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ABSTRACT: Angular momentum in quantum mechanics is usually srudied by

diagonalizing irs zenithal projeClion J • An alternare sch{'me• O
is de\'elopcd hefe by defining an operaror T corresponding ro

the orienration oC rhe azimuthal plane around the polar axis,

In the (2{+ l).dimensional eigenspaces oí)2, (he cigen\'alues

oC rhe azimuthal directiull are regularl)' distribut(,d ",irh a
spacing 2rr/(2j + 1). The cocc{'sponding eigenstatc.s of r,
when expandcd upon ,hose of Jo' show a grear analogy wirh

the coherent .states of the quantum harmonic osciilarot.

1. 1NTROlllJCTlON

'Ibe angular momentum operawr in quantum mechanics has noncom-
mu(ing components. lts properties art' u.o,;ually investi~ated by dia~onal-
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Iztng ane component, Jo' along wi[h che squarcd nonn J2. The well.known
resull mal)' has eigenvalues ¡(¡ + 1) (2¡ inleger) and f. eigenvalues m

ranging by inrcgcrs from -j [O + j, is referred [O as a Olspatial quantization"
of (he angular momenrum; this dH"r~l;nology, sometirncs given a (dangerousl)'
misleading) piccorial illusrration, corresponds to [he idea oi considering a
polar parametrization of ,he angular momentum \'ceroe:

f. = "f eos e"
(1)

ft ="f sin a exp(tilf»".

where 8 and <1lwould be [he azimuthal and zenithaJ angle respectively. One
chen speaks of che "quantization DI me zenirhal angle", C08 (3 being SUPPOSl"CI

to cake 00 che diserete values m/~j (j + 1). Of course, chis is :1 ver)' 100se
way of speaking, metaphorical ar best, since ncichef 8 1 flor <t» above, have
beco given a precise marhemarical definir ion as operarors -which in parricu.
lar would cerrainly OOt commure. This is why (1) has bl'en wriucn wirh
quorarioll marks. Now rhese considerarions may suggesr an altemarive scheme
eo rhe ordinary Ofle: instead of emphasizing rhe zeniraJ properries of J , rhar
i5, diagonalizing Jo or "cos (3", why nor consider its azimurhal properties,
thar ¡s, rhe ~" of (l)? . 1 will show rhar such a progratn is feasible by ~\'ing
firsr a preci se meaning tO "exp(i $)" and men diagonalizing me corrcspuldillg
operaror. The rarher elegane and natural results which emerge may fiod
sorne useful applicacions.

11. DEFINITlON AND PROPERTlES OF TIIE AZIMUTlIAL OPERATUR

If an operaco{ such as q. in (1) exisrs as abona fide hermitian oper.
ator, the corresponding exponcntial r = exp(i<1l) is a unitary operacor. Feom
no\\' on, we wiIl (ocus on [his unirary opcraror r and refee ro it as rhe "azi-
muchal -operator". Insofar as one deals essentially with finire.dimensionaJ
veCtor spaces (eigenspaces of)2 foc insrance). rhere is complete equivalenc.:e
belwecn lhe slud}" oC T = e<p(i <1» aud <1> = - i Log T (defined by lhe eon-

~ n
verging series - i L ~ CT- J) ).

n=-O n
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It is rhe, here appropriately called, .polar decomposition" of any
operator as a product of a hennitian operator by a unitary ooe, which givcs
the key ro the polar decomposition in the geornetricat sensc, nceded here.
We thu~ define

with r unitary and 11' hcrmitian, whcre the notadon
size the rneaning of 11' as a "trans"crsc" pan of J.
this equation, we obrain

(2a)

15 supposcd ro cmpha-
Taking the adjoint of

(2b)

By multiplying (2a) ano (2b), we sce that the transversc operator JI' must
fulfill the condition

J; = 1+1- . (3)

Using standard properties of the operators J t and Jo (Jerived directly from
their cornmutation relations), this may be wrincn

S. l' 2.L J' h dI' • . O"~ IOce l' + Jo r , we sec ow angerous suc, expresslOns as 17' = J SIOo

aná Jo = "'J cos 8", based 00 classical analogy. can be.
To emphasizc this 1'oint, clearly linked ro the non-commutativiry of

1and lr' we ma)' define ano/ber rrHnsverse 'componenr of J according ro

-1h=Yf.rY.

