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RELATlONS BETWEEN mE INPERSPUERlCAL HARMONIC ANO mE

HARMONIC OSCILLATOR METllOOS FOR mE mREE BOOY PROBLEM

E. Chacón', D. Levi and M. Moshinsky'j

Instituto de Fisica, Universidad Nacional de México

(Recibido: agosto 15, 1973)

ABSTRACT: We give a systematic and explicit.procedure foc deriving hyper-
spherical harmonics foc (he (hree body problem wirh given pennu-

cadana1 syrnmetry. The matriz elements oC a tWQ body intec-

action with respect to (hese hyperspherical hannonics are de-
tennined in renns oC the corresponding ones foc harmonic oscil.

lator states. This allows us to reduce (he {hree body problem

ro a system oC coupled ordinaey differential equations foc che

hyperradial functions.

1. INTRODUCTION

In the last few years thefe havc beco many papees dealing with the
hyperspherical harmonic approach ro the few nucleon problem wirh particular
cmphasis 00 che three body case l. In the present work wc describe a ccch-
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nique that allows us to obtain a s}'st{'m of or/hoflorma/ spherical harmonics
with well defined permutarional srmmetry for rhe rhree bod)' problem. \\le

also discuss a new method for the evaltution uf matrix elemems of rwo bod)'
imeraction pocemials with respcct to rhe rhree boJ}' hyp<.Tsph(.-,[ical harmonics.

\\irh rhe help of rhes(.' marrix dernems one can, as i~ well known1,
reduce the [hree boJy problem [O a s}'stern of coupled ordinary differential
equations, For the sake of simplicity \\'(' consider onl}' the case of central
Interactlons. Then rhe wa\'c functÍon can be writtcn as

'1' ~ ::: XKa(P) }"Ka(n)
Ka

(1.1)

where p is rhe hyperradius given in terms of rhc rclative coordinarcs and Q

is rhc set of angles on which the hyperspherÍcal harmonÍc YKa. depends.
This las[ function is characrerized by [he integer K whích g ives rhe Írreduci.
bIe representarían (IR) of the 0(6) group and a ser of -inner" quamum numbers
a which include the IR of the 5(3) gtOUP of petmuration and completely define
the state.

The equar ion W(' want to sal Ísfy is rhen

(1.2)

where 11. Ís the IntrinsÍc hamÍltonian in whÍch we elimin...1.ted [he center of
lOl

mass motion. Subs[i[uting (1.l) in (1.2) one can immediately obrainl for [he
[hree bod)' prob lem [he system of coupled differential equations

~6 ::: XK" (P) F( K(p)a a a
K I a.'

(l.3)

where, dcnotÍng by r~, s 1,2,3 the coordinates of the partÍcles, we have

( 1. 4)

as lhe matrix element of [he two bodr central in[eraction V wÍth respec[ [O
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hyperspherical harmonic funcrions. U'e can of course write " - " in terms
1 2

of p and n and thus this las( matrix element is onl)' a function of p.
As we sce froro Eq. (1.3), the basic ingredient for the de(crmination

of ,he hypertadial func<ions X(p). and ,hus [he wave funetion q/ of Eq. (I.I).
K'is (he matrix element F, K (p). In sccrion 5 of the present paper we shall

use, Cor the determinatio~ of these matrix elements, a method irnoduced earlier
by two of us2 for the determination of man)' body rnatrix elements in [he
H<,r:ree-Fock approximation. In this approach we can mus make use of
pL ,erful techniques developed Cormedy in connection with harmonic oscil.
b wave functions3.

In section 2 we give a derivation of a systern of hyperspherical poly-
nOH'mls adequate Cor the description of the intrinsic motion of the three body
system; wc use a classification scherne involv ing the groups

wh h uniquely defines the funetions.
Sec[ion 3 contains me dcrivation oC harmonic oscillz..tor states in

rclativc coordinates, with a classification scheme similar to that of section
2, namel)', a classification according to the group chain

(1) (2)
U(6) ::J0(6)::J0 (3) •• 0 (3).

11'c obtain al50 the transformadon coefficient between these 05cillator states
and (he more familiar ones.3 classified by the group chain

(1 ) ( 2)
U (6)::JU (3) <1> U (3).

In section 4 we describe a method by which, starting from [he oscil.
lator functions oC section 3, we obtain linear combinations of (hcm having
a dcfinite permutational syrnmctry. Thc basic step here is the diagonalization
oC the square of an operawr 'rTL which is a generator of a group 0(2), contained
in 0(6) and which in turn comains a representation of the group 5(3) of
permutations of (he three body problern.
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2. HYPERSPHERICAL POLYNOMIALS FOR TIIE TIIREE !lODY PRO!lLEM

As usual in (he [hree body problem we introduce [he ]acooi coordi~
nares

,
1

%
2 2(r' - ,')

1 2

J¡
'2 = 6 - (r I + r I - 2, I )

1 2 , (2.1)

,,

whefe r~ ' s = 1,2,3 are [he criginal coordinares of [he parrie les. We shall
onIy be interested in functions of rhe rclarive coordinares r , r in rcrros of

1 ,
which we can define rhe inrrinsic wave function of (he [hree body problem.

As is weH known1, [he hyperspherical polynomials in [he vectors
r , r will be homogeneous polynomials of degree K in (he componems of1 2
(hese vectors which satisfy che Laplace equat ion in chis six dimensional
configurarioo space. Besides, we can require [har (hey are cigenfunctions
of [he angular momentum in each coordinare, i. e. of [he operarors

L(l) L(l) L(2) L(]) h
• , • ~' ere

= r )(, P, . ( 2.2)

\tIe ask al50 that the polynomials be cigenfunctions
memum L 2 and its 3rd componem Lx ' where

\t'e denote then these polynoffiials by

PK1 11M (, " )
1 2 ..• 1 2

oC the total angular mo-

( 2.3)

(2.4)
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\l'e determine them explic idy in algebraic fashion, in COIYrast wirh the analycic
technique oC Mase and Feshbach and Fabre de la Ripelle 4,5. We consider
first the case when

