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ABSTRACT: Thc rdacion betweeo the Hilbert space H of quantum mechanics

and the Hilberr space F ol en[ire analytic functions introduced

by Bargmann is used to derive uni[aey projec[ive represcntarions
of [he group SL(2, R) ol linear canonical [ransformations. These

repr~sen[ations are applied [O an analysis ol various nuclear

models.

1. lNTRODUCTION

The firsr pan of this paper deals with linear canonical transformations

in a Hilbert space r:". of entire analytic functions introduced by Bargmann 1.

Properties of mis space, its relation to the Hilbert space 11m of qüantum
mechanics and (() coherent st<Hes are summarized in sections 2 and 3. UOl-
tary projccti\'e rcpresentations of linear canonical transformations in 11m ha\'c
been derived by Moshinsky and Quesne2. In section 4 we construct these
representadons for the group SL(2, R) of linear canonicaltransformations
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in the spac.'es 17] and 1-"3. The results are used in section 5 lO derive gener-
ating functions for thesc representations in an oscillator basis.

In the second part wc ske tch sorne rnodels of nuclear structure with
a vicw on applications of canonical transforrnations. In sections 6 and 7
\Ve derive a unified viewpoint 00 the two-center and the oscillalOr cluster
model and discuss the grouod statc of 6Li along mese lines. In section 8
we generalize these rnodels and derive rhe corrcsponding exchange integrals
in rerms of complex canonical transformations. These considerations may
be rt:garded as a firsr step towards an investigation of the cluster model
in Bargmann Hilbert space.

2. I3ARGMANN IIILBERT SPACE F",

00 me complex Euclidean space Cm with points Z =(zl z2'" zm) and
the scalar product

",
a . b = L a. b.

; = 1 1 1

we consider cntire analytic functions

I(z) = I(z, z, ... z",) .

(2.1 )

(2.2)

Bargmann 1 introduced the Hennitean scalar product of two such functions
1"I,by

(/,1/,) = JI,(z) I,(z) d¡.¡.(z)

where [he measure is defined by

",
d¡.¡.(z) = d¡.¡.(z) =n""'exp{- zz} TI dRe(z.)dlm(z.)

j = 1 1 1

(2.3)

(2.4)

The ¡ntegracion extends over Cm and me bar always denotes complex <.'onju-
gallon. The Bargmann lIilbert space Pm consists of the t:ntire analytic
functions fulfilling (jI!) < oo. The elements of the Jlilben space 11 of

",
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quantum mechanics are the complex functions ~J(x) defined on the real Eu-

clidean space R with points x = (x x, ... x ). anJ (he lIermi(ean scalarm 1 m
produc t

m
dx = TI dx,

; "" 1 J

(2.5 )

(2.6)

which fulfi II < </11</1> < ~. Ilargmann 1 defined a mapping he,ween ,he Hilben
spaces Pm and 11m by the integral transform

/(z) = JA(z, xl </1 (x) dx , (2.7)

</I(x)=JA(z,x)/(z)df-L(z) , (2.8)

{mA(z,x)=A (Z,X)=77'
m

l11.e mapping is isometric.

<'/)1</1>=(/1/)1 2 1 2

exp {- !; (xx) - !; (zz) + n(xz)} . (2.9)

(2.10)

which may be summarized by the equations

J A (z " x) A (z, x) dx = exp { z' • 'Z} = (z' 1z)

m

J,l(z.x')A(z.x)df-L(z)= 8(x'-x)= TI 8(x:-x.)
; = 1 J J

Eq. (211) define .... [he reprudw.:ing kernel uf l':" with the property

J ,'xp {a . z} f(z) df-L(z) = /(0) .

