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ABSTRACT: Using rigid-wall boundary conditions, the probability density

of an N-fermion system is calculated in one dimension as rhe
sum of the N lowesr.energy standing waves enclosed in a given

len~th L. The result agrees qualitatively borh with previous,
more elaborare rheories, and with experiments on nuclear den si.

ty oscillations and surface thicknf'ss. A simple calcularion of

the surface energy is done and found lO be of the right signo
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1. PROBABlLITY DENSITY

de Llano and Quinranilla

Confine a sysrcm of N panicles in a onc ..dimensional box of length
L with rigid waIls. The complete, onhcflormal ser of ¡ndependen [-parcicle
states are meo the standing wav(:'s

'f' (x) = 12/1. sin (n7Tx/I.), (n = 1,2, ... , N, N + 1, ... ~) , (1)n

The probability densiry associated with (he lowest-energy configuracion wiU
be

N
P(x) = L

n=
1

, N,I 'f'n(x) = (2/1.) 2: sin (n7Tx/L)
1 n ~ 1

= (N /L) {I - leos (N + 1)7Tx/L) sin (N7Tx/L)] / N sin (7Tx/L)}

( 2)
rhe last step tollowing from reí. 1. Ir is easy tú verify rhar

prO) = p(l.) = O ,

as weH as the limiting forms

p(x) -+ (27T'/3)(N/I.)3 x' - O(x')
x -. o

and

P(x) -+ (N /L) [1 - jo (27TNx/L)]
N» 1

x /L « 1

( 4)

where jo(y) == sin y/y is [he zera-arder sphcrical Bessel funcrion. The
bracketed exprcssinl in (2) is plotted foc O ~ x ~ L/2 (rhe ceo ter of me
"nucleus"), foc N = 2, 4,10,50 and 250 particles in Figures 1 tú 5 respective-
1)'. with N = L (foc scale convenience). There appear as many "humps" as
particles in thc length L; hence, for N not too smalI, the wavelength of oscil-
lation A. ~ L/N = n/k,... where kp is the Fermi "surface" of a ooe"'(iimensiooal



Madel lar nuclear ... 275

gas of fermions in a lengm L, and is related to me densiry as N/L =kF/7T.
The result i\.~ 7T/kp' which becomes a strict equalicy for N» 1, as can be
seen from (5), agrces wirh rhe trearmenrs of Swiatecki2 and Thorpe and
Thouless3, and also wim electron scattering experiments on 40Ca (re£. 4)and
208pb (reí. 5). Figure 6 shows the bracketed expressioo of (5) and represents
the probability den sir}' of a very large system very dose ro its surface. The
"skin depth" s, here defined for N» 1 and x/L« 1 as the distance from
[he "rigid wall"' (the point x = O) 10 where the function p(x) Hrst takes on
[he equilibrium value N/L, is just (see .Figure 6 and eq. (5))
s = L/2N ~ [2(0.17)'l,r1 ~ 0.9 fenni, where <he empirical density of 0.17
nudeons per (fermi)3 has been inserted. The discrepancy with me empirical
value6 of sexp ~ 2.4 fenni can be roughly explained in terms of a -';smearing"
out of the surface in me real system, i.e., non.rigid walls.

2. SURFACE ENERGY

We now deduce expressions for the surface energy in rerms of me
interparricle force ro firsr order, i. e., me difference in expectation values
pcr parricle of me s}'srem hamiltonian, taken between Slater detenninanrs
ccmposed, on the onc hand, of standing~wave (SW) orbitals (1) and, on the other
hand, of plane.wave (PW) orbitals

~'i'k (x) = e ' exp (ik.x) , (n
•

:!: 1, :t2, . ", 1;N/2) , (6 )

which are normalized ro uniry in me length L. Namely, we seek

N N
11 = - (1J2/2m) LV. + LV ..

í ~ 1 I i <; l'

(7 )

(8)

(9)

(lO)
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where o.. Ís me two~body interaction. Eq. (8), with (9) and (10), can be ex-
'/

pressed as

Ea = - (ji /2m)J dx [(d2/dx2)Pa (x', x)], +
x == x

where we have defined

N •
Pa (x, X ')" :¡; ep~a)(x) ep~a)(x ')

n = 1

Specifically, from eq. (6), one has

--'-Pa(x) .,
x - x

(12)

iN;'
p (x,x') =(1/L) ~ exp [-ik (x-x')]

PW n ~ tI n

For a large system

iNh +kF
N = ~ I -(L/211)j dk = LkF/l1n=tl -kF

and, likewise, eq. (13) becomes

(13)

(14)

P (x,x')_
PW

+kF
(I!L)(L/211)J dk exp [- ik (x -x ')]

-kF
(1 S)

sin [Nl1(X-X')/L] /l1(X-X') --.~N/L,,
x ~x

givl1lg che expected space-independent probabiJity density oí plane-wave
staces. Also, from eq. (I) follows
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N
P (x,x')~(2/L) 2: sin (n1Tx/L) sin (n1Tx'/L)
S~I rJ-=l

277

N
~ (l/L) 2: {cos[n1T(x-x')!L] - cos [n1T(x +x')!L]}

rJ ~ l '

