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ABSTRACT: The curvaturc correction to the nuclear bjnding energy i s oh-

tained by usin~ an averaged level density appropriate tú de-
scribe, up to curvaturc e{fecrs, rhe ¡ndependent particle aspen

of the nuclear many-body problem. The re!ation be{ween the

surface and curvature coefficients is seen ro dcpend exclusively

on the radius of rhe nucleus and the behaviour of the wave

functions at rhe surface. Corre.<;ponJing ro a realistic surface
{erm, the curvature correction is found [o be such that i( in-

creases rhe binding energy, although (he actual value i s very

sensitive [o rhe param('rrizatiun uf the nuclear radius in [('rms
of the mass number.

t\lork supported io pare by {he L\;STITL'TO );ACIO:-":AI. de E.\'E1Hi¡A );l;CI.EAH,
.\léxico, D. F., .\1 EXICO

.00 Icave of abst-.oc(' from [he Institu[o J(. Física, l;nivcrsi(LtJ de .\l¿:xico,
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I. INTRODUCTION

BaU(.'f and Dohnl'rt

In me search of •..mass formula r('liable fOf l'xtrapolatioo away £rom

(he known nuclei, a number of corrections lo [he semi-crnpirical Be[h(.-
Weizsacker mass formula have beco proposeJ l. Thou,gh .••mal! (.'ompared [o

the leadin~ tcrms. i. e. \'olume, surface, syrnm<.'try and Coulomb en('rgies.
chese corrections are important fOf a detailed adjustment (() lhe nuclear data.

Furthermore. me)' become crilical in omef problems as. for exarnple. in the

prediction of me existcnce of superheavy clcments (a few .\le\' difference

produces vast changes in rhe calcuiated ¡¡retimes). "111('5(;' new terms in me
mass formula are usually -buI flot always - inferrcd from tht'ort:tieal models.

Their numerical \'alu('5 arc (,¡IDer eMima(ed hom (h<.' corresponding models
or ob(ain(.d from fi(s to tht, experimeneal daca. 'lbe H.'sults do noe always

agre e.
For the "curvaeure" correction, which in che exeended formulas i s che

Ccrm proporcional to 11%. chc({' is disagr('emcnt ev<,'n with resp(.'ct to ics signo

Yce, tu quote R, U'. l{asse2," ••• curvature has a m.ljor influt"nce on (he saddle

point propenies. Large \'alues of che curv3mre correction coefficienc fan)f

che fonnation of a secondary minimum in che fissioll barrier of heavy elun(l1cs.

For superheavy e1crnenrs chis gives ris<.. ro the possibiliey of quasi.molecular
scates" The scac<.' of aHairs charí.tcterizing ch<.'curvature cenTI is (h(' following.

On me hasis of th<.' Thomas-Fermi modcl and of dH' droplce model. a small
Cur\'il(Ur<.' corrcccion that decreases eh(, binding energy is pr("I!C[ed3• On the

oeher hand, a curvatur(' correction uf th<.' sarne order of magnicude bue of 0rpo.
si(e sign is found to be need(,d in order to obcain good agreemen t wi th ehe

experimental Coulomb encrgies -4. Ear!ier. a Ltrge curvaeure corr('ccion which

increased ch(, binding energy was pr<.'dicced on a phenomenological shell

model basis; and ie was furth(.rmore shown thae such ,1 term was abll' eo
produce (.il,formacion in th<.' ¡ight ami rnedium heavy nuclei, where the Coulomb

repulsion would not5. It is clear!y a confusing situation.
The present paper is an attt.'mlH to clarify tlJ(' question by relying on

general qu;:uHum me.'chanical charace<,'ristics of tll(' nuclear many.body system.
The point of view is the fo!lo\\'ing. It is w(,11 known eha( in spite of the
complexity of ehe nuclear aggregate ehe gross ft.',l[ures of the nucleus seem
10 corrcspond ro those of a syse('1Il of panicle..'s moving independentiy in a
commofl self consistt'ne potential \\'dl. In agrt.'eme.'llt \\'ieh the characteris(ics
uf ehe observed nuclear density. (he nuclear poten(ial is g('nerally con.o,;idered