(2.11)

(2.12 )

(2.13 )
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Eq. (1.12) is \'alid on1y on taking an appropriat(" limit1•

Io.:ramer and Sch('nzle

3. II.~R~IO:"lIC OSCILLATOR ANO COIIERENT STATE

10e kernel A(z. x) of [he inte~ral transform eqs. (2.7), (2.8) is an
elem{"nt of 11", b('causc of eq. (2.11). Moreo\'er ir is an eigenscace 01 che
annihilation opcracor

s loee

+
~¡ = (TI¡) =

~¡A(z, x)

/T,(x + ip,), ,

A(z,x)z¡

(3.1 )

(3.2 )

and hence is a coherent state3. It
in recIOs of oscillator scar("s IN>.

is eas)' to expand [he s(ares A(z,x)
Foe m = 1 une obtains

A(z,x)
~ -N
L <xIN>_z_ =

.'1=0 /Ni

{- "= exp ZT}JiO>.

~ _ N

L i:2LL.1 O >
N=-o N~

(3.3)

Foe m = 3, W(' find in an angular momcntum basis foc (he coefficiep.l."
in [he ('XpanSil1tl

A(z.x)- L <xINUf> A (z,sTi1)
i\' l. ,\1

che rt"cursion fciation

(3.4)

L <NL.~ I ~. I,,,"'L ',~ '> A (z, N ' I.'.~ ') = %,' A ( z, NL,~) .
,\"I~/j\1' ]

(3.5 )
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On complex conjugation this becomes precisely the recursion relation for
the homogeneuus polynomials /'(7]) which create me state I NLAt > from the
ground state. The solution uf this rel'ursion relation as given by Brody and
~loshinsky' yiclds

~ (N-L) [ 477 J~
(-) (S+L+I)'t¡;V-L)!I'

(3.6)

(3.7)

That the result is correctly normalized may he ehecked by use of the re-
¡ation

" N 1- 1'1 I'(z )
1..\1 ..

1-
1
"(z z)

,V !
(3.8)

Nwhich can be proyeJ for example by inrerprering rhe polynumials I1..M as
matrix elernents of irreducible represenrarions uf me group U(3). In Dirae
llO[;)rion. eqs. (3.j) alld (3.6) may he interpretcd as

..,
z
N!

(3.9)

/..,L.Il( z) = (z I SUf) J,'" ( )
1..\1 . z (3.10)

4. Ui'iEAR CAi'iONIC\L TlUNS¡:OR~IATIONS IN I'm

.\Inshinsky and Quesn('~ have conqrucred the unitary operators whidl
correspond to linear canonical lf<lIISfonnations. \X'eshall in particular con-
sidcr t1lt: linear Cantlllical transformations for,,; = 1 and m = 3 relared ro rhe
group SI.(2. U). lf R is an element of (his group. (he corresponding operarors
U in th(. x- rl'prescnt<1tion ilf(' given hy

g -. I'(g) ( 4. I )
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da - he =

Kramer and Sch~nzl~

(4.2)

<x'Il"(gllx> Og) exp { - (i /2h)( a (x' x') + d (xx) - 2 (x ' x))}

(4.3)
and form a projee ü,'e unitary representarion uf SL(2. R), lh,l[ is,

(4.4)

We no\\' cons(fuct these 0rerators In 1" bv definingm •

(z' I U(g l I z) = Ji A (z " X ' ) < x' IU (g) Ix> A (z, x) dx' dx (4.5)

The result of rhe ¡n[('gradon mar be fonnal1y descrihed as follows. If
A (z'. Xl) anJ /~ are u:,garded as complex canonical transformations, me
correspondin~ macrix go is given in both cases by

- i /(i72))
/(1/2)

(4.6)

according 10 cqs. (4.2), (4.3) and (2.9).
eq. (4.5) one (iuds

Applying formally cq. (4.4) 10

go( d - h)go =(, - i1\e a -i5'-,1
= ( . ~[(d- a)+i(h+e)]

-'" [(a+d)- i(e-h)]

- i ~[(a+ d)+ i(e- h)\
- !¡ [( d - a) - I (h t el J)

