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ABSTRACT:

ikrrid: and Sinanoglu

The concepe oí a non-invariance group 1 s presenred by con-

structin.'\: a Lie algchea representation oC che non-compac(

~roup 0(1, 2) on (he ¡.dimensional spherical harmonics. Ap-

plicarions oí (he analysis are made on che bound scare Kep!("(

problem in 1-1 dimensions, 8nd by consrrucring rht' anli:ular
ponion oí (he dipole operarar wirh [he generacors oí (he OU, 2)

al~ebra. Uses oí non-invariance groups in chc:-misrry are dis-
cu ssed.

INTRODUCTION

Thc use of group theory in quantum chernistry has beco limited foc

rhe mose part to invariance groups, in which aH of me group elements cornmute
wirh che hamiltonian of che system of interese Thus, most chemists are
familiar with (he uses of che three-dimensional rotarion group (or quan(izing
orbital angular momenmm, 5U(2) {or describing spin propenies, and o{ course,
(he {inite point groups which characcerize most molecular s)'stems. Perhaps
less {amiliar is the coneept o{ a dynam;ca/, non-;ntJar;ance group (or a
hamihonian 11. Such a group coneains ,:Iements which do no( eommu(e with
11. and thus necessarily Conneet staces o{ different energies. Irreducible
represen(ations of a nO;l.invariance group ma)' coneain all or par( o{ the
spectrum of 11, and are useful for ciassification of the states. (For an ead)'
discus:-.ion of examples of dynamical groups ehae are applicable to molecular
spec tra see ref. (1»). In addition, quan(ities o{ physieal interest sueh as
(he dipole operator ma)' possibly be represenced as a simple (unecioo of the
group elemenrs, or as a tensor operator, leading to a simplificadon in che
evaluation of matrix elements and the appearanee of selection rules. U'c
have included several references 1.8 in which the uses of dynamical groups
have becn di .••cussed with regard to problems' of chemical intcrest, although
this list is b)' no meaos complete. Referenee (4) presents a very elegant
and fundamental treatment of the higher groups in quaOllU11as wen as classical
mechanics.

The concept of a noo-invariance group in atomic physics is well
understood for simple systems. For instance. ir was shown by Fock9 (har
the four-dimensional rotation group was the invariance group of the- bound
state hydrogen atom which explains me degeneracy of states having the
same principal quantum number. Yee more recently it has becn shown 10.11

that a non-invariance group 0(4,2) contains operators which can generate me
en tire bound state spectrum, and ma)' be used to CO'lStrUCt a group theoretical
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represenration oí the dipole operator as wel!.
In che present papee we shall use (he spherical harmonics in ¡.di-

mensions to show thal thcre is a representation oí a group locally isomorrhic
to 0(/,2) which is a non-invariance group foc the usual O(f) rotadon geoup.
\t'C confine oue analysis nO( to (he fuIl group representaríon, bUI rather to
(he more useful Lie algebra representadon. Ir has beco known foc sorne
time 12-17 that the representaríon oí Lie algebras 00 spaces of orthogonal
functions is related ro (he ladder operators in [he factorlzation method of
I"fcId and Bu1l1a• As such, [he present analysis could be regarded as an
application oí this relationship. It is hoped that OUT simple application may
serve as a useful introduction ro non-invariance groups, and in the case of
O(j, 2) ro the representation of non-compact groups of infinite dimensional
vector spaces.

In section 1 we revicw briefly the properties of the srflerical hannoo.ics,
which are bases for irreducible representations of the angular momenrum
group O(j). In section 11 we use ladder operators, known from the factori-
zation method, to show that the spherical harmonics in an ¡-dimensional
space are a basis for a representation of a Lie algebra locally isomorphic
tú 0(/,2), if 1 > 3. This algebra will be deno[ed as [he "angular" 0(/,2).

The two dimensional space is considered separately in scction 111, and it is
shown tu be related lO the 0(2,1) algebra. In section IV \l/e review the
relationship oí the (j ti) dimensional spherical harmonics to the non.rela-
tivistic Kcpler problem in ¡ dimensions, and show that the bound state eigen-
functions are a basis for a representation of o(¡ + 1,2), a result which we
have noted for ¡ = 3. In section V the angular portion of the ¡-dimensional
dipole operator is consuucted with the generators of the "angular" 0(j,2)

generators.
Our interest in the angular OU, 2) stems from our investigationS of [he

bound state hydrogen atom radial functions, which were shown [O be a basis
for a Lic algebra representation isomorphic ,to 0(3,2). The results of the
present work indicate that the Lie algebra description of the full wave functions
is contained in the product representation 0(3,2)R d' l~ O(3,2)A I ofa la ngu ar
radial and angular wavefunctions.