to be constant up ro a certain range.' and tu fall rapidly (O zero aft('rwards,
The singlc-particlt.' wav(' functions are then quiee dos e to free waves w¡thin
the interior of the nucleus and unly become distorted in the vicini(y of (he
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surface wh(:r<.-'they have to go into ,1n exponential decay6. In vie\\' of chis
circulll,stann: 011<: can t'xpeet. as su~g,-'s«-'d by R. Balian and C. B)och i, {h.l!
the anual densi[y distribution of single panicle levds m.1Y be reprodu<'Td
fairly well by that of the eigen\'alu(:s oí th<.-'Wa\T equa[ion (\1

2 + k2) (P = O
in a finitt, dornain oí the salllt: shapc .1S me original 1"l.)(cntia1. with an appropri .
•ue houndary condi[ion. Furthnmorc .• ln e\'( ..'n hetter .lgrt'ement should be oh.
[ained be{ween a\"('ra,ged l('v(,1 distributions. provid(:d the ",idm oí th<.' o1v('[-
aging íunetion i ...•larg.e enou~h to wipe out the hunching oí th{, ('n('rgy len'ls.
¡nsofar as Balian and Hloch7 hav(' solved th(, wa\'e t'tluation problclll wi[h
arhitrary boundary condi tions including up to CUfvatUf(' (,{fccts. we prorose
to use their general re ...•ult to study the structure of the gmund state <.'IH'rgy
oí the rnany nucleon system.

Th(' Jlartree-Fock en('fgy of rhe s\"stnll IS gl\"t'n by

I'=~¿{E+/}. . .•
( 1 )

wher(' éj and ti are respecti\"t'ly rh(, single p.lftic1e en<,'rgy ami (he killeti('
ent:rgy oí the í-th partic1e in th(, sdf consist('IH potential well, '1'0 calcu"
late the total en('rgy without solving exacdy the nuclear prohl<"IT1.we substi.
tute the surnmation by an inr<.-'gration with the srnt"ll.lth"Iwrgy I<"\TI di.stribution
pnn'id,'d in r('f. 7. where surfac(' and CUfvaturC efÍt'cts have h<,'('n tak,'n into
aCCOlUH. \X'(, therefore t'\'<11ua((-':

(2 )

where y is the width of the spreading fun<...tion us,.d 10 smooth out th<.' aetU<ll
level densit\'

P (E) = ¿ 8 ( E - E.) .. .
•

(3)

lhe intt',cr<ltion in (."(1.(2) .e0es fmm th<.' hot1om of the poa'nria1 "el I - \~) . Uf'
(o the F,'rmi 1<.'\'('1. - El:' \\'hit'h is dt'tt'rrnined - as a fctluir('ment for s<..lf.
<..'tmsistency- by the conditillll

'EF
.\ = J O I-v y(E)(E

o

b<."in,gA rh,. total numhef of nucleons.

( ,1)
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Lec us ruine out mar chis proccdurc (c..'tl.2), is in (acl Strutinsky's
prescription 1. 8 to compute the smo<Hh pan in (he nuclear binding en('rgr.
which is then subtracted (rom the sum over the di serete sp<.'ctrum to obtain

the shell contribution. U'hile in Stnuinsky':-o work a numerical cvaluation is
carried out, here we shall obtain an analytic expressi(Xt fOf the binding energy
in cerros of the mass number

In section 11 \\'C review briefly the work of Baliao and Bloch un the
level density distribmion. In section IIf, the calcuL:ttion uf the binding
energy is carri<..d out. The analysis and discussion uf me surface and curva.

CUrecorrections in tcrms uf the..' boundary conditions is done in sccrion l\'.

le is fouod thar fOf realistit- ,-atues of me paramc[crs ¡nvolved, me curvaWre
correc[ion al\\"ays ¡ncreases [he binding en('rgy. ahhou~h [he magni[ude is
very sensüive [() [he param('[riz.Hion of [he nuclear radius.