{

cos [(N +1)1T(x-x')/2L] sin [N1T(x-x')/2L]
~ (l/L) ----------------

sin [1T(X -x')/2L]

_ cos [(N+I)1T(x+x')/2L] sin [N1T(X+X')/2L]}

sin [1T(X +x')/2L]

(l6)

the last equality coming from re£. 7. For a large system (N)> 1) with short.
ranged forces (L» x

1
- x2) this simplifies ro

p (x,x') • p (x,x')-
SW N» 1 PW

L»x-x'

which gives for (7), using (11),

sin [N1T(x+x')/L] /2L

sin [1T(x+x')/2L]
(17)

6E
N» 1

L »( x - x )
¡ 2

6T+6v; (l8)

L
6T", (h2 /2m)J dxo ¡ [

d2 sin [N1T (x¡ + x2 )/L] ]

dx~ 2L sin [1T(X¡ + x2)/2L] x ~ x
2 1;

~o

(19)
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,1. 1. { / /Ll,',,~(~)JdxJd,\' !J(X -x) sin(287rx¡ L) sin(2877x, L)
'1 12 12_______ -
• ,0 0 28":,; /L 2877X /L

¡ 2

I } / L+x;'sin (2877X¡/L Sin(2,N77x"L) I 1 J+.
- ------ - ----_- - dx dx) r dX g' (X) +

2N77x/L 2877X,/L '2 (2/} -1. 'x/2

+1.. L+x/2
+ ~ __1 J dX!J (x) _s_in_C_"_77_X_/_/_,)J dXg (X)

2 (2L) - 1. 77 x x¡, (20 )

X" ~ (x,+x,), X'O x¡-x,' g(X)" sin (2N77X/L)/sin (77X/L) ,

Tite \'ani.shing of (9) feadily follows from

[ ]

,1.
d sin (N77,;!L)

d,; sin (77,;/2L) o

,ti
~ cos

" = I ]

21.
{2" -1) 77,;/2L} = O

o

Using this idelltity throughout, as well as
grals in (20) not involving v(x) become

,ti

the ncxt to last eCf.1ality being a well-ktlO\\T18 idenrity sin y = 2 2: cos (2rz -1)).',
'1 ::: 1

,ti
sin (N77+ y) = (-1) sin y, the inte-

L+x/2 (11x/2L)+11

J dXg (X) = (L/") J dy (sin 2Ny/sin y)
:4:/2 11x/2L

,ti

= - (41./77) " sIn [(2" -1) 77x/2L ]/(211-1)
'1 = 1

L+x/2 N (11X/2L)+11

J dXg' (;n = (41./77) ~ J dy cos (2m - 1) Y cos (2" -1) y = 2LN
x/2 fl,m= I 11x/2L

(21)
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[he la" integral being juS[ (7T/2) S . The remaining quancities in (20)m,"
can be evaluated for a ddinit(' interaction; we shall take only the simplest
one leaving simple integrals, namely

(22)

Then, (20) becomes

27TN
26" = (" N/47TL) J dy [(sin y/y) - 2 sin y/y] - "oN/4L

o "
( 23)

- - ON"o/8L) - (J(l/N)
N» 1

Therefore,

-- •• (6T + 6,,)/1'1
N»l

L »(x
t
-x
2
) (24)

_ - 0"/8)(N/L)(l/N) + (J(l/N')
N»}

so ma( for aurac(i ve forces (v < O) the effec( of (he surface is to increase. o
(he energy per partic1e, in accordance wi(h the liquid-drop semi-empirical
mas s formula6.

In conc1usion, we see that wall boundary conditions, as opposed ro

periodic boundary conditions, suffice to explain quali(a(ively the density
oscillations, che surface thickness and the positive surface energy of a
nucleus, and semi-quan(itatively (he value of 7T/kF of (he oscillation wave-
Icngm.



280

REFERENCES

de Llano and Quintanilla

1. L. R.W. Jolley, Summation o/ Series (Dover, 1961) 2nd edition, p. 82,
formu la 437.

2. W. J. Swiarecki, Proc. Phys. Soco (Lond.) 64 (1951) 227.
3. M.A. Thorpe & D.J. Thouless, Nuc. Phys. AI56 (970) 225.
4. J. R. Bellicard et al, Phys. Rev. Lett. 19 (1%7) 527,

(erratum in 20 (68) 977).
5. J. lIeisenberg et al, Phys. Rev. Lett. 23(969) 1402.
6. R. R. Roy & B. P. Nigam, Nuclear I'hysics (Wiley, 1967).
7. L. R. W. Jolley, loe. cit., p. 78, formula 418.
8. L. R. W. JoBey, loc, cit., p. 78, formula 420.

RESUMEN

La densidad de probabilidad de un sistema de N fenniones en una di-
mensión, se calcula usando condiciones a la frontera de paredes rígidas. co.
roo la suma de las N ondas estacionarias de más baja energía que se encuen-

tran de una longitud L. El resultado concuerda cualitativamente (anto con
teorías anteriores más complejas, como con experimenros nucleares que reve-

lan oscilaciones en la densidad y que determinan el espesor de la superficie.
Se realiza un cálculo simple de la energía superficial y ésta resulea ser del

signo correcto.




