\IATIO;\

1.('( u.s stan by (kfining (he transformation which is ('ss('Il(ially a
rransforma(ion of coordina tes, ~otatio",-llly, La(in indices r("fer to panicie
indices (frolll I (O ,"n , Gr<.'ek indices rcfer ((l cart('Slólll spac(' coordina(('s
(from 1 tu 3), capiral Ieuers r(,fer lO original \'ariabil"s, amI small Ic((('rs to
tll(" transfmlllcd \',\fiables. The orioinal coordinares X. arc related tu the~ ,a
transfOflllcd cllmdin,ltcs xia according (O the followin,g transfmmation:

=10(", X.,a (2,1)

whcl(' th'e tran.,.;foml<ltion func(ion cp ís an arhitrary real fUfluion oC thl' po-
..•ition of [he ranicks; Xa. and ~a represent (he centn of m;l'S coordinaR' of
thl' .'J-bod~' S\'st('m in each configuration space. (h.l( is
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N
Xa =(l/N)~ Xia

J ;::: 1
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(2.2)

The cenrer of mas s is chus chosco as [he reference point of the transfonnauoo.
lf che center of mass morioo is no!'; altered, chen Xa = ;0.; and ir irnmediately
follows from eq. (2.1) rhar ,he transformarion may be wriuen in the form

X. ="'x. +(l-r/J)xa .la. 'f"' la. (2.3 )

Lec us no\\' examine oue function cp in detail. lf che system is invariant
undee simultaneous fotarion oí [he coordinares oí che system, ep must be
a syrnmecric funceion oí [he difference of (he coordinares. Since oue problem
is [O make "50ft" che "hard-core"! [he range oí cp must be considerably
grearer chan [he diamerer e of chis coreo Notice char we ooly need [O specify
(he funce¡on, which, oí course, plays an importan e role in che theoey foc
making strong statements abour [he behaviour oí (he dynarnkal variables,
the coordinates and momenta, depending upon the form we may choose for
this function. The uansformation shall be chosen [O shrink the system,
reducing or eliminating in this way -depending of this choice -. the suong
short range potential. We wish to consider next how [he function ep can be
built from general considerations abollt [he interactions of the particles.
First of aH, if 1:> must in elude the identity transformation, then rp -1 as the
distance R i' between any rwo partic1es i and j is larger than certain disrance
b, taken ro be larger than the radius of che hard~core, c, to guarantee the
one-to-oneness of [he transformadoo, so

r ..
'1

for (Rii, 'ii) > h, (2.4)

where r .. is the interparticle separation 111 the transformed configuradon
']

space. The transformadon is then healed in a distance b which acts as a
cutoff parameter and as the range of the inceraction crcated by this transfor-
mation. Our purpose is [O modify (he direct potencial, which in rhis case
is a hard-core type; since under the transformacioo (eq. 2.3), the potencial
becomes

V'(R) = V [R(,)] (2.5)
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and, Slnce In me' origin¡ll space the potentialls

v' (R) = ~ • R < e

V'(R)=O,R>C

then the class of functions

1 + 1 '

where
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(2.6)

(2.7)

f - e/r when r - O (2.8)

and e is equal to the core diameter, remo'ves completel}' the hard~core, that
is, from eq. (2.5), we obtain V(T) = Oover a11 space. We note also, from the
condition on rp establishcd above, that

1-O when each T •• -4 b .
'/

(2.9)

Then the characteristics'of the problem are thrown now onto l.
I{ the r~:o~body encountcrs are dominant in the::interaction, we write I

as

1(,) = [e/ir + él] g(r)

so, for the two~body inrcracting terms wc ha\'e:

N
}; [c/(r .. + él] g(r.).

;,;=1 11 '1
; < j

(2.10)

\t':: may imagine E> O and pass to rh(' limit E -O alter all phase shifts.
matrix elements, etc .• ha ve beco cvaluatcd. Clearly, the function g is

chosen such thar
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glr. 1-
, J

Rlr .. )~1J
"

r .. - O, J

r .. ----> h
'1

r 2.11 )

In rhí ... ("<1St" [he prl)hahi!icy (lf a confi~lIratiuIl with more rlltlrl rwu p<uti~.k ...
wírhill a dlst<lIlCC h í ... nq:digihle.

'1'0 considn the third order in[eractlon rerms \\"{' shuuId take inc,) ~lC-

count the COlllInUtlUS rransitl,)f1 herwel'n tht:se terms ,md lhe two-hod\ flflll ••••

when rhe prohahility that a third hody were correlated ro other £\\0 bodíL'S
which oHé cerralllly correlac('d, is smal!. \\'(' .••hall ,l •••sume thol' che\' (.111 he
built up as a produCl {lf pair terms, ....imilar to me form th,l( h l ....h(,l'11 prnposed
for the chree-atolIl nlfr<..lalion funnio[} in che Born-(;lu'll chenry of IJqlJl~b 11.

