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ABSTR,\CT: The different selt"ctions of fluxes and the correspondin,ll: rhermo-

dynamic forces in the linear rheor}' ofirreversible thermod}'namics

are written. In this paper we pr("scnt a method for calcu-

1atin#t explicitly these forces by means of the equation
of .,>tate of OUt gas mixture. Also. we win obra in the phenome-

nolo~ical coefficienrs of the linear laws in che standard form"

as a function of sorne coefficienrs ('asily obtainabJe by ex-

perimental methods, usin,ll: again the equation of state of the
gas mixture. This Jast point will be ucated for a binary mixture
only.

I:'-ITRODUCTIO:-':

Irreversible thermodynamics is a branch of physical c!Jemistry which
('Xt{'fHis the phcnomcnological trcatment of thcrmodynamics to non-cquilibrium
process('s.

Thcrmodynamics uf irreversible proccsscs takes into account man)'
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phenomcnae. as mass transpon. momentum amI e(ler,gy. Ir uses the hydro-
dynamic equations on a fundamental formo and its principal objectives are
the \"iscosity eff{'cts. heat conduction. diffusivl-' ph{'mllTlt:na~and also cross
e(({'cts as thermodiffusion.

In the sam{' way as equilibrium thermod)'n;;lmic~. thermodyn.unics of
irreversible proc{'.'iSe5 is built upon two laws. 'rile fir.,t la,\! thar defines
internal energy and postulates etler¡;y con.''\('f\',lti{l{¡. can be \\ritt('n in
the following form 1

"
dU /dl = V di\' J - P(dV/dl)- Vn: grad v + V ¿ J.' F.

q • = 1

(1)

che sp{'cific internal en('rgy. V the specific \"olume. P the pressure.
flux. v the hydrodynamic velocity of the mixture's n.nter of ma."is.

where U is
J the heat
q

J =p.(v.- v) is the diffusion flux of the k component. F4 is lh,' {'xternal
forc,' per unit mass excrted on til{' k compon{'nl and 11 is the viscosity tensor
(pres5ure tensor without che hydrostaeic pan P).

The second law is bui1t using the Gibbs rclation 00 a m:lS .•.•elemcnt
of our system. (That is, thermodynamical equilihrium\ is 5upposcd to
exise inleach mass element which composes the system), In rhi •• way
:lte entrop)' production (which is zero for equilibrium processes) is llhl<l.in(,d
a.sI

n-l

Ta -J (gradT/T)- L Jc' {Tgrad(~c/mcn-(~ /m n)- Fc + F 1_
q ,,=1 '" '" '" n" '" r,

-no (grad v)'-77 di\' v_ ¿ J.A.
; = 1 ! !

wiJue a is the entropy produccd per unit time and unir \"olume. T is the [emper.
ature. J..L'Jc the chemical potential p<.'r p~rticle of th," k component. mJt. is dH'

Illa:-..s of a panicle of chis componcnt. 11= n - «(; 11: U) U whef(' U is che duce.

dim,'nsional unit malrix, (gr~d v.)s 15 the syrnm{'lric part of the teosor

J!:r;,d v -= grad v - (~div Vi) U, J. is che chemical reactioo ratc uf re<lction /,
]

"
A,. = ~ vJt.,.(flJt.lm •. ) is rhe chcmical affinitv of chemi<.."al reaction j. wh( 1<"

k = 1 "

the quantity "l/ki di';ided by (he molecular mass is the stoichiomctric l' H:f.
fl('j("ll[ with \\.hlciJ tl1[; k componene appears in the chemical reaction, .l~ ~i
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") f "J OOn deducing (2 we have used rhe acr rhar _ ,,:=
• = 1

finally 77 = %II: U.

and rhar n is a symmcrric r('nsor.
This la sr equarion can be rewriuen in rhe following marricial form

Ta = X J

where rhe rilde indicares rhe rransposed vecror and rhe veerors X and J arc
dcfined by

~
X = (- (grad T/n,

s. s. s. s. s
- (grad v \, ' - (grad v \2' - (grad v )\3' - (grad v )21' - (grad v )22'

• s • s • s ')5. )
-(gradv) .-(gradv) .-(gradv)2,-(gradv s,-dIVV,-A, ••••• -A.. 2.'1 . 31 . .3 . . .'1 r

(5)
vector and rhe

fluxes are linear funcrions
nor so far from equilibrium.