11. TIllO ENERGY LEVEL IJENSITY

The problem consid('red by Balian and Bloch 7 is [hat of [he aver-
aged disnibu[ion of eigenvalues uf [he \\'O\v(' equ.ujon

,
(\7+k')'jJ=O, (5)

\\'ithin a \'olume V of arbiuary shape and fOf da' general boundary condidon

o (6)

fur [he normal deriva[iv(' 00 [he surfac(' S, assumed [O be smO()[h. Limidng

cases are [he' wel1 koown Dirichle[ aod Ne\illWnn problems. corresponding
to thc boundary conditiotls

'jJ = O

° .
(IJirichlet)

(Neum¡um)

(6'a)

(6'b)

The ('xact encr~y level d('nsity IS ~Ivcn by
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P (E) ~ ~ O (E - E.). .•

~ lim (l/277;)J d
3
, [G(" ,'; E + ;'7)- G(" ,'; E- ;'7)J "

7]--00 r=r
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(7 )
where G(r, r'; z) is rhe rime-independenr Green's funcrion satisfying the
equarion

2
('V' + z) G(" ,'; z) ~ - 0('- ,') , (8)

wirh the same boundary condidon (6) as aboye.

A smoorhed energy densiry funcrion P-y (E) is now generared byaver-
aging P(E) wirh a Lorenrzian weighting funcrion of width y, i. e.:

(9)
The width y is choscn large enough (O wipe our rhe flucruations due ro me
bunching of the energy levels (shell effects). Expression (9) is evaluated
by an iterarive proceaure, srarting from rhe Grec:ii'~ function G

o
for the infi-

nite space (free propagation). Thc presence of a boundary men gives i;~t to
an express ion which can be pictured as a multiple reflection expansiono The
successive rerms are evaluared and ~ummed, firsr under the assumption of a
locally flat surface; i. e. subsrituting at ever}' point me actual surface by the
tangent plane. This gives rhe "surface" comribution lO the density. Afrerwards
[he changes due to the facr that rhe surface is actually curved are computed
and the curvature rerm is obtained.

Finally Dalian and Rloch determine the minimum value of the s(.reading
width for which rhe expansion converges. And rhey furthermore show rhar
p (y:::: 'Y. . ) does not differ significantI}' from rhe extrapolared disrriburion-y mio
funcrion p-y(y:::: 0):=:= Po. the use of which will rhen yield results convenientIy
independent of y. The expression for Po is:

R (E) ~ (l/4773)[ Vk + J do- [(77/4) - O J +o S ú.l ú.l

+ (l/k)j(do- /R )(\;, +cos20 -o cotO )+ ... J (lO)S lLl lLl lLl ú.l lLl
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v.nere da ¡,s [he surface
'"tuf!' rad ¡u s ,l[ (ha ( poin L

10

denH.:nl ¡u a poiflt ú) of S and l?w is [he mean cur\'.1-

Th<: bouodary condition Kw(eq. ú) is cOllt,lined

8 (k) =
'"

K
-1 '"tan

k
( 1 1)

The range of Se.; is O ~ Oc.: ~ 1T/2, (he low('[ and uppef bOllndaries correspnoding

(() (he :\eumannand Dirichler (-,l""('S H'sp('C(i\'('ly.

111. TIIE 1l1~1J1:\(; E:\ER(;Y

In this s('ction. \\"(' procl't'd lO ('v,lluare dH' ('nl'r~y of rhe many nucleul
sys(cm as gin.'n in {'q. (2), ...•ubjec( lo me sl'lf-con_ ..•i~.;(('nt condidon (.'1). Th{.
asympwtic ('xpression for Py' eg. (10), i ..•used. lIow(.'\'(:r, rarher rhan 0<:-

((:rminc from [he ..•tan rhe appropriatl" boundary condition. that ¡s, che \'alue
oí K in ((). w(' .•••hall lea\'(.' ir as ao ,ldjus(ahle pararn('(ef. amI ...•e(. whnher
rhe \'alue [eqL.ired w ~i\'e re.l.sonahle reslIlrs for the bindin~ en<-'rgy corrc-
sponds [O [he known b('haviour of actual sin~k panicie wil.vefunctions ¡l.( rhe