L=.If=I+1
1 2

'le have then that

satisfies the following set of equations

(r • 'V + r • 'V2) PK1 I = KPK1 I
1 1 2 12 12

2 2
('V +'V )PK1 I =0

1 2 1 2

(2.5)

(2.6)

(2.7a)

(2.7b)

( 1 )

L+ PK1 I = O •
1 2

(2 )

L. PK1 I = O
1 2

(2.7c.d)

( 1)

L % PK1 I
1 2

(2 )

L% PK1 I = 1 PK1 I
12 2 12

(2.7e.£)

where Vs' s == 1,2 is the gradient vector with components (olOxs' 'O/'Oys'
'O(O%s) in [erms oC the canesian componems oC the ]acobi vec[ors,s'

The analysis oC Eqs. (2.7) is much simplified if we imroouce spherical
componems Cor [he )acobi vectors, namely x ,m = 1,0,-1. In this no-

(5) (5) m5

[a [ion the operators Lt and Lz ' s = 1,2 become

(5)
L. = - (, (0(0.. ) +.. (%.. ¡),

IS OS OS -ls

The polynomial (2.4) can now be wriucn as

(2.8)
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( 2.9)

\\e note [har

r'5

and chus

-2x x +x2
l.'" -15 OS

(2.10)

'\'-1'/-'1' = % [(-r'/-,' ) +(-,' /-")]'2 2 1 2 02 12 '

(2.11)

where

-' /-'-ll 12
% [(-p'/-") +(r'/-,') + (-"/-" )]
2 12 2 12 01 12 '

p' (2.12)

\le see then that -' / -' could he replaced by r' /-" • and -' / -' by p'/-" .- 12 12 2 12 -11 12 I 12
and we would still have a polynomial function which we could call P :

(2.13)

(I ) (')
Applying L. and L. to the polynomial (2.13) we

[har p' can nO( be a function of e¡ther x Ix nor x Ix .
( 1 ) ( 2) 01 12 02 12

cxplicitly and applying Lz ' Lz we have thar

immediatc Iy sce
Writing ir rhen

P¡';II(r.r)
1 2 1 2

¡.; I, (-' /x ) I L
- 12 1 1 12

1(K-I-/)-v 11

e (P'/-") l' (r' '-")11 12 2 I 12

I 1,
11 -,1-,

K 1 1 II 121 ,

K -1 -1 • 211

L el'yP
y

-%r,'Y (1 ! /!) ,
1 ,

(2.14)
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Finally, the remaining equation (207b) gives a two-term recurslOn
fCX'mulafor Cv ' whose solurion, as shown in Appendix A gives

C =(-lt(~(K+1 +1 +2)+v)!/v!(~(K-/ -/ )-v),f(l +3/" +v)
V 12 12"2

(2.1 5)

The summatian in Eq. (2.14) can no\\' be identified with a Jacobi polynomia14

if desired; the constant h'Kl 1 plays the role ai a normalizadon factor.
1 ,

We have thus obtained the harmonic polynqmial PKI I LM of (2.4), ,
with L = M = /, + /,' In order to obtain the polynomial with arbitrary values
of L,M, we notice that, without disturbing the part depending on p2 and r;

(s) Is _~
byapplicationofL onEq.(2.14)wecan,transform(x) (I!) inro- ;Z IS s
solid spherical harmonics [47T 1(2/ + 1)!!] \tI (, ) , s = 1,2, which thens sms s
we can vectCX'-couple todefinitc values of L and M.

Therefore rhe general harmonic polynomial will be

-,v+K-I -1
1 2 2V

x47T:£Cp ,v v ,

[\tI (',) \tI (',)] x
1 , LM

(2.16)

From rhe foregoing analysis .ir is apparenr rhar rhese harrnonic polynomials
have a group rheoretical classification according to the ehain al groups

( ,)
O (3) O

0(6) ::l

O
(' )
O (3)

::l 0(3) ::l 0(2) . (2.17)

In the next section we discuss harrnonic oscillator functions with a similar
c1assification scheme.
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3. TIIE IIAR\lO:'\IC OSCILLATOR FU:\cno:\s OF nIE TIIREE !JODY PROBLE~l

TIl(" inrcinsic motion oí a systl'm d rhrt'c idemical particles in harmonic
oscillaror pm('mial can be deser ibed by wave func[ ioos oí rhe [wo )acobi
r('laei,"c vecwrs r • r of Eq. (2.1). However. when dealing with o..~cillarorI 2
sysrems it is ofeen verl' convenÍent [O express (he wa,"e funClions as poly-
nomials in crear ion operators acting on a ground state3• w't. shall follow dlC

second aitecnarive, and acccrdingly, le[ '.JS introdocc "relative" crearían (1})

and annihilation (~) operators, defined in lerros of che relarive coordinares
and momenta. as

-%
';S = (2) '('s + ips); s = 1, 2. (3.1)

(\re shall use mroughouc chis scction a sys[{'m of unir's in which
m = ti = úJ = l). \l'e imc(xluce aIso a normalized ground state lo> , eharae-
ter ize d by [he properties

< O lo> 1, J:. I O> = O .':>JS , ;:X,y,z (3.2)

The operawrs (3.1) obey [he eornrnuca[ion rules

S .. , S
JI ss [7). ,7)., ,]=0t S r s

(3.3)
and from (3.2) and (3.3) we immediarely see rha, if P (7) IS a polynomiaI In
crea[ ion opcra[cJs, then

[ he
Th{, \\lave function of an

well known expression~
ose ¡llmor in the rclative eou'"dinatc ,

1
has

In 1m>I I I (3.5)
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NI n
1 1

n ~
= (- 1) 1 [4 7T /(2n )!! (2" + 21 + 1) !!] 2

1 1 1 (3.6)

Thcse functions describe an oscillatCX' wirh a number 2n + ¡ of quanta of
1 1

excitatÍon energv, and an angular momentum / (/ + 1) with a componem m
• I I I

along the Z axis. By vector-coupling the state (3.5) with a similar state in
the re lative vector, , we obtain two-osc illator state~

2

n n
21" I n I LM > = NI NI (7) .• 7) ) 1 (7) • 7) )

I 1 2 2 lnl 2fJ2 t 1 2 2

(3.7)
which, froro the naturc oE the operatCX'sthat they diagonalize, ar~ seen to
possess a classification according to the chain of groups

U(6) ::l

( 1 )
U (3)

o

o

(2 )
U (3)

( 1 )O (3)

o

o

(2 )O (3)

::l 0(3) ::l 0(2) .