[. TIIE SPIIERICAL IIARMONICS IN 1 DIMENSIONS

The properties of angular momentum on f dimensions are [00 familiar
to \\.~Hrant a detailed discussion 19, but fOf notational convcnience we shall
revic"",' the more important a.o,¡pects briefIy. "!be Lie algebra of the ¡--dimensional
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rotarion group is generated by. the /(j - 1)/2 operators

Herrick and SinanogJu

.. .... ...~:.
L¡k = x¡Pk ~ xkP¡

, "

"(j, k ,= 1, 2, ' , , , j),

0', '

(1)
, ,

The f~djmt'n ..••ional sphctical harmonic~'are (he eigenfuncdons of me'/-l
operawrs , ,

"
1 ",'

1,,2, ;::; %, y l.'., (/ -- ') 1 /")- '" -"':)"",-,"j, k = I /

"n.1C,cllH.t:spnnding jntcg<:'r t:i8t:n"'dju.(.¡~ aH; 'lUt j- t. -2.}, \\ i~h () ~<,)']

/, < ... ~ 1,. In h'\'p<:'r~ph( ..rlc.ll coordinates rhe (lp('raror 1: h(:UJ,Ilt:'3

<

( 2)

,
I2 I ¡J'

(sinO
t
-!~) - ," - 'J,) "":. d J., _ I

(3)C~)(etr-~ 7" ;:i;;-~dO, de, ' dO 'o,
'111 t

If L:_1 is H')laced by its c-igenvaluc '/-1(/1-1 +1-3) we can define the
funclinos A(/ / lO be [he snluríons of rhe equation

1 t-1

(1)
-',(/, + /-2)] A'l

I 1 -)
= U . (4)

The /-dimensional spherical harmonics. dt'noted b)' y' Of símply
//"/-1",' ,

l,.t/) , ma" rhen be defined in (enns of the Cf-l)-dimcnsional s~herical/ .
harmonics by the formula

(fl (j) (/-1)
y = A Y
'/ 1/'/-1 1/-1

Tht: 'wlutions of (4) for I > 2 are

(fl . / /-1
Ak/ = Nk/¡!sme/) F(I-k,/ 7k 7/-2; '7_

2
-; 1 -eo' e/--~ ),

2

(5 )

(6 )



with

N -C { r(l+k+I-2)[k+~(f-2») }~
kll - kl --~2~---

r(k-I+I)f [1+ ~(/-l)) 221+1-'

(7)

5

lbe indices 1
1
and 1

1
_, in (4) have been replaced by k and 1 for convenience.

C
kl

is ao arbitrary phase factor. In rhis papee we shall use Ckl =(_)y':(l+lll)
so thar fOf f = 3 OUT results are consistent Wilh rhe usual Condon-Shortley

phase convention20. '[be normalization constant NkJ{ is chosco so rhar

(8)

The spherical harmonics in two dimensions wiIl be discussed in section Ill.
For a fixed value of I the different A~;are related to eaeh omer by

means of rhe foIlowiflg ladder operators:

t/-3),
2

(9a)

N =t
(9b)

with (he operators G and N defined by

f - 3 (n
(G - 1- _ ) ,1kl = O ,

2
(lOa)

(N - k -
f - 2 (n
--) Akl
2.

= O . (lOb)

(/) ~ (/1
C. Akl = [(p:¡: q)(P t q + 1)] ,\ It. (1la)
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[(" + b)(" :t h:t

,

" (j)
1] Aktll,
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( Ilb)

f-'rl=k+ __ -,
2

h = q - ~<'

P=1l-1.

(1 le)

;'\¡'oc{' that

and

(12)

( 13)

out chat Nt can ¡ncrease the valul' uf k •.•.-ithollt baund. In ad<iirion, functions
A~J ~.ilh 1< O mar be generared wich rt:peaccd use oC C.