The X vecror w1l1 be called rhe rhermodynamic forces
j vector will he rhe'fluxes vecrOf.

Ir is an experimenral facr rltar rhe
rhermodynamic forces when rhe sysrem is

of rhe
Thar

IS

J =Lx (6 )

The L marrix is known as rhe phenomenological coefficicnts rensor
ano it is of .sueh form rhar for an isorropic medium, ir only relar('s rhe fluxes
and force s of rhe same tensorial characrer. Thi.s facr is ofren refcrred ro
as rhe Curi(, symmerry principie.

The linear relarions (ú) {or ao isorropic rncdium can rhen. be written,
for rhe flux{'s and Corces oC vecrorial characrer. in rhe Collowing way
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.-1
) ~ _ L (grad T In - :s L e [T grad (l"klmkT) -(1" 1m T)) - Fk + F. J
q qq Ao: = 1 q~ r.l r.l

),

1, ... , 'l - 1

+ F J,•

(8)

Ir has beco shown rhar rhe coefficients oC dIe linear laws fulfill cerrain
syrnmetry propercies known as rhe Onsager reciprocal relations. For example
L .•.= LJc in equations (7) and (S). In othcr words, rhe marrix which relates
q q . 1 .
the f1uxes and force s oC \'ccwrÍai character i5 a syrnmetnca ma[[lx.

MEIXNER TRANSFOR\IATIONS

le i5 possible [O pUf (he entrap)' prexlucrion (2) in equivalent forros widl
different selections of fluxes and forces. This 1S generally done for (he entra-
p}' production due [O f1uxes and forces oí vectorial character (rhe fírst [\\10

retros of the right hand in (2», but ir can be made foc aH retros in (2).2 Su eh

transformations are ealled \1cixner transformations.
Let J and X he the vectors that consist of the first n componcnts of

(4) ami (5); that is, the fluxes and forces of vectorial charactcr only. Then

J~Lx (9)

where L is a symmetric ma(rlx. If Vo'e consider no\\' a neVo' ser of fluxes and
forces, linear func(ions of (he prcvious (wo:

J'~BJ
(10)

x'~Cx
whcrc e is a non4singular mauix; rhen, ir is secon rhar rhere exisrs a neVo' re-
lation berween the ncw flux es and forces in analogy to (9), Vo'ith a new matrix
of phenomenological coefficients:



Dijjusion jorces ando o o

J' ~ L' x.
(11)

If we al so ask [ha[ [he Onsager reciprocal relations are s[ill valid for
[he new matrix:

~.,
t. ~L

and [ha[ [he value of [he en[ropy produc[ion remains (he same:

~. ,
Tu ~ X J ,

(12)

(13)

"", "v,
where X and J are [he vec[ors (4) and (5) wi[h i[s firs[ n componen[s changed
by [he Meixner uansforma[ion (I O) o Then, i[ can be shown [ha[

On using a matrix B defincd by2,.3

(14)

O

O

- ((H/m, ) -(H.lm.)) I

I

O

- ((H•. /m •• ,) -(H.lm.)) I

O

I

(1'1)

where HJc is (he parcial en[halpy per particle:

(16)
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and I is (he three-dimensional unir matrix, the entropy production (2) can be
wri(ten in the equivalent form

.-1
Tcr=-J'o(gradTITl_ L Jlo[{grad(fl-llml)-(fl- 1m »)} -Fl+F.J-

q - .=1 n n T

- ñ: (g;ad v)S - 77 div v - L J.A. ,
j=t'1

where

and

On obtaining (17), we used the {act rilar

which can be seen from (he defini(ion (9), from rhe equation

(17)

(18)

(19)

(20)

(21)

wher<' 5. is defined in rhe same way as definirion (16), and also froro rhe
\faxw('ll relation:

(22)

Another form of rhe entropy producrion can be ohtained by means of
rhe folIowing matrix2."
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B=

(lIT)J - «/l/mI T) -(/lnlmnT) J ... - {(ILn_/mn_, T) - (/lnlmnT)J

O J O

O O J

(23 )

So, (he entropy produc(ion is rewriuen instead of (2), as

n -1

Ta = - Js. grad T - ~~,J~. [grad {(/l~/m~) -(/lnlmn) - F~ + F.J -

. '
-n:(gradv)s-7Tdivv- L I.A. ,

i=, 1 1

where

n

Js = (lIT) (J - L (/l~/m~) J~)
q ~ = 1

is lhe enrropy flux.