(3.8)

The generators of sorne of the groups in this chain, are

(s)
U (3): i,j=x,y,z s = 1, 2 ( 3.9a)

(s)
O (3)

0(3):

(s)
L . = - j (7) x ~ ), s s 1

( 1) (2)
L¡ = L ¡ + L¡

j = X,)',z

j=x,y,z

s =1,2 (3.9b)

(3.9c)

and thercfore, the SIX operat{ys which are diagonal with rcspect to the !"'>1:ates
(3.7) are

1,2 (3.10)
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(3.11)

Oue goal in (his papee is rhe discussion oí hypersphcrical functions
which. as we 5aw in Section 2, are assoc iated w ¡th a group 0(6). With th is
goal in m¡nd we shall study now two"'Oscillator states with a classificadon scheme

( 1) (2)
in which we ¡n!rociuce a grnup 0(6) instead nf a group U (3) <!l U (3) of [he
chain nf groups (3.8).

The group 0(6) has as generators (he opcrators

A .. ' , = -i(-n. ~., ,_-n., ,~. )
JS,' oS "/05 1 S ", s J5

j,¡'=x,y,z; s,s':1,2

(3.12)

and us quadrmic Casimir operator A2
, defined by

";'\ "-1 - - . js,; I Si J. ji s', js
•• ' I
11 ss

(3.13)

has eigem'alues K(K+ 4), with K being a non-ncfmive imeger. Using rhe
cornmutacion rules of ~ and 7] • wc can rewrne A in an equivalen: fe.-m. which
will Uro out [O be useful later, namely

2 ••
A = N (N + 4) - (7] • 7] + -n • -n )(~ • ~ + ~ • ~ )

1 1 "2 "2 1 1 2 2

where N i5 (he number operar(W'

(3.14)

(3.15)

Notice thar (he eigenvalues N of (he operat<.r N give the number of quama of
exc itation energy of [he two-osc illator system.

The oew tv,,'o-oscil1ator states classified by 0(6) wil1 be denoted by
I NK/

1
/2 LM > and they are eigenfunctions of the operators .~, A2 and the four

operators (3.11). In order tO find the explic it expression for these .states,
we shall start by obtaining first the particular state

I"'KII .1 +1,1 +1 >"p(-n ,-n llo>.1 2 . 1 2 1 2 "1 "2 (3.16 )
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This Slate has highesl we igh,
PI O> satisfies the equations

ÑPlo>=NPlo>,

( 1) (2)
in ,he glOUps O (3) and O (3), ,hetefore

(3.17a, b)

(TI 'TI +TI 'TI )(t,t +t't )Plo> =(N-K)(N+K+4)PI0>11221122

(1) I (2) I (1) {~i)

L+ Po> = O, L+ PO> = O, L% P lo > = 1
I
PI O>, L% PI O> = 1

2
PI O> .

Bur ii we wrire P as

ir is easily verified thar PK/ / lo> satisfies the equations
I 2

(3.17c,d,e,f)

(3.18)

ÑPK/ / I o> = KPK/ / I o>
1 2 1 2 (tl'tl+t2 't2)PKí / lo> = O

I 2
(3.19a, b)

(1) I
L+ PK/ / o> = O ,

, 2
( 2) I

L+ PK/ / O>
1 2

= O (3.19c, d)

(3.1ge,f)

If we temembetlhe cottespondence t. - dIO.,.,. of Eq. (3.4), we
'5 "'s

realize that the set oí equations (3.19) is identical to the set oí equations
(2.7) of the last section which determine the harmonic polynomial
PK/ / (, " ) of lha, seclion. Thetefote, ftom Eqs. (3.18), (2.14) and (2.15)

1 2 1 2
we have

(-I)V(J¡¡(K+1 +1 +2)+v)! J¡¡(N-/-/ )-v
x L I 2 (.,." '''''1 +""2 '.,., ) I 2 (.,., )v IO >

( '/ ., '/ '/2 "2'Tl2•vv! J¡¡(K-/,-/2)-v),r(l2+'/,+0

(3.20)
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The normalizatioo coefficiem l/~ 15 found by taking (he scalar produce of
¡ ,

the state on the tight hand side of (3.20) w~h itse1f; after a somewhat lengthy
calcular ion and making a sunable phase choice, we obtain

l'K
I I

1 ,

rK+2)(J¡(K-1 -1 ))!(21 +I)!(J¡(K-I +1 ))!
)( 1 2 2 1 2 x

N-K
2 (J¡(N-K)) !(J¡(N+K+ 4)) ",! (J¡(K+/¡ +1, +2))!(K-/¡ +1, +1)!

x
ru¡+'I,)

r (J¡ (K + 1 - 1 +¡ ,

(3.2 I)

As is 5hown in senion 2, (he oscillator scare with arbirrary values oí
L,.I!, i.e., INK/¡/,L.If > is obtained from (3.20) by replacing

-!-: 1 1
[1 ! 1 !] '7) ¡ 7)' with the vectCl'-<:oupled proouct el solid spherical harmonics

1 2 11 12

-%
471[(21 +1)!! 21 +I)!!] ,¡ , (3.22)

Since we shallllot" need thi~ gen~ral sra(e, we do noc discuss ic further.
The determinadon oí [he marrix elements oí interaction potentials

wilh respecr [O harmonic oscil1aror st'ltes has been systematized for (he
case" when (he stares are expresscd in (he form of Eq. (3.7), i. e., che
states In ¡ n 1 LM >. Since we want ro use ose illator states of (he eypeI 1 2 2

!NKI112LM> , ir would be desirable [O express (he laner scates interms of
the former. This can be done, pro\'idcd we have an explicit algcbraic formula
fer che scalar product

< n 'I In I / I L 'M I 1 NKI I LM >
1 1 2 2 1 2

From general group thcorerical properries ir
prooucr is diagonal in I I LM., and independent¡ ,