In order ro establish rhe cOlln('Ction of che ladder operators with a
Lit' algebra we d)[air. from (lO) alld (l]) che Collowing {;ommu[¡ltion r('¡atians

. (í)
on thl' Ak1 :

anJ

[e., (;.1 ~ lG

(1 ,la)

( Ilb)

(l5a)

(1 "b)
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Th{. rdations in (14) and (5) are isomorphic [O [hose of rhe Líe algebras

010(3) and 0(2,1) respcctiyeiy,
:\dditional ladder operawrs may be obrained from rhe commutation

relationsofthegenerators {G,Gt,,\',St}, and ir Ís easilyseeo(cLthe
results of secrioo II for f = 3) that the A~{) arc' a hasis for a representation

of a Lie algebra locally isomorphic to 0(3,2)" "Ihe proouct space of h..ncrioos

is then a basis for a represenrarion of

(/)
S "0(3,2)"0(3,2),, .. , (/-2 ,imes),

(16)

(17)

and the generarors of 0(1) on the ¡..dimensional s~herical harmonics are ac~
cordingly (-lemenrs of rhe envelopio¡2: algebra of S f). resrricred ro rhe lí(!)
subspace 01 Z(f), /

\l'e turo no\\' from mese general considerations of the {.dimensional

spherica! harmonics tu [he consrruction of the ge[lerarors of the "angular"

0(/,2).

\\'e define

11. 1'111' ANGULAR 0(/,2)

(k)
rhe 2/ operators N Í acuog 00 [he

(/)
}' by
1/ .

(k)

Nt

with k - J .2

Xk
[-I.rlt t ¡Ir' p))
r

.! '1111

J - 2
2

(20)

(21 )

(.(.,

The~, aro..
(f)

g{ n•..'l ,,111" 1tion of th (" .\:1: :n (9b), \lo íth .\' t. = S .•.in hypersrherical
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(k)
Th{, operators N and .'\¡' t (Ogt'cher with me Ljk of (1) are a sce of

(j + l)(j + 2)/2 operawcs with che foIlnwing cornrnumeion felations:

(22a)

(22b)

(22c)

(22d)

o (22c)

If we define che genU<lCOfS Mab = -Mha such rhar

(22f)

1. 2.... , f) (23a)

(23b)

( k)

.'1. = .\1/+1 k :t i.lfk /+,

rhen [he:' corresponding cornmurarion cciations',u(

(23cl

(24a)

with
gab O, ir a = b

g(la = + 1, ir a > j (24b)

gaa - 1, ir a ~ j .
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Eq. (24) is sufficien, 'o eSlablish ma, ,he ,11;4 genera'e a Lie algebra locally
isomorphic lO rhe 0(/,2) algebra. No,e ,ha, our developmen, has implicitly
included an 0(/,1) descrip,ion of me spherieal hannonies sinee 0(/,2)~0(j,1).

Ir ins(cad of (he sphcrical harmonics we consider functions of me
'ype R(T)y/l), ,hen ,he full signifieanee of ,he 'erm "an:;ular" 0(/,2) be<:omes

.f
apparen( Slnce

111. THE CASE / = 2

The "sphertcqJ h~nnonics" in (he (wo-dimenstonal space are che
fune(ioos A", ::;:(27T)-1 e""4J defined 00 [he inrcrval O~ </J ~ 27T, wirh
m ::;:O. :t 1, :t 2, o o. They are ormooonnal,

and are the cigenfuncti.oos of che angular momentum operator L
12

We define rhe addi[ional operators

211

I A' A ,d</; =o •• •• s•••• (25)

= .d-,-
d</;

(26a)

(26b)

which have cornmurarion relations isomorphic ro those of 0(2, 1):

(27a)

(27b)

The Casimir invarian, Q = 1(1 -1) - 1+L has [he value w(w + 1), wi,h
w = - 1- is Inspecrion of the gcncrators .••how that [he representarions

are uniuryo °rhe irreducible repn:sen(a[ion!'l.21 obtained are [he principal
"tc(iell. IJp(Q,h) exccrt when h :; 1 and s = O o In [his case [he repre.'ien-
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+
tation splits into t1 positive discrcte series 1;) (- ~) with m ~ 0, and a nega-

tin' discrete series f)-(-1) wirh m~ - 1.

IV. TIIE NONRELATIVISTIC KEPLER PROBLEM IN {-DlMENSIONS

Consider the Hamiltonian

wherc.:

, )
I/=p--

r

fp' = ~ p¡
k =, '

(28)

(29)

The bound stare eigenfunctions of 11 in mornencurn space are related to rhe
(f+ l)-dirnt.'nsional spherical hannonics22.23,and in rhe SchrOdinger represen.

tation the generators of the 0(1 + 1) algebra which cornrnute wirh 11 are rhe
orbital angular momenrum opcrators L;k and the Runge-Lenz operators

[

X {-l. . f ] - \¡
Al. = -.!. - (-)rPk r.2: L'kP, [- 211] ,

r 2 ,=, 1 1
(30)

with k 1,2 ..... {. The Off + 1) Casimir invarian! (eL eq. (2» is given by

,
l.' +1\' = (-2IIr'-({-I)

2

= k (k + { - 1) ,

and rhus rhe energy eigenvalues are gi ven by

(3la)