(24)

(25)

EXPLICIT CALCULATION OF TIIE DlFFUSIOI\ FORCES

From equations (2), (17) and (24), three expressions for the diffusion
forces can be written1. 2 • .3 :

(26)

(27)

(28)
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As we can see from thcse expressions, {or computing rhe diffusion
{orces, we have (o calculare the gradients oC the chemical potencial. This
is made wirh rhe aid al tll(' equation of state oC OUT gas mixture. 2,3

Lct us suppose titar we have rhe vidal equation of state:

" "
l' = hT :£ (N IV) + fa :£ R (T) (N /V)(N IV) +

"~l " ",I~1 "j " j

"+fa :£ Bu (T)(N,,/V) (N /V)(N¡lV) + ...
!t,;,l=1 , J

(29)

wltere rhe IJ' s are functions of '[' and are symmetric under lile interchangc oC
any (wa indexo

Next we wil! calculare rhe virial expansion oC the chcmical potential
from rhe laSI equation and rhe relation2.-4

!-',,(T, V,N .• ) = !-',,(T, V,N.,) + J~(cap/aN,,) - (hT/V')) dV'
1 s 1 s. '{}Ideal V T,V, .Nj'st-Jc

(30)
whcre

!-',,(T,v,N .• )
1 s ideal

T T
= 1 Cv "dT' - T J kV "áf'/T') + hT - hT In (V/N""o ) + Uo ,,- Tso ".r' T' , ,O O

(3l )

In chis last equation. Cv ,Ir is rhe specific heal per particle al consrant,
\'olume oC [he k component in rhe ideal gas lirnit (low dcnsitics) and is a function
of temperawre onlYi ua Al is dIe inrernal energy pcr puric1c of dIe k componenr
in rhe same limit when' 'r = 7' , rhe standard srare remperarure; s " is rheo O,
enrfopy per particle corresponding ro rhis 'stare and va is the volume per pani-
ele of rhe same 5tatc.

lf we introduce (29) into (30) we obtain
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+ '1,fa ¿ B.¡ TI¡ TI TI +
¡ ~mn m",,,,,,,

(32)

where the r¡'s are rhe particle densiries of rhe different components. From
rhis equation we can obrain the virial expansion of the chemical potencial
gradient:

grad p.~= {(ap.~idea/OT){7¡ .• } + 2~7(TB~¡ + B~¡) TI¡ +
1 s

(33)

In the case of express ion (26) we have to calculate

(34)

On using (31), (32) and (33). the diffusion force X~ is obtained in
the following form

x~= - [grad ((p.~Im~ ) - (p..1m.») -( (p.~Im~) - (p..1m. ») (grad T ITl - F~ + F.J

(35a)

also
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-(grad 1) /m 1) ») + 2f,r~(R'I/m,) -(11 l/m )) "rad 1) +"nn 111I:11I: n n t"' I

+ ,f..T ~ ((11'1 /m,) -(JI 1 /m») 1)1 grad 1) - .. - F, + F ]
I 11I:"1 11I: "m n '" 11I:",m

(35b)

whefC u. ideal is lhe internal cncrgy pcr particll" uf the k componen[ in [lit'

ideal gas ¡¡mil and ir is a function uf ll'Ul?('rarUfc unir.
For computip,~ da" diffusion for~_'~ ;n (he form (27). we will U~e [he

definition (I9) for (grad 11'.)y' In cxprc.ssion (52\ we dl)O'( ilav(' fLJc(T, P, Nj' ...•)
l>uII-',,('1',V, N., ) ,so we "'ill use ,l.•..•-""in rule for calculaling (fJ/LJÓT) { }'

J s 11I: P N ..
• 1'"

(JI-',,/(ln = (Ó/L,,/dT) + (d/L,,/cH') (dV/Ón ,
1', {-","s} V,{N,'} T,{N .• } P,{N, }