•ss _ rr 1 . (4.7 )

The {"xplicit integrarion yields in a~reemen( with this formal manipuiatioll
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, I I {1 • " -- ,- }(z U(g) z) = E(g) exp _ (r (z z )-r(z z) +2(z z» ,(4.8)
2s

a result that has been given already by Bargmann l. We calculate the product
of [WO operators U(g,), U(g2) and find

The quantities rr. ss. charac[erizing U(glg2) are ob[ained by writing

and the factor F I has the form

(4.10)

[1 ]
mf,., s, 11 s21 .

l. (g , g , g g ) = exp { - 1

, 2 1 2 15 I (4.11)

wherc cpU) is [he phase of [he complcx number t and -77 < <pU) ~7T. Eq.
(4.9) is valid if

Re (_'_'_)
s 1 S 2

(4.12)
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The factor eq. (4.11) suggests !he choice

Kramt"c and Scnc>nz1(>
I

E (g) =
-mh

Isl exp{-i':'.ep(s)}
2 (4.13)

which leads ro (he relatioos

(z' IU(e)i z) = (z' I z) = exp {z'z} (idenriryelemen!) (4.14)

(z'[U(g)lz) = (zIU(g-')lz') (unirariry) (4.15)

(real phaS{. faetor) (4.16)

These re latiaos afC valid foc real numbers abed and hence for ~. = s , ,. = r .
In chis case the inequality (4.12) is always fulfilled. Fue complex numbers
abcd with da - be = 1, [hat is to sa)' (oc complcx canonicaI transformations
corresponding ro elemenrs of SL(2. e), [he operator eg. (4.8) wirh [he numbers
ss. r,. defined by eq. (4.7) may still be meaningful in l~. The unirarity eq.
(4.15) is of course no longer valid and rhe multiplicarion uf two such opec-
atoes is possible onl)' if eq. (4.]2) is fulfilled.

5. C;e,ERA TI~G FUNCTIONS FOR MATRIX ELE~IENTS

W'(' shall demonstrate sOlTIe uses of che resulrs of sectiun 4 by de-

rivillg tht. ma[rix eiemen[s for U(g) be[\\'ccn uscil1aw[ S[¡Hes. FOf m = 1 we
Wfl [(.

(" I U(g) I u) :s ("1.'1')(.'1' IU(g)IN)(uIN)
Si ,\'

S' -N:s --' __ (N' I U (g) I N) -'!.'_.
S',..., ~ IN! (5. 1)
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This is a genera,ing IWlclion lor lhe elemen,s (N' IU(g)IN). Byexpanding
lhe exponenrial 01 eq. (4.8) in lhe lorm

exp { 1 (r' (vv)- r(ww)+ 2(vw»}
2s

= L __ I __ [,~JI(VV)ql( __ r )q2(WW)q2(~)q(VW)qJ
qlq2q q, 1q21 ql 2s 2s s

(5.2)
and noting mat N'- q = 2ql even, N - q = 2q2 even, we obrain che onIl' non-
vanishing contributions for N' + Neven,

-% % X(N'+N)
= Isl 'exp{-iy,q>(s)}[N'IN1] '(~)' x

s

-1 .~(N'_q) ~(N.q)
x ¿ [(Y,(N'-q»!(Y,(N-q))'q!] (.::.) (-!..)

q~o 2 2
N-q even (5.3)

in complete agreement with Moshinsky and Quesne 2. For m = 3 we find in
the same wal' the generating function

(5.4)

1'0 evaluare the matrix element \\fe use eq. (5.2) for m = 3, eq. (3.8) in the
form

(5.5)

and relations of [he eype
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( 5.6)

to obtain (he restriction N' + Neven and [he final result

-1 .1(N'-Q) 1(N-q)
[(~(N'- q))!(~(N-q))!J A2

L(!:-) (-!:-)
q 2 2

L
q~o

N'. q e\'en

(5.7)
We believe thar che use oí 1~ may lead to orher useful generating functions
for linear canonical transformations.