<:dge of rhe potential well,

v(r)

o R
r -E, -- - - - - r

E --------- ---------
k2

-Y. 1....--.....•.__ ....•=>0
{V2+E-v(r)} 't'(r)=o {V2+ k2J 'f>(r)=O

'f'(r) \ =0 a 'f> +K q.\ =0
r== a r r:R

o

-Y.O

F¡,Io:. 1. rhe .lUxitiary prohlt'ffi
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We shall limit ourselves to che case of a spherical nucleus. As che
system is self bound by generating ~ potential of practical1y constant depth,
the auxiliar)' problem consists theo of a spherical region of radius R, where
a constant tx>tential - Vo acts (see fig. 1). lbe single particle equation is
[hen the wave equation (5). Assuming fuuhennore a uniform boundary con-
dition K(J)= K, the asymptotic averaged level distribution (lO) is in mis case:

Po (E) (12)

f(k);o '1, + C052 "(k) - ,,(k) cot "(k) , (3)

where V = (477/3) R3, S = 47TR2, n is me spin-isospin degeneracy faccor and

k2 = v + E 'o ' (14)

2
units such that (fJ 12m) = 1 are used.

The ca1culations are now straightforward, if we note that in the aux-
iliary problem, eq. (5), I(E) = k2 and that from relation (14) dE = 2kdk. Ir
follows that

-'p kp
A=J ¡:¡(E)dE=2J ¡:¡(k)kdk-v o o o

o

and

V kp
-.:'.A + 2J Po (k) k

3
dk2 o

Using eq. (12), [he results are:

A = ,,_[% (kR)3 + { ~ -" .¡ tan" [ (~ - ,,) tan" - 1] } (kR)2 +
7T 4 2

(15)



142

and

8aucr and Oohoen

,
+ {'!!.-o- tan O ['1, - tan' 0+ 4 ('!!. - o) tan' ol} (kR) + (16)

4 2 2

+ { ~ - O COlO+ 3 lan' O [ ('!!. - o) tan ¡; - 1]} kR }
9 2 2

k =kF

The next step is to salve eq. (16) for me Ferroi momentWD and subS(i-
tule in eq. (I5) lO obla;n lhe desiled resull E = E(A). Froro!he strueture el
me equa£ions. it is quite clcar mat only a numerical solution is possible.

In arder to be able to proceed analyt.!fally however, we shall substi4

tute S(k) in e.". (12) by sorne average value Ó, which becomes me parameter
of me calculatlon involving me boundary condition. In [his case we have

V.
E = - _Á +

2

and

+~k' {~(k d+('!!.-S)
7T F 15 F 4

(17)

( 18)

Eq. (l8) is now a simple algebraic equation in kF which can he solvcd [O

glvc

2, }"~(,1-.") + ..

(19)
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Suhstiruting in ('q. (17) \\'(.' shall ohmin an expression for the seU consistent
t"nt"rgr. Uie dder this tu me nex( section, wht"re (he parameuization of R in
(erms of A is discussed.

~re wan( to point oue he re that. upon talcing in eht" apJ2!.oximate ex-
p,essions (17), (18) and (19) (h. limi(ing values O and 11/2 fo, S, we ,eco"e'
(hc resuhs that would follow from rhe exacr expressions (15) and (16) in the
corresponding cases, i. e., K = O and K = OQ. lbese resuhs are'

(20)

and

(21 )

where the upper and lower signs 10 the surface rerm corr~spond respectively
tu (he Neumann(K = O-o <pla" = O) and Di,ichlet (K = ~_<p = O) bounda,y
c()flditions.