.'i J s 1 s

13(,)

which can b<.' rewriuen as

(ÓI-',,/ÓT) = (ÓI-',,/ÓT) +
P,{N., } V, {N, }

! s 1 s

+ [(ÓP/óT) (Óp/aN,,) ]/!ÓP/ÓV) (37)
V,{N,"s} T,V,{N .• ,,} T,{N .• }

]sr-1C 15

where use has beco made uf the cyclic relat!OIl amI lhe \faxwdl relarion

(ÓI-',,/ÓV) = - COP/ÓN,,)
T,{N., } T, V,{N... ,}

15 1~1',

(38 )
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n

(grad (IL" 1m" ))/. ~ .}; (I 1m" )(01"" leh]. ) grad 7)¡ -
1=1 IT,{'1"s1¡}

331

(39)

So, il a substi'ution 01 equarions (29), (31), and (32) is made inro
(39) [he diffusion force (27) [O sccond ordcr in [he dctlsi[y reads

+ 3fa }; (B ,.1m ) - (Bc,.Imc ») 7), grad 7). + ... + h [( 11m ) - (IImc») +l' nI n 11I:1 11I: 1 n 11I:,/

+ (2/7)):E.(W .Im )-Wc.lmc»)7) ~(-B/ +'['B/' )7) 7) -. nI n 11I:1 11I: 1 I ,. mi"./ ,m

( 40)
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Finall)', die 3th form of the diffusion (orces (2H) is obtained dir('ctly
from equations Ln) and ni). leavill,g rhe following ('xprt'ssion

T
X~ = {[f (el' jme)-(cl' 1m ))(ár'IT'] -M(llme)-(Ilm))-
/IC. T ,/IC. /IC. ,n n 'd 1 I'r. n

o I ea

- 3~a~(Be/ Ime)-(B / 1m )),)/ grad1) - ... + Fe- F[ /lC.m ~ "m n m /IC. n,m

BlN:\HY MIXTlJHE

(41 )

In cast' ~'e ilave a mixture of rwo componenrs only, the marnx (15)
which transforms lhe £luxes is rilen ,given by

where

B =(/ - H/ )

'O /

H = (H/m,) -(H, 1m,)

The oc\\' veerorial £luxes are rilen

(42 )

(43)
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and the corrcsponding thermodynamical forces, whcn there are no external
forees present, are given by

x. ~ (- (grad T In ) (<15)

- (grad ¡J-).,.

where we have dcfined till" cJa"micaI potential of t!J(' mixturc as

(<16)

Tite ncw ma[rix of ph(Onomcnological coefficients (ll) transforms into

(

(1. _ 2H 1. + ...,2 l., ) 1L' ~ qq Iq ,

(/, -H1. )1
Iq 11

(/. - H 1. ) 1 )lq 11

1.,,1
(<17)

If we use (21), (22) and the fac[ [har th(, ehemical po[ential is an
inrensin." quantity, \\'(' Ilavc

(<18)

wh('re e i .••the concentra[ion of the componen[ l(cA: =p./p; k = 1,2).
\'ow we will defines lJ. hT and K by mC<lns of [he following equarion:-.:

1"1 ~ plJ I( d¡J-/dc)
T,P

(50)
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2
L = KT + [P[) {I" - TCCJ¡L!(;T) + k1'CCJI"/oc) } 1/(O¡L/oc)
qq P,e 1',P' 1',P

(~!)

An ¡ntroduc';on of (48), (49). (~O) and (51) into (47) ¡cavo, the new
IlI.Hrix of phenomenological coeHicieors as

('\ 2)

rhen rhe ne\\' linear rclatioos (11) can be wri!ten as

= -(KJ'+h'1'P[)(O¡L!oc) _h1'P[)T(Of-L/OT)p )(grad 1'/T)-
T,P ,c

- [p[)/(ol"/oc) ] grad¡L,
1',P

('\ 3)

('\4)

h is convcnient (o eliminare ,grad JL from the exprcss ion for rhe !leal

flux, replacing ir by JI and grad T. Then we have

The orhcr ind{.'pendent equarion shall he obtained (rom (54) using rhe
fau tha 1 ¡L = ¡L (1', 1', el .
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-pV [¡(rad e + "'T(¡(Cad T/T) + "'p(grad 1'/1'] ,

wh('re we have maJe

l' Cd¡.<./dP) /(OU/Oc)
c,T P, T

(56)

(57)

.\35

The coefficienc () is calleJ che diffusion co(dficienc or mas s transfer
coefficient; ir gives the diffusion flux when only a concenrrarion gradi<:nt is
presento The diffusion flux due to che temperature gradienr is given by the
thermal diffusion coefficient hTIJ; the dimensionless quantity ~T is called
che chermal diffusion ratio.

