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ABSTRACT: Using rigid-wall boundary conditions, the probability density
of an N-fermion system is calculated in one dimension as the
sum of the N lowest-energy standing waves enclosed in a given
length . The result agrees qualitatively both with previous,
more elaborate theories, and with experiments on nuclear densi-
ty oscillations and surface thickness. A simple calculation of

the surface energy is done and found to be of the right sign.
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1. PROBABILITY DENSITY

‘Confine a system of N particles in a one-dimensional box of length
L with rigid walls. The complete, orthonormal set of independen t-particle
states are then the standing waves

@ (x) =V 2/L sin (nx/L) , (n= bLi2ywa as NoNF 1 5 00) & (1)
"

The probability density associated with the lowe st-energy configuration will
be

N

]CP,,(-")f:(Z/L) 3 SinQ(nTrx/L)
n=1

N
plx) = %

n 1

(N/L) {1=[cos(N+1)7x/L) sin (Nx/L)] /N sin (7mx/L)} ,

(2)
the last step tollowing from ref. 1. Itis easy to verify that
P0) = p(L) =0 , (3)
as well as the limiting forms
px) —> (2m2/3)(N/LY 5* = 0(x*) (4)
X =¥ g
and
plx) = (N LE~5 (2rNsyL)] | (5)
N>1
i f L e 1

where Jo(¥) = sin y/y is the zero-order spherical Bessel function. The
bracketed expression in (2) is plotted for 0 € x € L /2 (the center of the
“nucleus”), for N = 2, 4, 10, 50 and 250 particles in Figures 1 to S respective-
ly, with N = L. (for scale convenience). There appear as many “humps” as
particles in the length L; hence, for N not too small, the wavelength of oscil-
lation A > L/N = Tr/kF , where kF is the Fermi “surface” of a one-dimensional
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gas of fermions in a length L, and is related to the density as N/L =k /'.'T
The result A 2~ W/EF, which becomes a strict equality for N>> 1, as can be
seen from (5), agrees with the treatments of Swiatecki? and Thorpe and
Thouless®, and also with electron scattering experiments on Ca (ref. 4)and
“®Pb (ref. 5). Figure 6 shows the bracketed expression of (5) and represents
the probability density of a very large system very close to its surface. The
“skin depth” s, here defined for N>> 1 and x/L << 1 as the distance from
the “rigid wall” (the point x = 0) to where the function o (x) first takes on
the equilibrium value N/L, is just(see 'Figure 6 and eq. (5))
s=L/2N~ [2(0. 17)/3] ! 2 0.9 fermi, where the empirical density of 0.17
nucleons per (fermi)’ has been inserted. The discrepancy with the empirical
value® of Sexp = 2. 4 femi can be roughly explained in terms of a “smearing”
out of the surface in the real system, i.e., non-rigid walls.

2. SURFACE ENERGY

We now deduce expressions for the surface energy in terms of the
interparticle force to first order, i.e., the difference in expectation values
per particle of the system hamiltonian, taken between Slater dete rminants
composed, on the one hand, of standing-wave (SW) orbitals (1) and, on the other
hand, of plane-wave (PW) orbitals

G () =L exp ik %), (n=%1,%2,..., +N/2), (6)

which are nommalized to unity in the length L. Namely, we seek

AE/N = (Bgy = Epg)/N @)
(@, (a)
E,= <0 " |H|Dd, >, a=5WorPW, (8)
(a) 2
B, (5 %y k)= (N2 dec | x| )
N
= - #%/2m) ZV2+2v (10)

i=1 ! 1<y
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where Y is the two-body interaction. Eq. (8), with (9) and (10), can be ex-
pressed as

E, =~ /2m)[dx [(d*/dx")o, (x", x)] +

2
+i dx [dx,vix - x ) {p,(x e, (x) = | g, (x ,x )]}, (11)
where we have defined
N .
G x = 3 @ () ¢ (x!) —— g (x) . (12)
n =il x'—' x
Specifically, from eq. (6), one has
N/ 2
,x") =(1/L) X -ik (x-x"] . (13)
Ppw(x x") =(1/ ),,zﬂexP[ ik (x-x")]
For a large system
tN/2 +k
N= 3 1=—(L/2m)[dk = Lkp/m (14)
n=tl -k
and, likewise, eq. (13) becomes
+k
(] F . '
0 (x,x") — (I/L)(L/Zﬂ)fdk exp [-ik(x=-x")]
PW -kF