Corresponding ro (2a,b), we no\\! have

(6a)

- I1_ = h y , ¡6b)
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so th eH

or

1.évy-1. eblond

(7)

(8)

l~ rhe usual basis {I jm >} Whl:'IC buth Jl i.}¡l ~ Jo ,;.--. riiagonalized, r;. and

f:.. ai su are, wi th matti x e lem en ts [i (1 T 1) - m' + ,;;: :: n'.l [i (j + 1) - m' - 111 ]

respectively. We wil! cake [he squart: rúo[~ with ,1 cCli'.entional choice of
phase.s such mar rhe mauix e1t'menrs of ly and J.l. r:ow rcad:

and

3 ~(i i m)(i - m TI) ,mn (9)

< j1ll I h I in > ~ 3mn ~ (i - m) (i + m + 1) , (10)

Ob;:;crve rhar rhe [wa rransverse operarors have rhe same S[x:ccrum (¡use changc
m into -m). which ís ncccssalY afrcr (5), Dur rhey ~lrC Twl equal, and do OOf

commute wirh r.
Another interesting propcrty comes from considering rhe cc~mut:1tion

reIncioo uf Jo and r. Sraf(ing frol1l me strtndard cornmutation rull-

using ex.pressions (5) and (6), and fl'rnc:mbcring rhar, aCece (4) ó.llld (8) tOf (9)
anJ (10)),

we obwin rhe following relarionships:

([J",r]-l')h ~ o.

( l3a)

(l3b)
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110w('v{Or, ir is nor rcut' tha!

(14)

Slnct' rhis would !ead LO

(falsc) (5)

implying rhar the :spccrla of Jo and of [-IJ() r, whi(."h musr be rhe same, are
shifred by one unir; rhis is impossible within a finit(' spacc (rhe cigen~paces
of)2). Yer, (14) would have b{'cll d <.k..•irabl{, prOpCCly, corrcsponding ro a
canonical commuró.uion rule bct""('cn Jo «(he ~{'ncr.t(or of rurarion arllund che
axis) and <t> (rhe operator of angular loc~dization)

[Jo' <\l] = - il . Ifahd (lG)

The difficulry hert' is similar ro rhe on(' of defilling a "canonical" phase
operaror fm rhe harmonic oscillator quanrum probkm, anJ is due [O rhe
specrrum boundedness (one-sided for rhl o'scilJarur, two-siJed hetc) of (he
relevan[ operators.

In facr Ir and J~are si'¡gu/cJr ,)p('fator~, withour invers{", as (9) and
(10) show c1cariy since [hey both hav{' on{' nul! cigen .•..alue (m = - j for J"[.
m = + j for JJ..), so rhar olle canllot go flom (13) to (14). Ir is clear howcver
char r = [Jo' rJ - r. b('ill~ annihilarej frolll [he le ft hy Ir and from the
rifht by J..L, is of rank olle for a ~iv('n j, wjrh all matrix element~ zero in the
{ jm > } ha .•.•is exce pr for [he < j - j 11 ' 1 j -t ¡> on e . In a s e n s e o rh en, (1 4 )
is "almost rrue".

111. MATRIX ELU1ENTS ANIlIlL\(,ONALl/.ATlON OF TlI/: AZIMüTHAL
OPEi{ATOR

\l'(' operare within a fl,iV(.'fleigens:l;ll:e of)2, ch.lractcrized by [he
[otal angular moO)("ntUIIl numb("r j. In lhl" St;lndard b<l"l~ (lf rh(-, clgt.'n\'t'cl()r~

I jm > of )2 and Jo' we know the lll<llli.\ .'kllwllt. ..•.,

--------- - - ---- ----------.
Fur non-hermitian operalors. thr Dirac nOlation is amoi~u{)us. J"h,_ con\'t'ntíon, which
1 prd er ro m ak e r xpJ i l"i t, j s th a r .....u lA j f ~ I '" th l' se al,\f f'rüduc t () I 1ti > wi lh A Il' > .
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< jm I J + I jn > S +I~(j-n)(j+r¡+l)
m,n

Lévy-Leblond

(l7a)

<jmlL Ijn> = Sm,n-l ,(¡ ; .. n tI) . (l7b)

Taking now (he matrix clemcnt of both sides of the defining relation (2a)
and using che exprcssions (9) aod (l7a) 1 wc l'Útaln :: once

~ (j +m)(j - m + 1) [< jm I r Ijn > - S + I J = O .m,n
(18)

so chat < jm I r lin > = 3 +1 exci:pt for mm,"
latioo starting from (6a) gives

- J. Furthu. [he same ealcu.

FinaIly

~ (j - n)(j t n + 1) [< jm I r Ijn > - S + I ] = O .m,n
(19)

<jml r Ijn> S
m,n+1 lor m r - j and n + t j . (20)

The matrix represcnting r in rhe basis {l jm >} (hus has unly one unknown
elemento 'lbe condirion mal rhe matrix be unitary requires ir lO be of modulus
unity. We finally have

O 1 O.