(3.23)

IS known6 rhar rhis scalar
el rhe \'atues l...M. Therefc:re,
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for irs explicit evaluarion we can rake L = M :;= 1 + 1 • and thu.c;we need üM'
1 2 ' •

[he states given in Eqs. (3.7) and (3.20). In Appendix 13we give the details
of the explicir calcuIation of the scalar product, which leads (denocmg n~ by
ns' s = 1,2) ro rhis resuIt

< n 1 n 1 LM INKI 1 LM > " < n n INK >1 1
1122 12 12 12

n K-n-I-n-l
= ( -1) 1 SN ,2n +1 + 2n +1 2 1 1 2 2 x

1 1 2 2

[

(J¡(N-K»)!n!n !(2n +21 +1)!(2n +21 +1)!(J¡(K-1 -1 »)!
x 1211 22 12 x

(J¡(N+K+4»)!(n +1 )!(n +1 )!(K-I +1 +l)!(K+1 -1 +1)!
112212 12

]

J<

x (K+2)(J¡(K+1 +1 +2»)!(J¡(K-1 +1 »)!(J¡(K+ 1 _1 »)! 2 x
1 2 1 2 1 2

x L
s =0

( _1)S

s'(J«N-K)-s)'(n -s),(J«K-2n -1 -1 )+s)''2 '1'2112'

x

x
r(J¡(K-1 + 1 + 3»)r(J¡(K+1 -1 + 3»).

1 2 1 2

r(J¡(K-2n -1 +1 +3)+s)r(n +1 +'1, -s)
1 1 2 1 1

(3.24)

The Kronecker de Ita, obv ious Iy .is the exp-essim el tbe conservadon d energy.
In the particular case when K = N. (which is in facr rhe ooIy case we

shall need), the transformation coefficient given aboye reduces identicaUy
to a coeffic iem formerly derermined by Raynal arxi Revai7, wh.ichas is easiIy
seeo, comains no summations:

( ¡Y,
Y,(K-I .1 • 1)

n 1 2
< n n I KK:¡ 1 = (-1) 1

12 12 n
1

x
(3.25)
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DEFINITE PERMUTATlONAL SYMMETRY
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As shown f irsl by Dragl in Ref. 1, (cf. also Ref. 11), for lhe pUlpose
of analyzing (he permur:ational syrnmetry of (he 6-dimens.ional spherical
harmonics of [he duce body problern, che rnos[ convenient classification
scheme is one involving agloup chain 0(2):)S(3). Dtagl inlrodueed a
classificatioo accordi~ to [he chain

0(6):) O (2) x SU(3) (4.1 )

lhe groups 0(2) and SU(3) being 'complementary" wilhin lhe IR (KOO) of
0(6), in lhesense mallhe IR (¡.¡.)of 0(2),¡.¡. = K, K-2, ... ,1 or O determines
[wo conjugare IR of SU(3), namely [K,1(K :!¡.¡.)]. (We rabel an IR of SU(3)

by a panilion [p, q] ,p;' q~. O). Rora[iona! symme<ry [hen drive us 10 intro-
duce lhe [oralion groups SO(3) :)SO(2) as subgroups of SU(3) in me chain of
groups (4.1). HUI: a[ (his paint a trouble appears, consisting in (he lact thu
[he chain of groups

SU (3) :)SO(3) :)SO(2) (4.2)

docs nO( uniqucly define the states of an IR of SU(3). \le shall menti~o

(wo possible way.s out DE (his difficulty. One is [O work with a complete
but non-orthogollal ser of basis states which. \\hen rrcessary, are dist~uished
among themselvt;s by means of an arbitrar)' index q. Feoro (his non.onho-
normal basis we can pass ro an onhonormal one hy u.~ing che standard Schmidc
procedure as proposed by Efros8. The second alternative is to diagonalize
an addirional operar<r, let us call ir n, independem of, and cornmuting with
che Casimir operat:<rs of che groups in che chain (4.2); this alternative leads
to orthon<rrnal basis states, though it implies in general the numerical diago.
nalizatÍoo of matrices. The t\\iO alternarivcs have been discussed in derail
in Re£. 14. Other methods leading to noo-onhogonal sets el perrnlf:atiooalIy
adaptcd 0(6) spherical harmonics have been proposed in Re£. 8.

In che presem paper we have preferred to imroduce me group 0(2) in
our basis by numericalIy diagonalizing ¡ts Casimir operaror rn.2, whose marrix
is consrrt.rred with respecr to an onhonormal set d 0(6) spherical harrncnics
\V ilh good angular momentum, namely ,he Slales of Eq. (2.16). Faced wilh
rhe unavoidable* faer of numerical diagonalization of marrices in order to 00-

A[ any cate, i[ seems so a[ [he presem time.



Relations between the hyperspherical ... 305

tain an orthooormal basis, wc think.is far more COIlvenlent tO diagooalize
rn2

rather than n. For convcnience we shall do oue analysis in teems of
harmonie ose illator s[a[es and erearion operators and chen translate the
results to hyperspherieal harmonies.

The ose illator stares we need were obtained in the last sect:íon;
they are denoted 1 KKI 1 LIf > and given by Eq. (3.20) wirh the subSlitUlion

1 2
indicated before Eq. (3.22).