(15)
= sin [N7(x=x")/L] /7T (x=x") == N/L ,

L
X —Xx

giving the expected space-independent probability density of plane-wave
states. Also, from eq. (1) follows
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N
p (x,x"y=(2/L) Z sin (n77x/L) sin (n77x' /L)
SW n=1

N
=(1/L) = {cos [n'.’Tl(x-'x')/L] -cos [nm(x+x")/L])}
n=1

cos [(N+1)7(x=x")/2L] sin [N (x=x")/2L]
= (1/L)

sin [7(x -x")/2L]

cos [((N+1)m(x +x")/2L] sin [N77 (x +x')/2L]
sin [7(x +x")/2L) ,

(16)

the last equality coming from ref. 7. For a large system (N >> 1) with short-
ranged forces (L >> e xz) this simplifies

sin [N?T(x+x')/l_,] /2L

) o (17)
,OSw (%, & )N;-Ti- ppw(x,x ) sin [7rix + %' }/2L]
LY w=x’

which gives for (7), using (11),

AE e AT+ Av (18)
N>1
L>>(x1-x2)

L sin [N?T(xl“f‘ xz)/l,]

L
AT = (‘bz/Zm‘)fdxl
0 dx’; 2L sin [ (x +x,)/2L]
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5 L i . i . ’
e B (N)Lj-dx erx " p— sm(ENWx]/L) sin (ZN7rx_ /L)
T Lp o 1 2 1 2 - = =
@ w 2N7%, /L 2NTx, /L
sin(2-\‘77x /L. sin (2N7rx_ /L) +L L+x/2
- - S : 2" K=l .fdx L'{x)[d}(gz (X
°’V7:x /L 2N7ix /L 2 2 - x/ g
2 (2L)
&I, L/ 0
+ 1 ﬁ_fdxv(x) sin (N7rx/L.) fd’(g (X) (20)
2 (2L)= TX
X= (x tx,)), X=x =%, g(X)= sin(2N7X/L)/sin (77X /L) .

The vanishing of (19) readily follows from

J(;,x] [Hd_A s.i“ [Nﬂ(x#"z)ﬂ‘J ‘fdf sin (NTE/L) ] -
0 dx; sin [W(xl+x2 )/ZL];C_ 0 d§2 sin (7&/2L)

) 2L F N 2L
= é __A_m_s-m(N‘rTf/[.) =2 i 2z, C()S {2n-1)&/2L} =0 3
d& sin (m&/2L) f =
0
0
N
the next to last equality being a well-known® identity siny =2 3 cos (2n- 1)y.
n=1

Using this identity throughout, as well as sin (NT+y) =(-1) sin y, the inte-
grals in (20) not involving v(x) become

L+x/2 (mx/2L)+ 7
deg X3 = (L) fdy (sin 2Ny/sin y)
/2L,
N
= -(4L/m) 3 sin [(2r-1)7x/2L ] /(2 ~-1) :
n=1
L+x/2 N (mx/2L)+q

J’;ngz(X):(/-iL/Tr) 2 [ ay cos(2m-1)y cos (2n-1)y = 2N ,
x/2

n,m=1 mnx/2L

(21)
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the last integral being just (W/Z)Sm .+ The remaining quandties in (20)
can be evaluated for a definite interaction; we shall take only the simplest

one leaving simple integrals, namely
v(x) = uOS(x) . @2

Then, (20) becomes

2mN
Ay = (UON//HTL) fdy [(sin y/y)2 - 2siny/y] - UUN/4L
0

(23)
— - (3Ny,/8L) - O(1/N) .
N 21
Therefore,
N> 1
L2 xmxy) (24)

— ~ (35, /8)(N/L)(1/N) + O(1/N")
N>1

so that for attractive forces (v, <0) the effect of the surface is to increase
the energy per particle, in accordance with the liquid-drop semi-empirical
mass formula®.

In conclusion, we see that wall boundary conditions, as opposed to
periodic boundary conditions, suffice to explain qualitatively the density
oscillations, the surface thickness and the positive surface energy of a
nucleus, and semi-quantitatively the value of ?T/kF of the oscillation wave-

length .
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RESUMEN

I.a densidad de probabilidad de un sistema de N fermiones en una di-
mension, se calcula usando condiciones a la frontera de paredes rigidas, co-
mo la suma de las N ondas estacionarias de mas baja energia que se encuen-
tran de una longitud L. El resultado concuerda cualitativamente tanto con
teorias anteriores mas complejas, como con experimentos nucleares que reve-
lan oscilaciones en la densidad y que determinan el espesor de la superficie.
Se realiza un célculo simple de la energia superficial y ésta resulta ser del

signo correcto.





