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ABSTRAer: lt is shown that the convergence in distrihU[jon of [he multi.

dimensional isotropic scanering [ransportprocess tú Brownian

motioo, is a consequence of a general invariance principIe foc

a class of candom motions.

The isotropic scattering transport erocess with constan{ speed in d-
dimensional Euciidean space Rd, is defined by the trajectoey of a parricie
undee (he following motion. Originaring at a point in R

d
, {he parricle moves

in a fixed d¡rccrion with constan{ speed e until it suffers a collision,
whereupon it starrs afrcsh from the collision point, independcntly of [he past,
in a direcrÍon which is isotropically choscn. The intercollision times are
exponcntially dis{ributed with parameter h.

This process converges in disteibution to a d~imensional Brownian
motion process when e and b tend to infinity under the condition c2 lb - d/2 .
The one-dimensional case was provcd by N. Ikeda and H. Nomoto6 (see also
\1. A. Pinsky9L (he two-dimensional case by To. Watanabe 10 (see also A. S.
\fonin 8), and the general d-dimensional case by Sh. \Varanabe and To. Watanabe 11.
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The author's work4 (see a1503, S) extended [he convergence theorem
oí reL (lO) and a theorem oí M. Kac 7, for more 8.~neral distributiqn5 DE intercollision
. d d. . h d 2 dtimes an Irecuon e anges, an froro R to R foc any d. The purpose oí
(his note is to point out that [he invariance principIe oí ref.(4) covers a150 [he
conver¡.?;ence theorem oí re£. (11) lor d-dimensional isotropic scauering. The invari~
ance principIe will be srated hefe noc in its full generality, but ooly insofar
as is relevant [O (he process 00 hand.

The isotropic scattering transport process in R
d
may be described as

follows. Assuming [he pacricie srarrs out froro (he origin, ¡es position at
time I ~ O is given by (he column.vector

x (1)
N(t) N(I)

e ~ T.(b)A._¡ ... Aox+c(t- ~ T.(b))AN(I) ••. Aox,
i=IJ' i=JJ

where the intercollision times TI (b), T2 (b), ... are independenc random vart-
ables having the exponenüal distribucion wirh parameter b (i. e.
Prob [Tl(b)~ t] ~ ,-bl),

n

N(J) ~ max {n: ~ T.(b)<: t }
¡== 1 J

(i.e. the number oí collisions up ro rhe rime t), the direction changes
A , A , ... are independent random orthogonal matrices having the Haar
¡ 2

distriburion on the propet otrhogonal group O+(á), Ao ~ J (rhe identiey matrix),
{T.(b)} and {A.} are independent se,s, and x is ,he initial (random) di-

• I

recrion.
The inrercollision times T.(b) may be viewed as T./b, where T. is

I l'

exponentially distribured with paramerer 1. Let us instead assume only
that ET~ <00 for sorne a> 3, where E denotes expecration.

Instead of possessing the lIaar disrribution on O+(d) (the isotropy
condition), let us assume thar the matrices A¡ satisfy the much weaker re-
quircment oE being irreducible in the following sensc. A random matrix
(endomorphism of Rd) is called irreducible when ir has no nontrivial sub-
space which is invarianr with probability one, for d > 2, and when it is nor
nonnegarive wirh probability one, for d;:; 1. This seems ro be the weakesr
condition which prevents the process X froID concenrrating on a proper sub-
space of Rd, for d > 2, or £rom not being able to change direcrion in R

1
• Ir

is a fact that if A is an irreducible random contractive (in particular oriliogo-



íorrul'rgerrcf' uf tnp Scatterirrg ..• 275

llaI) matrix, rhen the matrix ¡-EA is nonsingular (scc (4), Lernma 5.1).
\Ve then have rhe ¡nvariance principie 3. 4:

Whf"rl e and b t~nd to inlinit)' und~r th~ e01Jdition e2 lb -o 1, che process
X convrrg~s in distribution (in th,. spac~ 01 continuous lunctions) to a
Gaussiarz rarzdom lunetion with stationary a71di71drprTld~nt iner~m~nts. m~an
zrro, and covarianc~ matrix lunetion

EX(t)X(s)' =

min(s,tl {Var 1',1 +(I!T/ [(l-EA/'+(l-EA/'-[]}
dE1',

(rhe prime dCllorcs transpositiou).
The covariance matcix Ís in general nor diagonal with equal

eigenvalues, and mal' have lcss rhan full rank (i.c. the l¡mit process ma)' be
degenerare), but in the case of the isotropic sC<lueeing transport process we
have ET = Vae T = 1 and EA = 0, and therefore the covarÍancc matrix

1 1 1 .
becomes EX(t)X(s)' = (2/á) min (5,1)[ ,which corresponds ro ,he result of
re£. (ll).

Note. For the probabilistic concepts involvcd he re see for example
re£. (l) or re£. (2).
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RESUMEN

Gorostizá

Se demuestra que la convergencia en distribución del proceso mulcidi-
mensional de transporte por dispersión isotrópica al movimiento Browniano,
es una consecuencia de un principio general de invariancia para una clase
de movimientos aleatorios.