Let us introduce at rhis point an operator tn. de£ined as

(4.3)

In is a generator of 0(6) and, being a scalar, eornmlies with the tocal orbital
angular momenrum L. Froro the theory of angular momemurn9 the matr.ix
elemenrs of 'rn with respeet to the states I KKl

1
1
2
LM > are given by

< KKI'I' L' M' IllL 1 KKI 1 LM>
1 2 1 2

< KI '1' IlllL 11 KI 1 >.
1 2 1 2

( 4.4)

The lasr terro is essentially a reduced matrix elernent and can be determined
by evaluating direccly the left hand side of the previous formula for
L = L' = 1

1
+ 1

2
and using Eq. (3.20) as weIl as hermitian coojugation. Ue

find in Appendix B thar (here are foor noo.ovanishing redoced matrix elemetts
whose values are

J<
<K,I -1,1 +lllllLllKII > =i [1 (/ +I)(K+I+I _1 )(K+3-1 +1)] 2

1 2 12 12 12 12

(4. 5a)

< K, 1 -1,1 - 1 IlllL 11 KI 1 >
1 2 1 2

J<
=-i [(1 +1)1 (K+3+1-1 )(K+I-I +1)] 2

1 2 1 2 1 2

J<
- i [1 1 (K +2 + 1 + 1 )(K + 2 _ 1 _ 1 )] 2

12 1 2 1 2

(4.5c)



306

<K,I +1,1 +lllmllKII >
1 2 1 2
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%
;[(1 +1)(1 +1)(K+4+1 +1 )(K-I-I )]'

t 2 1 2 1 2

(4.5d)

These resules agtt:e wirh focmulas obrained in references 8 and 10.
\l;hat is [he operf'ltor tn useful lor? Ir was shown in reference 11 that

m' is ,he Ca.imir opera,or 01 a group O (2) whieh eoo[ains as a subgroup [he
syrnmcrric group oí perrnu:ations al 3 objects, 5(3) , in (he form of its (wo.

{,¡}
dimensiooal IR D . Le[ us deno,e by /-' = 0,1,2 ... [he IR label oí 0(2).
i. e. we are denocing wirh jJ-2 [he e,igenvalues of he. lbe standard technique
of characters6 says [O us thar

For /-' " L 2 mod 3: IR/-' oí 0(2) :J Rep. {21} 01 5( 3)
(4.6)

For /-''' O mod 3: IR/-' oí 0(2):J Rep. {3} <!l {¡'} 015(3)

\lhen jJ- = O ool}' ane syrnmetric or one antisyrnmetric Sl:are occurs; (he way
[O (eH which ol [hese [WO syrnmetries a stat:e has when ¡.¡. == O mro 3 will be
explained be low, el. Eqs. (4.11) , (4.13) .

The method we want to propase fa d)(an~ hyperspherical harmonics
with good permurational syrnmetry, consists in (he cornpurer diagonalizatioo,
of [he matrix of (he operator 'm in (he basis of the oscillator states
I KK/

1
/2L/tf > , i. e. the matrix

11< KKI' l' LM Im'l KKI 1 LM > 11 ,1 2 1 2 (4.7)

where KLM. are fixed and I ,¡ are re strined by 1I - ',1 ~ L~' + I ~ K wi(h
1 2 ! I 2

K- /1- /2:::;even. I( is seen froro Eqs. (4.5) thar rn does not connec( valucs
of 11 with the same parity; thus by an adequate ordering of the rows and
columns th!' mac:rix al tn takes a shap<-' like

1 even
1----- 1 odd

1-----
(

O - iM )

iMT
O

}
}

, eve n
1

1 odd
1

(4.8)
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T
whcre M is a real, in general rectangular, matrL" and M is the transpo'iC of
M. The matrlX of tn2 is rhus seco ro have the forro

¡ c\.cn / odd
1 1--- ---

( MMT O

) } / even
Illn' I1 1

(4.9)

O M™ } / odJ
1

where MMT and M™ are square real syrnmetric matrices.

IJiagonalizing [he submatrix MMT
in (4.9) we ohlain asee of oclho-

normal e igensrates of rn2, which we shall denote as

I KK¡.wL.1f >•
11/, I

= ¿ B !L" (KL) KK/ / L.1f >I I ¡.L 1 ,
1 ,

(4.10)

where w is ao. arbitrary io.dex todistinguish among a ser cigenfunctions

having the same quantum numbers K,J.1,L,M.; andthe index + makes reference
to rhe Cact rhat in rhe sum 00. (he right hand side cnl)' ("ven values oC ¡ OCCtI.

1/ ,1,
F or f ixed K, L,}J-, U", the set oC coeffic ients B • (KL) f or the e ompat ib le,

p.U! '.

¡ , ¡ forms ao. eigen\'ecror oC MMT character.ized by the eigenvalue J.121 ,
and the io.dex w.

The transposition (1,2) acting 00. a srate IKK/ / Lltf > mulri-I , ,
plies i[ by (-1)'; ehen sinee / is even in Eq. (4.10) we deduce Ihae

1

(1,2)1 KKf1u'I.M > = I KKf1lL'L,lf >• • (4.11)

i. C'. (he funcrions (4.10) are symmetric in [he flrst two pan ieles.
By a reascning similar to that oC che la~ pnragraph, if we diagonalize

the submatrix M™ in (4.9) we obtain eigenCunctions

/ II KKf1wLM > = ::s B" (KL)I KK/ / LM>- / 1 p.w- 1 2, , / odd
1

( 4.12)
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which are anti~mme(ric in (he first two particles:

(1,2) I KKfLwLM > = - 1 KKfLwLM >- -
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(4.13)

I I I I
The se, of eoeffieierns B¡L~:' (KL) has ,he same meaning as B¡L'w: (KL) bu'

now assocja,ed wj,h M™ ra,her ,han MMT. We have a eomplJ(er program fO'
1 I .

(he calcularíon of the e oefficients B 1 \ (KL), w.ith wh ieh we have made
ff
' , ¡LW

rabies of these coe IClenf:S up to K = 12.
Usjng ,he resul,s gjven in E'I,s. (4.9), (4.11) and (4.13), we can now

see ,ha' when fL'" O mod 3 ,he s'a'es I KKfLwLM >+ have permu,ational symrne,ry
{3} , (111), and ,he s'a'es IKKfLwLM >_ have symmetry {1'}, (321), where
(53 52 51 ) denotes che Yamanouchi symbolll. 00 che other hand, when J.L == 1, 2
mod 3, each state 1 KKj.LwLM >+ can be considered as belonging to the row
(211) of ,he IR {21} of 5(3), and i,s eorrespondjng partoer funetion in ,he IR
is 11

I KfLwLM (121) > =R [(23) + !s] 1 KKfLwLM >
+

(4.14 )

Bu, (23) = (12)( 123), and by ,he usual eonventions. we mus, apply ,he oper-
ation (321)( 12) on ,he vee,ocs TJ ,TJ . Sinee ,he s'a'e I KKfLwLM > is 'ym-