Thus, \\'(.' \\Tltl' Iht thrt'('-hody term:

.\

L Ykg(r.)g(rklil-g'k)'
i.j.k=l '1 tI I

i<i <j

12.12)

wher<: Yijk oept.nd ....dllh. ull lhe .••mallest in[Crp,Htic1e .....t'I'.lf<lcion belwec.:ll the

particlc.s ¡.j. k. Thar is. it h,v.; {he form

or

( 2.13)

,
2:

r, d "" 1
c<d

,
Il e

a, h "" 1

a<h

(r .. _ r .. ) __ ' _
'(J'h tr'd , .. + E

'e' d
, (2.I,b)

\\'h ere

3 3

Lile (r, ,
r,d""l a,b""l ah

c<d a<b

iaib "= ícid

- r. . )
'c'd

(2.13c)
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and
and

¡ lh mean .•.•riJar r and
a la'b
rhe producr O\,e[ [h(, e is

(J(r, , -r )=
a h lcld

are nor [he samt' in[l'rparticle spacing,

[h ,1 [

(2.14)

If ti¡(' f{Jureh oreJer lIlt{'r,lc[ion [{'rm •••are con •.•idered. W(: ;dso a.s ...•ume

rhar rhey C.ll1 be bUI!r <JI' ,1'" .t prnduc[ nf pan [um .••••[!leo rhe f()lIf boJy rerm
is ,1-" follow .••:

\

L Yo.o.oorl-oll,,!
~ 1 'l}klr>,}r>,.kóHb,1 t"k - ('ol1i. i. k, t.

1<" J k < 1

(2.15)

wh! n' 'Úkl i ..•(L,flll(,1;1'" above. dependillg on lhe "':llal1esr interparttcle

"'r,t~.il1.cbetwt.en the p.uticlt:s i,j.k.'.
\\(: Ill'J ...tr~.rl.: rhe generdl fea(Uf( •.s of rhe tran.sformation by showing

diagrammallca1: lhr firsr 1(1\\C'f \)rder rerm ..•.

1- ¡'.in]' I( ]sl.dated (j):(Rij• rlj) > b aH j 1= i, l~j ~ N

i.

2 - particles in[eracring Uj): (Rik• Rjk: rjk. rik) > h

fR .. , r .. )~ b. al! k ~ '.j, l~k~N
'1 J}

i.

3 - particlt,s interactinp; (ijk):

ep .. -, 1 + [e/Ir. + E)] g(r .. )
1J '1 J 1
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which in me case (R'k' R.k, R .. ; T'k' r.k, r .. )~ b, we have
1 J '1 I 1 '1

k

j

,T,"k = [1 + c /( r .. + E)] g (r .. ) +
't'I, " '1

Y.'k 1 g(r .. )g(r.k) [I-g(r.k)] +tI "J I

,
For the case (Rij, Rjk; rij, rjk)$.b; (Rik, rik»b, then

k

[c/(r'k + E)] g(r.k) + y.'kg(r .. )g(r.k)
, J'1 11 1

rp'k ~ 1+ [c/(r. + E)] g(r.)+l' " "

j
and so oo. We easily note [ha~ the form

in concordance wi(h the continuity conditions oC thechosen for <P"k is
"transformarion.

3. TIIE IIAMILTONIAN

Clearly, the relationship between the transformed momenta Pia. and
the original momenta P'I3 ' according ro the definidon orour poior uansfor-
mation,eq. (2.3), and ¿uc to the hermiticity condicions on (his operator, is

N
Y, L
j = 1

3 [OX ..8 OX'.8JL _'_. + p. _,_
.8 = I oX. p,.8 ,.8 oX.

la. la.

(3.1 )

where Pj.8 = - itJ O/OXj.8' In checking that X and P obey the correct cornmu-
ration rules, une needs the theorems12:



Point T,an~/o,mation in ... 263

(3.2 )

"i, /3
0,

uf the inverse transformation by [he r('¡ation

where ¡\ is the

IJ

()x
d h' la3l"l [h -or er Jaeo 1<111 __

()Xi/3
related [U the 3N th-arder Jacobian

A'IJ=I.