6. TWO-CENTER AND CLUSTER MODEL STATES

We shall show in che nexc [hree sections mar linear canonical transfor.
matioos provide a very helpful tool foc che discussion and analysis oí nuclear
models. A simple [WQ-center ansarz t/JA for states oí a nucleus like 6Li is
obtained by using ls-oscil1acoc orbits epa and Cflb centered at a given distance.
The s[a(e lj.;A may be written as

na na +nb

TI 'f'a(j) TI 'f'b(P)
j==1 p=na+1

(6.1 )

(6.2)

(6.3)
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The distance vector between the two centers is

and a11 distances are meas\~f\:d in units of the osci11ator parameter

b = [:wf .
Alternatively we consider the cluster model ansatz

35

(6.4)

(6.5)

(6.6)

In eq. (6.6) the intemal states Y;a and Y;b of the two clusters a, b may be

assumcd in the simplest form as

J na
- 7. (n -1) . 1 a 2'/J =rr' a exp{-y, ~ (x'-_R)}

a ;=1 na

(6.7)

(6.8)

while v"ab
fined by

a b
describes the relative motion. The vcctors R , R , X, R are de-

a na
i b

na'" nh

R = ~ x R L xP ,
i == 1 p=n + 1a

(6.9)

(6.10)

(6.11)
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In (he cluster model ansatz aoe would ser up a variational principIe foc Xab"

If Xab is expanded in terms oC harmonic oscillator states we obrain the oscil~
latoe cluster model studied elsewheres. We shall make hece a special choice

oC Xab and show mar ir leads to a simple celarion oC (he rnodels A and B.
Consider (he 5[a(c

(6.12)

Upoo inserting X- (x) into eq. (6.6) foc tJ1b aoe may rearrange [he quadratic
expressions acco~ding ro

(6.13)

\\o'e conclude thar with (he replacement of eq. (6.12) (he state y.,13 reduces ro

(6.14)

where I2z = q is no\\' a complex vector. Its interpretation is obtained from
the expecration values3

<x-Ix Ix- > = /Ji(z+z.)<x-Ix->,
ZJz 11 ZZ

< X -1 p IX - > = /Ji ~(z- z. ) < X -1 X - >
ZIZ jl1 Zz

(6.15)

(6.16)

< X _ 1 (xx) I X - >
z z [J¡ (z + z)(z + z)+ ,/,,] < x-I x- >

z z ' (6.17)
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< x-I (pp) Ix- > = [-~ (z- z) (z- z) + '1, ] < x-I x- > .z z z z

3i

(6.18)

In ph)'sical terms X- describes a minimal Gaussian wave packet with thez _
average position and momentum given by the real and imaginary pan of z
respectively. The choice of a real vector z implies zero average momentum
and minimal kinetic energI"

The coherent state eq. (6.12) and hence the two.center ~'itate t/JA
eontaln states of different paritI' and angular momentum. We make use of the
results given in section 3 ro develop ir in tenns of oscillator states,

x - (x)
z

(6.19)

Ir is now ver)' eas)' tú project from the two-center model states of angular
momcntum L for the rclative motion. The application of a corresponding
Young opcrator gives

N
~' <xINUt> p .(z)

N~L LK
(6.20)

7. E:-.IERGY CALCULATlONS AND COMPARISON OF MODELS

In this section \Ve shall discuss the ground statc of 6Li as a ver)'
simple example for the comparison of the models mentioned before. In a11
cases we shall choose the orbital partition 1= {42} and an intcraction due
to Brink and Boekcr6. Except in case (A) \1,'e choose 11a = 4, 1lb = 2.
(A) Two-cemer model: Fur 6Li this model has becn used by Deenen7• Hc
calculated the energy EA (z) with a superposition of two statcs oÍ the typc
given in cqs. (6.1-6.3) as a function of the distance d = Id l. His results
are shown in Fig. 1 and may be interpreted as fo11ows: '1bc normalizcd versim
01 eq. (6.12) is