1 2 +
metric.in che paroicles 1 and 2, this amoonts to che applicatioo 00 the sta(e
of

exp (i '1, 7T)J¡)= e os '1, 7T)J¡ + ; )J¡ (s in '!, 7T)J¡/)J¡) (4.15)

and as eos '1, 7T)J¡ and sin '!, 7T)J¡!ln are fune,ions of )J¡2, ,hey can be replaeed
by cos %7T¡.J. and sin %7TP../fl-, respectively. Therefore, since we are ,in the
case ri J.L == 1,2 mod 3, we have cas % 7TJ.L + -'1= O, sin 2~ 7TJ.L = ::t /f, am che
final re suh ¡s

= í (;/fL) ~
1 ' 1 ' 1 1
1 2 1 2

I I
IKKI'I'LM><KKI'I'LMI)J¡IKKI I LM> B12 (KL)

1 2 1 2 1 2 ¡.J.w+

(4.16)
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where ,he matrix elemen! is ¡;iven by (4.4), (4.5).
In cn"lclus ion we have obtained harmoníc osc.illator statcs charac.

u,'rizcd by th(, chain of groups

(

ot lo) (3)

U(6) ~ ()(6) ~ (4.l7)

N 1
1

1, L Al

where the integers beIow cach group charactcrizcs its irrctlue ¡bIe repre-

s('ntation (11{) inthe 5tatc (3.1(,). Furth<.'rmlX"e in the prcscnt scetion we

have determined linear combinations of th<,'se states thar are eharaetecizcd

by IR 01 S(3).
\l,e no\\' tllfn to the problcm of

ti ef inite permutat iona 1 s ym metry.

1 KKi / LM> can be wrnten as
1 ,

obt aining hyperspher ic a 1 harmonie s oC
For this purpose we first note that

This can 1)(.' seen from the faet that the harmUlc o~illat<x hamiltonian when

exprcss<,'d in rerms of hypnsph('rical variables becorncs

where!l' is ,he Casimir operalor 010(6) ¡;ivm by (3.13).
corresponds to the eigenvahJe K + 3 of 11 and thus if \\leose
(4.18) we irnmcdiately obtain that

(4.19)

The s,a,e (4.18)
apply (4.19) lO

( 4.20)

which impIies (hat ,ir is an hyperspher.ical harmonr. Nae tha( (he operators
2 (1) (I) (2) (2) 2

1\, L . L , L . L , L , L% of section 3 are aH given in terms of

!ljS,j' s' 01 (3.12) and ,ha, lhe !alter, 110m ,he definit.im (3.1) 01 creation
<Wldannihilation operators, can also be wriltcn as
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1\ . .' I :;;:: - i (,. d Id" I , -,. I / d ¡a,. ); j, j':;;:: X, )', z; S = 1, 2
15,1 s ls ls 15 15

(4.21)
wherc ,. are [he componen[s of [he [wo Jacobi vectors. Clcarly [he gener-
a[or':) A~s .'.' of 0(6) are onl •.•..func[ions of the angles in n and [heir deriva-P.l ~ .
ri\'es and rhus [he hyperspherical harmonics are also eigenfuncrion of
(1) (1) (2) (2) 2

L . L L . L L', L ,which is [he n"ason for (he indices rha[, . ,

"characrerize them. The factor [2/(1< t 2)!) is PU[ in so as ro guaranree
[he normalizarion of [hc YKI 1 L,\t (0),

1 2
From me deveiormen[s (,1.10), (4,13) we now sC'c rhar [he hyper-

spherical harmonic w¡rh definite pcrmura[ional s)'mrnctry is ~i\'en by

(02)

rw()discuss [he marrix eicmenl of (he
hypersph('rical harmonics (,1.22)

This was rhe srate [har we desi~nar('d as YKa(O) in rhe imcoducciCfl in which
a srands now foc j..1, u'. ::t. L, ,\f,

In [he next scnion we shall
body in(eraclion w ith respecr ro rhe

5. ~I.-\THI\ ELD1E;\TS 01' A TirO !lODY IWI EHACTIO:-J POTE:-ITI¡\).
\\'1'111 HE~PECI '10 TIlE IIYPI:HSPIlElUC:\L IlAIUIO:-lICS 01' '111 E
T'IHEF !lODY PRO!lLDI

\re are interes(ed in rhe m;l[rix elemen(s of (he rwo body inreracriofl

1'( 1"- r' 1) = 1'(/2, ) = lJ(/2p. m
1 2 1 (5. J)

\\"l(h rc ...•pcet ro rhe hypcrspherical harmonics (4,22). For ...•implicit~. \\"c
..•h,dl only consider ccntral forces as rhe ex[ension to otht'f (ypes is [r¡\'ial.
11} ( 5.1) Wt.' designarc by '1', '2' rhe coordina(esof (he firsr [Wo parricl('s. by
'1' [hé' firs[ Jacobi coordinare (2.1) anJ by scripr D [he central potenrial in
[(:rms o{ hyperspherical coordinares. From(4.22) ir i5 c1ear (har our ma[flX
cit:men[ wiIl he a linear combina[ion of expressiolls of [he {(Tm
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\\"hcrc.:. hccause of rhe cenrral narure oí rhe forces, rhe marrÍx clemenr does
nPI depcnd on ,\1 and i..•d Íagonal in L,

\\l' shall no\\" proc<.:ed to evaluare (5,2) ",i(h (he help of harmonÍc
oscíllaror funniuls in (he chain (4.17). Forrhis puqx)se \\"c (ake 1) = m = 1

a ... pre\lously. hut IC<l\'c (he frl'qucncy w in thl' wavt. funetion. In rha( ca ...•e
lbt, h,HlIlonic oscilla(l"- sta(e wc will he inreresred lfI, is

I KKI I /..11> =
I 2 w

-.----- >:(K+-) K ,
1, IK ')' , J V ") ,• -, + - . úJ p. Kl 1L.~(" exp (- "wp )

I ,

(5.3)
•.da're p. n ha,,{' rhe S <llll{' Illcaning as before, and wc pur rhe frequency úJ Ul

tll(. k('r as an Índex. >Ih(~ t'xpression (5,3) folIows immediarclr from (.LIS).
\\'e shall no\\" (onsÍder rhe foll()\\.'ing marrix clemene