(3lb)

k = 0,1, ... (32)



Non-invariance groups ... JI

The results of section 11 indicate that a more complete group de~
scription is giveo by O(f + 1,2). lo order to give a represenrarion of rhe
genera[ors, we note from (22) thar ir is sufficienr tú represent the ope)atúrs
Nt on [he space of radial functions Rkl insread of the functions A~t 1 as in
(9). The correspondiog representadon of Nt is

(33)

The dilatation operator is Da' Da/(r) = /(ar). The mae:rix elements are

Yo
NtRkl = [(":¡:b)(,,tbtl)] 'RUI1 '

(34a)

(34b)

wi [h " = k +H and b = I + / - 3 .
2 2

The normalizadon lS such e:hat

(35)

As noe:ed in [he introduction, the use of 0(4, 2) as a dynamical group
for e:heKepler problem in e:hree dimensions is well documene:ed. The poine:
of interest in the present papee is thae: this result may be obtaint.J from our
general considerations of the spherical haemoni1s in / dimensi6ns.

The similari[y of [he Rkl and [he AVt + 1 sug~es[s [ha[ die Rkl are a
basis for a representadon of 0(3, 2) juse: as thé A~/ 1 were seen to be in
section I. We have investigated this "radial" 0(3,2) algebra for e:he case
/ = 3 io a previous study5 of the hydrogenic radial functions. The ine:erestiog
feature of it is that the irreducible representations of [he "radial" 0(3) sub-
algebra are characterized by half-integer eigenvalues, in contrast to [he
present work in ';¡.'hich we are concerned with orbital angular momentum only.
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V. THE D1POLE OPERATOR IN 0(/ ,2)

The coordinares x. (j = 1.2, ... , ¡) are the componenrs of a vecror
1

operaror in rhe ¡-dimensional space, and rhe angular matrix elemenrs of rhe
x. are simplified with ,he use of lhe Wigner- Eckart lheorem for orf)o The
l~(k) in (20) are a150 componenrs of vecror operarors, and a simple rear-t
rangemenr gives

Thus rhe familiar angular marrix elemenrs of che dipole
[ained directIy fron, [he "angular" 0(/,2) algebra.

(36)

operator may be ob-
In addirion, Slncc

I ,
::£ (xk)

k = 1 r
l , (37)

substiturion of (36) inta (37) gives an inrerestlog represent3rion of [he
. I . . f h ,,(k) d Ni( cntuy operaror 10 tcnns o t e operators l~t ao .

VI. DlSCUSSION

The applicarion of rhe concepr of a non-invariance group ro problems
of chemical inreresr represents a challengc co che theorecical chemisl since
precise rechniques of useful applicacion have beco ,"¡rtually' unexplored.
'hile the spberical harmonics in ¡-dimension are uf :nterest in their own
right, we have used them co indicace rhe useTulness of the non- invariance
group for an exaccly' soluble problem. Such inyesrigarioos are useful .!lince
they can be in5lfUctive when dt-termining me exaCI or app-OX'Ímateinvariance
groups which are re:evanr: ro such diversc areas as rorarion-vibrarion specua.
Rydberg series and configurational mixing in aroms and molecules, and r:he
inreraccion of discrc~te states _im continuufIII stares.

One intere~cjng area uf possible applicalion is rhe use: of multidi-
mensional rorarion groups in rhe descriprion of man,,'-body colJisions24• In
panicular we note the work uf Macek 2S who demonsrrarcd the approximarf'
separabilit)' of tbe .Hclium a[om wa,'efunctions in che hyperspherical coordi-

"nale' R ; (',' + ,~ )' " a ;arclan ('/'2 );,e, . e" eP" eP, . Thus, inve.lÍ¡talion
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of tI.e relevan e angular properries of (he wavefunctions should Icad [O an ap.
proximau.' group rhc:orerical classification of aromic statcs.

Tho difficuhy uf finding useful methods of application shuuld not be
undcrestlmared, howc\'er. In fac( [he determinaríon of a use/ul noo-invaciance

•group (oc a simple molecular system such as Hz is still an unsohed problt'm.
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RESU~IE~

Se presenta el conc('pw de un grupo no-invariante, construyendo una
representación del ál~ebra de I.ie del grupo no~compacto 0(/,2) en los armó-
nicos esférico .•.•de ¡-dimensiones. Se hacen aplicaciones de este análisis
al problema de Kepler de estados ligados en /-1 dimensiones, construyendo
la panc angular del operador dipolar con los generadores del algebra 0(/,2).
Se discuten los usos en química de grupos no-invariantes.