This allows us [O write p" In the alternativ<-' form,a

N 3 ()Xj/3p, = L L [ + i6 () log ,1 ],a ()X P/3 -j=1 /3 = 1 1 o ()x
la - i/3

N 3
()IOgAJ ()xjfjL L [ i6

j = I /3 = 1
Pj/3 - T ()Xj13 ()X,a

By means of this transformation the original lIamihonian

S 3

II(R,P) = L ~ P..'a + V(R,P)
i = 1 a = 1

(where R,P, ',p, repres('nt their respective set of 3N variables

R i' Pi' 'i' Pro ) ¡s tran sfornH'd in to ¡[se If according tu

(3.3)

(3.4 )

(3.5 )

I/'(r,p) = 1/ [R(r), P(r,p)]
,~'

L
i, j = I

3

L p. r: 'j3P'/3 +a./3 = 1 za. ta." J

V(r,p)+W(r). (3.6)
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where

and

N 3

L L
l = I ,.. = 1

Vargas

N
W (r) = L

i, j = 1
3 [L 1L .

a./3 = 1 lu]/3
ologA

~
+!-.: ()

2~

la
(
L .. O lag A) ]
,a,/3 dX¡13

(3.7)

In arder 10 cnsure thar che Schrodinger' s equarion in bo[h configuration spac{"s

leads tú che same eigenvalue E, [he corresponding wave funcrion may be re-
la,ed by

or, by the eq. (3.3)

[ ] % I'1'E R (r) = B (r) "V (r) (3.8)

(3.9)

The J acobians cnsure [he preservarion ol [he normalizadon oí wave function s
as may be casily eheel.:.ed.

Le, us evaluate now Ox. /OX./3' Ily differentiating eq. (2.3) wi,h,a I
respec( lO XI.,- we find

N
b. b = Lti a.,.. k = I

(3.10)

N
but by the definition of x = X = L xka. ir follows immediately [har

a a k = 1
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so that eq. (3.10) leads to
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(3.U)

Using Crarncr's rule, the set of equations for oxk)../dXlr arto of the forro

(3.12)

whcre D IS the 3Nth-order determinant

(3.13)

ami EkA Ir is f) with the kA colurnn replaced by the coefficicnts on rhe leh.
halld.sid~ uf eq. (3.11). For labeling (he colurnns k'i\ and the rows ja. we
fix first 'A.ur a, which have the value 1,2,3 and then k ur i are runned frurn 1
tu N.

The determinant f) is easil)' ealculated (see a'f. 2whue its elernents
aH' now given by th\:: eg. (3.13»; we find

N
+ L

; ~ 1

,
'" lJcf; -- \- --'1'/3 = t lJx ]'

j;l
f 3 .1.1)

where "X¡j3 = x¡ - xj3' Using the faet dHH ep is a syrnmt"[flC fUllcticlI ur dH:
difference of the coordinates, lhen we lIav('

N
L

; ~ 1
0,
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so [he eq. (3.14) mal' aIso be wrirten as

On [he other hand, for h'k"l , ' usin,g eq. (3.15), we obtain
1\. 'r

(3.16)

(3.17)

whe,e p = (1- cjJ)/N. Putting eqs. (3.14) and (3.17) in eq. (3.12). we have

Therefore,

N
¡:; "/3 = 2:ta, 1 ~ I

and

+ x. x'/3,a ¡

N
2:

k = I

3
2:A=¡

(3.19)

Clx [ N 3 ] - ¡
Il = ~ = rpoli'''' ('/1 + 2: :s x" ,p') ,

Clx ¡" = 1 13 = 1 ¡13 1131.,.
(3.20)
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where </J¡~= o</J/ox¡{J .
Another immediate result coming from the symmetry condidon on the

function 4;, which ¡s a function of the difference of coordinates IS,

so tha t,

N
</J' = L °cP
, {J j ~ 1 "'dr:":

"
(X'{J - X'{J )/r ..

J , l' (3.21)

and

(3.22)

'ki . 'i;
rk; ri;

(3.23)

where 1J' = d1J/d r .. and G is an arbitrary function of me difference of coordina tes .,.. l'
IJ'order tú evaluate W(,) we first note that eq. (3.7) can a1so be

wrltten as

N
W (,) = L

i.;= 1
J k"'r "' k]L B 1 o L.. o (I/B) 2

~ ,a,{J ~
a../3 = 1 Xi o. X; 13

(3.24)

where we have used rhe relarion (3.3) .. When using rhe eqs. (3.19), (3.22),
we have