1\'1\
I (",h <K'K'I'I'LMIV(l2r)IKKIIL.lP
'/','I_.//L w 12 1 12 w
1 2 1 2

~ ú -Y, ,+>:(K+K)' ,K'K J
{dp2exp(_úJp') [(K+2)!(K'+2)!J w' p.+K+K F (p;

1'l'LllL
1 2 '1 2

(5.4)

which elearly IS the Laplace rransform wirh respect lO rhe variable p2 of rhe
t'xpresslOn In rhe sqllaf(~ bracket, Using citen lht' inverse of chis rransform
w{' ol)[a in

K'1\

)( ~, l' 1
I 2

('i.5 \
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\\'e have thus derived (he marrix elements wi[h rcspe<.:t to hyperspherkal
harmon ¡es oC a twa body interaetion as an invcrse I.aplace transform of corre-

sponding matrix elements associatcd with rhe harman ie oscillator states in
{he chain (1.17). Using rhe coefficients (3.25) of secrion 3 in (he ca.liC

l,' = K. which wcre originally olHained by Rayn.al and K.evai7, we can writ,.

=[ ~ <¡;'K'I"',, > w<,z'1 11\'(12,) 11" 1> <"" 1KK> ] 811, 611'12// 11 1 llw 12 II
12 12 1122

( 5.6)
whefe rhe matrix elerncnt oC V(12T

1
) with respect to the states in rhe

U(6) ::l
o

(2 )
U (3)

::l 0(3) ::l O( 2)

(5.7 )

chain reduces to rhe ane body matrix element

<",'1,11\'(/2" )11",1,> = f~R '1 (w,' )\'(/2,) R 1 (w,,) ,'d,
W 6) o nI 1 1 1 nI 1 1 1 1

[2wP+'1, /f(p+ '1,)]f~,'P+' \'(/2,) cxp (-W,') d"
O

(5.8)

whefe n (1111/1,111/1' p) are coefficients tabulated by Brody and Moshinsky12 .
Inlroducing (5.8) inlO (5.6), and ,he latter inlO (5.5), and inrerch,nging

(he order of integrar ion one obra ios
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K'K ~
¡: ip)=2::: l,I.:+2)I(K'+2)!]'<KK'ln'n 1/ <n n
1 ' 1 I L , 1 1 L .¡ fj I f¡ 1 2 1 2 1 2
1212 112
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-(KtK'+<) B(n,'",,,,,,,P)xp ¿ _
p r(p+,I,)f(~(K+K'+3)-p)

P 2 t'. 2 2 ~(K+J,:'+')-p r::.
xJ r p ip -r ) V(Y2r)dr

O

x

(5.9)

It is obvious but nevenhcless important to note thar the polynomial
pKYK11 LM (!1) is homogeneous of degree K, and thus under reflection

, 2

r ....•- r, , ( 5.10)

K
the pol~nomial sufft:rs a changc of s ign (-.1) . Thus (he parit)' oí the hyper-

"-spherical harmonic YK11 L¡\t(H) i."i(-1) . Asthc central potential is ¡n"ari-
, 2

ant under reílection we conclude tltat the matrix clt:men[ (5.15) will vanish
unless K + K I is even.

6. <.O~CL[;SIO:'\

\l'e ha "e pre sented a s ystemat ic and ex pI ic i( rroced ure fqr oler iv ing
[he matrix elements oí a [\\'0 body potential with respcet to the hypu ••pherical
hannonics oí the three boJy problem with given permu[a'_ional symmctry. lhU"i
now we can wri[C out explicitly [he sys[('m of couplcd diffcrcntial <.:quation
(1.3) in which a is replaced by j..L,w,:!,I.,M a~ indicatcd in sectlon IÍ.

Thesc se[s oí equa[ions could be solvcd hmh in rl'lation lO [he boulxI
state of a [hree body prohlcm such as tri[ium, as well as for a scattcring
s[a[e [ha[ would appear for example in the colli. ••ims of ncutrons and dcu[erons.
Calcularions of these types have been done by several authors1 and wc plan
(() carry rhem out aIso wirh (he procedure oudined in (his papero
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APPENDIX A

In secrion 2 \1/(' saw that the polynomL:'l1 (2.14), namely

P/(II("
l' I

II /(-I-I-'v,
,); •. I •. '~Cp l' ,v
2 11 12 v v 2

(A.U

.,,>atisfies all equations (2.7) with the single cxcept:ion of the Eq.(2.7b); i. e.
PK1 1 givcn abovc is not as yet a solution of
I ,

, ,
('7 + '7 ) P/(I / ; O .
1 2 1 2

(A .2)

\\'e shall prove in this appendix that ('nforcing condition (A.2) on the poly-
nomial (A.1) g ives a recurs ion formula for ev' whose solution we shall ob-
tain.

By straightfocward application of (he operatoc

, ,
('7 + '7 )"I , (A .3)

on (he polynomial (A.l) we ob(ain

, ,
('7 +'7 ) P/(I I
1 2 1 2

/(-/ -/ -'v-' ,
{:£'C(K-/-/-2v)(K+/+1+4+2v)p l' ,v+
VV 12 12 2

K-I -1 -2v' I

+:£'C,(2v')(2I,+1+2v')p l' ,'V-'}
, V ,

V

(A .4)

If in the s{'cond sum wc introduce as ne\\' dummy index v= Vi -1, (he cmly
hrac ket in (A. 4) bec omes
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:£[C (K-I -1 -2v)(K+1 +1 +4+2v)+C +1(2v+2)(21 +3+2v)] xv 11 1 2 1 2 11 2
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(A .5)

and [he condition chal chis be equal Co zero, leads Co [he recursion formula

= -C [~(K-I -1 )-v] [~(K+I +1 +4)+v]/(v+l)(I + '1, +v)v 1 2 1 2 2

(A.6)

for rhe coefficiencs ev' The solution of rhis formula, found by inducrion, is
given in Eq. (2.15) of seedan 2.