IV. TIfE CIJRVATURE CORRECTION

In ac<.:onlance with m(' argumenrs gi\'("n in secrions 1 and 111 tu jusri-
fy (he use' of rhe auxilia£)' prohlem, rhe radius R oi rhe domains is talcen (O be
(he- sam(' o( (h(' oprical or shdl model poremial. (har is:

R , A'I, f r '
"

(22)

Th(, cons(an( e is nor always inc1ud<."din shell model calculation..... Ir is
howt"\'er m:ed(.d in order (O il1"iUrt:an A.independenr central dcnsity9. \l.'e

shall ke('p (his ("()fls(anr and Ji .....cuss our rcsull. •• in terms of it, as is done in
a simiL:u wor~ J{l wlu:re rh<: hin'!~l;.'!(nergy i...•C'alcula(ed up (O (he surfac('

,
'l; .•.•in~ (!~~)and maklTlF i'''~.•to: ~eri(:s e"'pansions in A J, ("xpressions

(17) and (19) yi~'ld for m( hinllillf ":¡('(.£Y o{ ¡l .'io\'mnlt'trlC nuclcu!'o (N = Z;
" ::::-.-j). (he foi!tl\\in~ (e o;; U11:

( 23)
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where

(24),
2m,o

( 25)

, '!. '/, ,
QR = __ fí_3{/(S)+ 2-(97T)'(~_S)..~_+ 2-(917)' (~}

2m,' 2 8 4 ,5 8 ,O O O
(26)

Bere we have introduced again me factor (ti2/2m) explicidy.

o.,

o.,
Q n
" l-• o., O' 0.5 , ¡

••~
-o.!

-0.4

-Q.8

0,>0 0, < O

-0.8
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1be binding energy has been expressed as the sum of "volume",
"surface" and Ucurvature" terms. The tWOlast ones represeot correcuons
due tu the f¡oite size of the nuclear system as cao be seeo by loohog at
B(A)/A when A goes to infinity. Fu~thermore, the quotient

(x=.~_J
ro

(27)

depends exc'.E.sive/y 00 the size parameters '0 and c, eq. (22) anq the bounda-
ry condition O whieh represeots me behaviour 0l. me wave funetioos at the
surfaee. lo figs. 2 aod 3a, b, e, the funetioo F( ó; x) is plotted for diHereot
values of x. As,o is quite definitely determioed to be betweeo 1.0 and 1.5
Fermis, the variation of x refleets the ~peodenct' 00 e of as and aR• The
s~ngularity correspoods to the value of o for whieh aS changes sigo, beiog
positivc to the left aod negative to the right. The right side is the regioo
of interest, as everyone agrees that the surface eorrcetioo is negati~e, Le.,
dcereases the binding encrgy. This regioo corresponds to values of S larger
thao n/4, the lowcr bound iner!.,asing as e ¡nereases. So we are always on
<he si~e of rhe Dirichler limir (o - 71/2, cp - O wi<h Clcp/Cln finire) which clearly
represents the_behaviour of bound state wave functions at me surfaee (the
Neumam limit o -o O, ocp/on -o O is rather to be related to resonant sta tes).
We therefore have agreemeot between a physical surfacc correction and real-
istic surface properties QJ the wave functions.

loe function F(O;x) is very sensitive te the value of x; [he termsin
which it appears soon dominate me nurncramr, as can be seen from the re-
versal of the asymptotic behaviour at the singularity, for x :::= 0.13. From
chen on, the "physic~l" braneh of F (i.e. t!I-eooe foc whieh as < O) quickly
(x:::= 0.31) becomes enticely negative up ro S;::: 77/2. So thac, foc x ~ 0.21,
che eurvature eorrection has always tht.: opposice sign to surface one, i. c.,
the eurvaturc increases me biodiog energy (figs. 3b. e); also the relative
magnitudc increases rapidly wich x. Only for very small values of x can one
find a cu!!atuce cenn of the same sign as the surface term, depeoding 00 the
value of Ó, as can be seco fcom figs. 2 and 3a.