IN {' - }::s < x NLIt> PLM (z) exp -" z z .
NLM

(7.1 )
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-20

E;.(Z)

2 z

0.5

~

-------
0.0 ~ ~----2_..-Z-

I

2 3 ¿.si:..
fm

Fig. lo Comparison of two .•center and cluster moJel for rht> ,l;round srate of 6Li
wirh panirioo f = {42} and [he inreracrion of Brink and Boeker6• EA'

EIJ and l:'1H are energies foc [he unprojeCled [wo.cen[cr moJd according

lo DC'('nen , rhe oscillator cluster modt..¡ and [he [Wo.cenrer model with

an,::ular morn<-"ntum L = O respectively. £~ and EAHare ,::iven as functions

of z =: I z I which is celated [o [he disrance d' of the ('('oters by d' ='¡~zb,
1,::::. 1.6 (m is the osciliaror parameter. Induded is [h{, squared overlap uf

[he 5(;1I('S X
AH

and X
H
.
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For 1 z 1 « 1 only che lowesc values of fI; give a significanc contribution.
In the limit I z 1- O we therefore approach che lowest oscillator shell model
.stace wich 1;:; {42}, that is, che S1p2 configuradon,

EA (z) - E shcll model (7.2)

For large values of 1 z 1 and a real vector z ;:;
tribute the intemal energies Ea and Eh while
kinetic energ}'. From eq. (6.18) \\fe obcain

z me staces fa and fb con.
the state X-(x) gives onl}'z

I z 1» 1 Z ;:;z (7.3)

The function EA. (z) in Fig. 1 shows a behaviour in agreement with eqs.
(7.2) and (7.3). A mínimum is reached al I z 1 ; 0.72.
(B) Oscillator cluster rnexlel: This model has !..leen discussed elsewheres

in great d('tail. The ansatz for 6¡-i wich 1. = O.

No

; L < xl NOO >
N

(7.4)

yields for No = 6 [he valu(' 1~'Bin Fig. I independent of 1z l.
(AH) Two.cen[er model with angular momentum and cut-off: 1£ the two-center
model is projcc[('d with resp('c( tu L = O wc obtain

y I 00 ,N ( )_ < x N > 10l' z
N

-~
; ~ < x INDO> [( N + 1)1 ]

N

__ ~N
(z z ) (7.5)

The corrcsponding normaliz<'o srau' is for z = z
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[
Izl' J~

sinh Iz l'
~

~ ~ <xINOO>[(N+l)!f~lzIN [ Izl' ,] 2

N sinh 1 z 1

(7.6)

If ,he sum ove, N is cul off at No ~ 6 we obtain ,he ene'gy EAB(z) in Fig. 1.
Clearly che [Wo- cen(er model is improved by (his procedure and we approach
{he value EH at a distance corresponding to I z I = 1.6. In Fig. 1 we have
also shown the square of (he overIap betwet."fl the nonnalized states XH, XAB
of th"c modcls B and AB. At I z 1 = 2.0 (his squared overIap has the value
0.75. We have discussed a very simple systcm of six nucleons, hut ir is
clcar thar all (he concepts used have a generalizarion to more complex

systems like more-center systems. Resides we have shown that there is a

simple celation between (he oscillator shell model, (he oscillator cluster
model and (he two-center rnodelJwhich allows us [O obtain the projection on
starcs of fixcd angular rnornenrurn and pariry.