O O 1.
Jo
{r} =

O

iep O

.0

.0

1

Jo
where rhe notarion {r} emphasizes mat this is the matrix representative
of r in (he basis wherc Jo is diagonal. The parameter ep is completely arbi-
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tr~ry as is ea~ily seco (rom the fact that it enter~ through t~e dyadic
'I'j'~;><Y';" j i",,:h,ch \'s' annihilated from dlC Idt hy!y in (2a) (see (9) with
m = - j) and from the right by h in (6a) (see (lO) with m ='+ jL

In particular we may verify easily that

r = [jo' YI- r = -(2j+l) e''i'lj-j><j+j I (22)

as required h),'I( 13) and our ~ubs(,tlu('nt discussion.
It is almost trivial ro comput(' d¡(. (hdra(.tcriqir Pf,JY'!'tllllitll'of Y:

Il"t ( y - T)/} (- 1r'i + 1 (T)' i + 1 ~. e i'P ) (2.»

"he t'i.cen\'alucs of r thus. are rht' root 'uf th{.' unity uf Ordl;:'f'("2j + 1), Ji,.
placeJ by an angle (fJ/(2j + 1). Lct uc; from no\\' un take rhe arbitrar)" phase
cfll.qual tu zero. foc rhe sake of simplicilY; 'howpver, one should keep in mind
its arbicrafioess. which could provid(, a useful tlexibiJiq.' in pussible ap-
plications. W'cmar a1so mentioo hefe thar a different choice of phases in
the ddinition of 17' and h (allowing for ,ome minus signs in (9) and (lO»
could only shift che eigenvalues of y by rr/2, Ilcfining

w=exp[2rri/(2j+1)] ,

w" wri te th{' cigenvalues of ras

T)K = ú,K, (K = + j, j - 1, , , " - j) ,

(24)

(? 5)

with a rather nameal ordcring. Corre~plmdinsly me eigenvalucs of rhe azi-
muthal operaror angle ep may be written

a = 2rrK/(2j + 1), (K = j,j- 1, .. " _ j) .K (26)

In classical gcometrical (hence meraphoricaI) [erms, chis may ue
inrcrprered as a regular quantization in lhe orientation of dle azimurhal pIane
of J. The exisrence of r being given, such a r('sult ""as forc:'sc:eable; there
are nor roany ways to distribute (2j + I) points on [he unit circle in a rotation
symmetrical way!
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The eigenvectors al Tare computed very easily and we choose tbeir
phase so thar mey write

1

l2j+i.

+j~ n"¡k úJ ;71: >
m =-j

(27)

1be analogy is srriking with [he coherene srates oC [he quantum har"
monte oscillator problem. However, [he finite ..dimensionality DE [he eigen-
spaces oC)2 imply thar (hese '.angular coherent states" form an ordinary
discrete (fioire) complete basis, and nor. a continuous overcomplete aoe.
Also [hese states are eigenstates of r, and not oí che lowering oc raising
operawcs ] t' foc neither ane oí these can be diagonalized, still due to [he
finite-dimensionality. Ir is easy to derive [he transformacion properties oí
(hese azimuthal states undee a rotarioo by an angle e around me polar axis.
The corresponding uoitar)' operator exp(ilo8) has the matrix elements:

+j
w(f... -K)m eimB<jKI exp(iJo8) IjA> = 1 L (28)

2j + 1 m =-j

thal is

sin(2j+ l){~77+ !¡8}
< j K I exp(iJo8) IjA> = 1 2j + 1 (29)

2j + 1 . {A-K !¡8}Sin ___ 77 +
2j +I

As could have been íoreseen, a rotatioo byan angle )J- -!:!!..-(j..L ioteger),
2. + 1

transíorms the eigenvector I j K > oí T in'the eigenvect¿"¡¡ K +)J- >. We may
now compute the matrix representative oí lo itself in our oew basis, This can
be done by direct calculation of the matrlx e1ements

+j
_1_ L rnú)A-K)m
2j+lm=-j

(30)

or by derivation with respect [O e from [he ma[rix (29) of a fioite rotation. The
result is
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<jKIJolj>e> = i (_OK-A

"2 sin ( K - >e 17 )
2j +1

(K f- >e)

(31)

(diagonal elemenls)

Furmer developments of this scheme, including a study of the "orbit.
al" eigenstates of 1, mat is realizations as functions on me sphere (linear
combinations (27) of spherical harmonics), as well as applications to specific
physical problems, are in progress.
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RESUMEN

El momento angular en mecánica cuántica se estudia generalmente
diagonalizando su proyección cenital Jo' Aquí se desarrolla una forma alter.
nativa definiendo un operador 1 que corresponde a la orientación del plano
azimutal alrededor del eje polar. En los eigenespacios de (2j + O dimensio-
nes de )2, los eigenvalores de la dirección azimutal están distribuidos regu-
larmente con espaciamientos de 2." /(2; + 1). El eigenestado correspondien.
te de r, cuando se desarrolla en términos de los eigenestados de 1. , mues-• o
tra una gran analog~a con los estados coherentes del oscilador armónico cuán-
tico.