'{NJ",( xW (r) = B;.z L ¿ o i;a x

j,¡ a ~l aXj¡a </J' (</J+ ~ L , </J' )
'ij k,i ki 'ki

, )¿ , cP' ) - ~1>' V, 1
k I kl 'kl ,,, el kl (3)] -, t" R

'kl
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N
- L

i = 1

~ (l
a = I oXia

x

x [ L <P'
i, i," 'ii

'li . '''i
rli'"i

k- 2
(3.25)

where we have used che relacions

= 2

x.. := x. - x."o. ,a ,a

(3.26)

\\/ith respecc co the pocencial V(R, P). if this is originally a short-
range, strongly repulsive, or hard-core potential

I~oV(R,P) = V(R) =

, R~ e

R > e

(3.27)

che cransformacion will eliminace the regions of the 3N-dimensional configu.
ration space in whlch any interparcicle separation r .. lS less than the hard-• J
eore diameter e, as diseussed in seco 2. Therefore, due co eq. (3.27), che
transformed potential \\'ill be V.(r):= O in the aIl the confiour<1tion space,

'1 ~
in such a way that the transformed Hamiltonian, eq. (3.6), becomes in this
case of a hard-eore Hamiltonian,

N
11 (r, p) = ~

i, j "" 1

3
~ P r: .f3p.fJ + W (r)

0.,.8=1 la la, ,
(3.28)
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Ir is worth commenting ar rhis scage rhar we have noC specified che
exacc form of che function g(ri.) excepr for che condicions given in (2.11).
'l/e have, rherefore, a famil}' 01 Hamilconians, corresponding (O rhe arbicrari-
ness in che choice of che function g (r), equivalenr ro me original hard.core
Hamilconian. Furthermore, eq. (3.28) represeors a sec of hennician lIamilwnians
amenable (O che ordinar)' perturbation and variational rechniques.

This method is accurace for ca1culacion in which one can assume
me exiscence of ool}' few-body inceraccioo rerms. Of course, foc a one-body
isolared rerm. from eqs. (3.19) and (3.25). we obrain rhe unperrurbed form:

where .ciu.¡3 is given by (3.19) and W(r) by (3.25) and (3.20). The large
effecr of rhe original srrong repulsive inceracrion is chus rhrown jnro che new
l<mecric" porential W(r) and inro rhe new coordinare and momenCum porential

p.cp.

11.,
J
~ 2Pia

0.== 1
(3.29)

The pairwise limir is obrained if we consider obviously rhe rwo-body
inreracrion rcrms, and rhen Wf" pur eq. (2.3), accordiog ro rhe eqs. (2.7)
and (2.10) inro rhe form

Xi/.U=xi/.u(l+ e )g(r .. )
r .. +E '1
'/

(3.30)

by changing (O the relative coordinares X .. and x.. given by' (326) and
. '10. 110. •

assuffilng that ool}' che two-particles i,; are wichin a disrance r .. < b so
g(rik),g(rjk)-Ofork 1'i,j. The rransformariongivenbyeq~/(3.31) is
the form assumed in previous investigatións 3-6, where me systems arc con-
sidered [O be sufficiencly ~ilure, so that the probabiliry of a configurarion
wirh more rhan two parricles within a disrance b from anorher is negligible.

4. GENERAL REMARKS

Perhaps the most central quan[ity in rhe presenr theorv is the function
g(rij). relared ro the original trasnformation cP according to' the discussion
in seco 2. This function seems ro play [he role of a radial distribution
function like the ane used in rhe [heory of the liquid sta[e 11 ; and actually
a theory more in accordance with first principIes should include this dc.



270

pendence of the probability distribution of the particles for the equilibrium
situations. lt should be emphasized that the derivation of the general form
of the transformation function cP( ... xiu .. ) in seco 2 is, up ro a certain point,
arbitrary, in such a way that, depending upon the form we choose for this
function, strong statements about the behavior of (he dynamical variables,
the coordinates and momenta, and hence, abou( the class of transformed

lIamilronians, will be made.
Our approach in this problem has the advantage that analytic progre ss

can b? made although a lot of numerical work is stil1 required. This method
then becomes for those cases where the contribution of high arder interacting
terms is negligible; that is the price we have to pay when we put in balance
accuracy and laborious mathematical computations. The value of this method
is that a perturbation expansion can be considered ro any order by keeping
large enough in(eracting terms.
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En este artículo se modifican las transformadas puntuales de muchas
partÍculas, de sarro liadas anteriormente for N. M. Witriol, para cubrir desde la
transformación identidad -un cuerpo aislado - hasta la de N cuerpos lnter-
actuando, al variar las separaciones entre las partÍculas dentro de una dis-
tancia de corte escogida arbitrariamente. El método se usa para proporcio-
nar Hamiltonianos de partículas que interaccionan fuertemente, que son equi-
valentes a los usuales.