1'he lasc cerm in ('56) has ro be raken into account only when chere is
a ('onsiderable pressure gradienc in che fluid. 1'he coefficient ~pD mal' be
calied rhe barodiffusion coefficient. Ir should be noriced rhac, by formula
('57), che dimensionless quancity hp lS entirely dctermined by rhermodynamic
propcrcies alone. \loreo\'('r, for JI = O in equation ('5'5), we have

Jq - K grad T (5R)

so fhac K is jusr rhe thermal conductivicy.
lIaving in mind chat D, ~TD and K are the 'coefficients mosc easily

obrained by experimencal methods, we can get from rhem che tensor of phe.
nomenological coefficiencs rhac relares f1uxes and forces of vectorial charal'-
tcr in the standard form l. The equarions char we will use are chen (49), ('50)
and (51).

Now, we shall obra in ,he expressions ¡.<., (o¡.<.!Ol')p and (o¡.<./oct¡, p
,e ,

,har appear in formulae (49)(50) and (51). Agaio, we will soppose ,ha' in
rhe ('quarion of stace, ir is easier to have the prcssurc as a function of temper-
aCure and [he panic1,' densiries. As an example, \l/e wiJl take the ",irial equarion
of srare (29) and rhe chemical potencial (32), which, l'xpressed as a function of
rh(, remperature, specific \'oluffie and concenrracion of che componencs 1 and
2, gives us

2

+ ("'T/V') ~ 1J~.¡(c~/m~)(c./m.)(c¡lm/) + .. ,
1t.,;,/=l ] 1 1 ( 59)
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2

+'!,(kT/V2
) ¿ R., (c,lm,)(c 1m )t ...

/_m.=1 ."1; m m m.
«(,0 )

In the hL,>tequation we <.Jon'ehave f1-IcCf, 1', e) but f.L1c('1', V, e), so we
shall use again the chain rule for calcula[ing the parcial derivativ('s of [he
chemical p()[('ntial when the pressure is constant. In this way we obtain

(o¡LloT) = (o¡Llon t [(01' 10T) (01' loe) 1(01'10V) ]
P,e V,e V,e T,V T_e

((,1 )

(o¡Lloe) = (o¡Lloe) t [(oplod 1(01'10V) ] (62)
T,E> T, V T_V T,c

On obtaining these last two exprcssions, use has be en made of the
cyclic rclation and the Maxw<:1I r<:lation:

(o¡Llov)
.,., e

- (01' loe)
T,V

(63)

From (60), we can llave the cl1emical potential of the mixture (46) as
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l' T
¡L~(fL/m )-(fL/m,)~[(I/m,)J cvldT'-(l/m )J.cv dT'] -

lIT ' 2 1 ,2 Idf."alO O

T T
- [(Y/m )J le, dT'/T')-(T/m )J (c dT'/T'] +

1 r \.,1 2 r V,2 ideal
O O

337

lf we introduce ('59) and (64) ¡nto (61) and (62), then wc have, to

second order in the density

Tca" /<JT) ~ - [J (I/T')( lev ,/m ) - kv ,/m,») u'] +
1 P e T ,1, ideal

, O

+ '1, fe ~ [(T!J,', -!J" )/m» - (('n¡', - /l, l/m »] TJ TJ -1,,,, ",,,, 1 2m 2m 2 1 m
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- (4/7)«I/m¡)-(I/m'¡) ¿({/ji/mi) -(ll,/m,¡h¡ +
1

(66)

And, on SubSlituting equalions (64), (6'i) and (66) ineo (49), ('iD) and
(')1). we can havl' rhe coefficients which relate the (luxes and forces of
\'{'croriai charaeter as a function of temperature and partide densities and
also as a function of the experimental quantities D, liT and K.
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RESU\lEN

Las diferentes selecciones de flujos y las fuerzas termodinámicas
correspondientes se escriben delltro de la teoría lineal de la termodinámica
irreversible. En este artÍculo se presenta un método para calcular explícita-
mente estas fuerzas por medio de la ecuación de estado de nuestra mezcla
de gas. También se obtendrán los coefici('lllCS fenomenológicos de las le-
yes lineales en su forma usual. como función de algunos coeficientes fácil-
mente obtenibles por métodos experimentales, usando de nuevo la ecuación
de estado de la mezcla de gas. Esto último se analizará sólo para una mez-
cla hinaria.