APPENDlX B

The purpose of rhis appendix is to obtain the eXJXlnsion of the harmonic
oseil1a[or sta'e (3.20), whieh is elassified hy 0(6), in [e[ms of ose il1a[or

( 1 ) ( 2)s[ates of ,he [ype (3.5) which are classified by U (3) '" U (3).
Let us wtite again ,he 0(6) s[ate of Eq. (3.20):

NK .1 1 1
= A [I! I!] 711 712

1 l 1 2 11 12
1 2

x

~(N-ll-12 J.y
x:£C(7J'7J+7J'7J) (71
v1l11 22 2 71(10) ,

2
(B.l)

where A
NK

is given in Eq. (3.21) and C
y
in Eq. (2.15).

!1!2
Expanding (he binomial in (13.1) and grouping [erms we obtain

-~ (~(N-I.IJ'Y)! I!] .:E e 1 2 x2 yyA A

(B .2)
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The pr<.X1uct of creation opcrators on \ O> which appears in Eq. (B.2) is, up

to a normalizatíon factor. the oscillator state

I ;, (N _ / - / ) - v-\., / ,V + \., / ,/ + / ,/ + / > (B,3)
12 1 71212

of Eq. (3.5). Supplyin~ (he appropriate normalizatiofl factor, we have from

(11.2) ,

IN K/, /, ,/, + /, ' /, + /, >

x

;,
x [c\'-/ _/,_2v_2\.)"(2v+2\.)!'(N+/ -/ +1-2v-2\.)!'(2I +1+2v+2\.)!!] x

1 1 2 2

xl ;'(1'1-/ -/ )-v-\. / v+\. / / +/ / +/ >11 '1' '2'12'12'
(FU)

Introduc ing dH' (:'xplic it value of Cv' given in Eq. (2,15) , we obtaio

from (B .4)

NK ;'(1'1-1,-1.,)
=0,. +1+,. +11'1,111 (-1) [/,

1 1 2 2' t 2

_ ~ _1

'/!] [<\71(%,(1'1-/ _/)_" )1] x2 . 1 2 2.

where

%
x [(2"¡)!!(2",)'!(2,, +21 +1)!!(2" +21 +1)"]' S

1 1 2 2

(-I{(;,(K+/ +/ +2)+v)l(;,(N-/ -/ )-v)'
S=~ 1 2 1 2

v v: ( ;, (K - /¡ - /, ) - v) ! (", - v) ! r (1 +'1, + v)

(B.5)

(B .6)
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This focmula for S has an unsymmetrical form. By following steps
aoalogous cothose described by Racah13 io his syrnrnecrization oí Wigner
coefficients of 5U(2), we can gec at an alcernative syrnrnetric express ion foc

5, namely

%(K-I _1 )-0-
S = (_1)' "1"21 (Y,(N-K))1 n ! (Y,(K+I +1 +2)) Jr(Y,(K+J -1 +3))x

1 1 2 1 2

s
xL(-1) [s'(Y,(N-K)-s)!(n -s)!(Y,(K-I-J)-n +s)! x
s' 1 1 2 1

_1
x f(Y,(K-I +1 +3)-n +s)f(n +1 + '1, -s)J

1 2 1 1 1
(B.7)

NK
Introducing this S on (B.5) and placing the explicit value of A¡I

1 2
we obcain the expression given in section 3, Eq. (3.24). WewanCco mention
that from ,he cxplicit formula (3.24) it is easy to verify that the cocfficient
has che symmetry property

<n n INK:l¡¡
1 2 1 2

APPENDlX e

(B .8)

In this appendix we shall describe the basic steps that lead co the
deccrminattoo of the matrix elements of the operacor

ln = - i ('TI • ~ - 'TI • ~ ) (C.l)
1 2 2 1

wich respecc co the harmonic oscil1acor states 1 KKi i LM> e lassified by1 2
0(6). According to the focmula (4.4) we only have ro determine the reduced
matrix elernents, which are independent of LM and therefore, sorne of chem
at 1east, could be determined if we wcre able to evaluace che macrix elemenc

(C.2)
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Far che ca1cularion of (C.2) we make use al rhe corresponden ce
~. - 0/07]. oC Eq. (3.4) and apply In 00 rhe kec as given in Eq. (3.20).
u':ing reco~;ling rcchniques, as wcll as sorne simple properties of solid
spherical harmonics, we rtnd aftec ao e lem eotar)' but len 8th y com putat ion,
char

~
[
U + 1 + 1) (21 + 21 + 3)(K -1 - 1 )(K H + 1 + 1 )J==; 12 12 12 12 x

(21 + 1 ) (21 + 3) (21 + 1)( 21, + 3)1 1 ,

J<
+1[1 U +l)(K-1 +1 +3)(K+1 -1 + 1)/(21 +1)(21 +3)]' x

12 12 12 J 2

J<
-1[1 U +1)(K-1 +1 +l)(K+1 -1 +3)/(21 +1)(21 +3)]' x

2 1 1 2 1 2 2 1

xlKK,1 + 1,1 -1,1 +1,1 +1 >
1 2 1 2 1 2 CC.3)

'Ihis formula, in combinalÍon with Eq. (4.4), permits to liS rhe determi-
nation of all reduced matrix clemenes, execpe foc rhe rhece cases

BU{ rhen, these rhece cases can be deduced from me previously known cases
by hermÍtian conjugation. Thcrefore we have rhe possibilityof evaluating all
rhe reduced matrix elemenes. Thc calculadon, once done, gives che laur 000-

vanishing reduced marrix eIemenrs of Eq. (4.5a,b,c,d).
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RESUMEN

Se da un procedimiento sistemático y explíc ito para obtener armóni-
cos hiperesféricos para el problema de tres cuerpos con una simetría pennu-
racional dada. Lo.s elementqs de matriz de una interacción de dos cuerpos
con respecto a e~tos armónicos hiperesféric(l~, se determinan en términos de
los elementos de matriz correspondientes p".Hl estados del oscilador armóni-
co. Esto nos permire reducir el p:oblema de tres cuerpos a un sistema de
ecuaciones diferenciales ordinarias acopladas para las funciones hiperradia-
les.