8. TIIE CLUSTER MOIlEL IN BARGMANN IlIl.BERT SPACE

A straighr-forward gencraliz<lrion of rhe ansarz eq. (6.12) is rhe
superposirion

Xab(x) ~ f AJ(z, r.) f(z) dfL(z) (8.l)

From secrion 3 \Ve know rhar this equation implies going frorn //3 ro ¡:3 with
respecr ro rhe srare Xah(x). The ansarz eq. (6.12) in connection wirh rhe
srares I./JA of eq. (6.1) has hecn srudicd in detail by Brink and W'ciguny8. In
(his secrion we shall nor develop rhe dynarnical equarions for j(z) in F

3
in

grearer derad bur concenrrare 00 rhe adaptarion to orbital syrnrnerry. Ir has
beeo shown elsewhere9 rhar rhis adapration presupposes rhe calcularion of
basic ('xchangc inregrals, rhar is, of rhe matrix clcmenrs for rhe double
coser generators ZK' For two differenr rwo-ccnrer configurations wirh
occuparion numbcrs Tla, 'lb' ,Tlallb,rhe permurarions ZK arc characrcrized



Applications 01 canonical translormations .•.

by ,be DC-symbol

41

d
21

(8.2)

where the integers d .. denote the number of nucleons exchanged and areJI
subject to the restrictions

"a' =d +dJI 12'

"b' = d + d
21 22

(8.3)

Thc main point In calculating (he matrix elcmcnts of ZK between the states

eq. (6.1) is the fac( that these states are products of nonorthogonal single-

particle sra(es. "Iberefore it suffices to calculate dIe single-panicIe over1aps

~ - 2~([::'J J< f:;J1z)' t
2

Ea' a = J qJa' Cfladx =-.: exp -,z

~- L( [::j J< [:j J<

z)' f
, 2

Ea' b = J"Zpa' Cflbdx -, +exp z
jo

[:;J
J< 'l'1~ 1 (['a 'J

2 2

= Jcpb' epa dx -, +Eh' a exp
- 2rJ 'lb'

z
J<

~~J
J<

z)' f= J(Pb' 'Pbdx = exp 1- ~ (["a 'J 2 2

Eb'b
-,
z

211 rJb'

(8.4)

h is eas}' ro proV(' anJ has bn'f1 shown by Seligman 10 that the exchange inte-
gral corresponJing to ZJ\. between states lf

A
, and fA is given by
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d d d d
= (E , ) 11 (E , ) 12 (E , ) 21 (E , ) "

aa ah ha bb

Kramer and Schenzle

(8.5)

If we now use eq. (6.14) and ,he explicit expressions eq. (8.4) we {illd

with

= exp {_I_(z'~)}
5 (K)

(8.6)

1
5 (K)

k }
,

n 'ntn:,n:J d"

(8.7)
Comparing eq. (8.6) wirh eq. (4.8) we see char [he exchange integral corre.
sponds lo a complex canonical transformation wirh

T = r* o, • . I
5=(S) =5(K). (8.9)

This complex canonÍcal transformarion does oot change (he degree of a
homogcneous polynomial in 1:3 in agreement with rhe faec rhat a permurauon

cannar change me overall oscilIator exciouion o[ (he system. From eq. (5 7)
we obtain fOf lhe oscillawc cluster m()(iei

1 N
= ÓN, N (--)

s (K)
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Comparing with the entirely different derivation given in ref.(5) we cooclude
chac s-1 (K) is a special 9/-symbol,

-1 )s (K =

We have given a simple example for the use of complex canonical transfor-
mations in nuclear physics. These considerations could be extended to the
inter.action kemels of me cluster model ansatz. Recent work by Sünkel and
\'(.'ildermuth 11 using integral uansfonns similar to eq. (8.1) shows that reactions

involving many nucleons ma)' be calculatcd by an extension of the methods
discussed in the last sections.
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RESUMEN

Kramec and Schenzle

La relación enue el espacio de Hilbert 11 de la mecánica cuántica y

el espacio de lIilbert F de las funciones analícicas enteras propuesta por
Bargmann, se usa para obtener representaciones proyectivas unitarias del
grupo SL(2, R) de las transformaciones canónicas lineales. Estas represen-
taciones se aplican a un análisis de varios modelos nucleares.