Finally we proceed [O sorne oumerical escimates of the curva cure eoef-
fieient au.' with cwo sets of parameters. From optieal model aoalysis 11, we
cakt-,o = 1.16F and e = 0.6Fas set l. This corrcsponds to x;::: 0.517 (fig.
3e). Abo, if one putS e = O, (lne should take a larger '0' as poinced out io
re£. 10 where the value r = 1.27F is givenj this is set ll. In boch cases we_ o
determine O by rcquicing as = - 18 ~feV, whieh is a firmly established value12•
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0.5 (a)
-;::¡- " "o 0.5 ¡ 1.0 j"7- io11 1.5><
1..-0
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-1.0

(b) !: .lt-<N 0.5 4 1.0 1.5)2
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><.~

Iv<> -0.5-•••
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0.5
(e)

",....... 1.5 2 ir- o-Ll>
d
11 as>o as<o>< -0.5

1'"'"
"-/
••• -1.0

-1.5

Fig. 3a, b, e aRiaS vs ¡ for x,.. O
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\\l' ,11~o cotl~id('f (h<.."need of an <...fft."ui\'<..' ma~

(he Ilofl.locality of me sdf cOll~i ....•rl'nt Iludear

i..•.rakef1. The resulrs are: ,gi\"l"n in Tabl<..' l.

TAIlI.E

•m m
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m. ro f{"fkcr in sorne m<'"<lSlJrc
(¡t.'ld. i.lnd the \"aluem. = O.5m

m.=O.5m

as = - 18 \10\'
---~--
, = 1.271'n

1)

e O

, I.ló l'
"11)
e O.óF

1.287 - 1.17

1.539 IIJ.S

O '86 1. 5<i

1.37.3 21J.7

------~----- ------------------

\' CO~Cl.l.SI()~S

Ceneral quanrulll mech.Hlical charaetcristics of the nuclear many-
body probkm h,1\"<..'becn u ...•ed to esr.lbli .•••h (h<.." s(fucture: of (he cur\'arurc

correC(JOll in the sellli-empirical nuclear mass formula. Such characterisrics
,Ut' int1ep<..orHknr ••.illgie.panicle lllorioll in a self consisrent potelHial \\'<:11,

\\hich i ..•.prac!ic\lly consran( up ro Ihc'lIrface \\'h('re i( falls rapidly ro z<:ro,
¡'ndn rcali .••.lic conditiolls, [h~lI ¡s .. In efft.-cti\'l" mass m* <m. ari .••.in,g from

[he non IOl'<dity uf the pot<"'llti;¡j ami ,\ par,ulletriza(ion of the nuclear radius

liJ,\( íll'Ufl" .\11 .'1-indc¡wlldnH cell tra 1 dellsi(y (e r- O), it i ..•. found rhat the

ClH\'~1(lIrl' nlffl'ctioll i1JCrl'flS(,S tite hílldin~ ("Ill'r,g~'. Th(" tlunwrical \'alue IS

h\l\\l'n'r \('r~' ~("n~¡ti\"l' lO (h(" p,lfalllt'tril';ui{l[l uf (he nuclear r,ldiu .••..

------~------~--- --------~---------------- ---
rhi, i ....dl ....~.us ....ed in re!, ') wllere lhe nlOddic.1tllln ....of tlll' PO(Cflli.ll \q.ll dep[h due
ll) IHln 10c,lli[\" are ,11'>0 oh[ained .. \ ...•dle,(" h;I\T nOl heen e;t\,:en in ro .lccounf hefe,
ol di .•cu ...•sion ~)f lhe \-olumf' [nm ~I"",.:.i\('1I in e4. 2,1 j ...•no! me.lnjfl,ól:ul: inf.ln no \"alue
nf \;, l-,In reproduce horh ¡he I'hCIIOllll'/lO!o,l-:,i{',d v.tlues of (JV ,\nd f ¡:o
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HESC\lEN

~e obtiene L1 <..'orr<:cciún por curvatura de la en('r~ía (1<: li~adura nu-

ckar, usando una densidad de niveles promedio apropiada para d<:s("ribir h<ls-

t,l ('fenos de CUf\"amr.l. el aspecw de partículas ind('pendielltes dd problc:ma

nuclear de muchos cuerpo ..••. La relación {'ntre los co{'ficielltes de superficie

~"curv,l[ura dqwnde ('x,,:lusivam{'nre del radio del núcleo y del componamien-

tn de las fUfl(:ioncs d<..'onda {'n la superfici(:. Corre .•.•pondiendo a un término
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realista de superficie, se encuentra que la corrección de la curvatura es tal
que aumenta la energía de ligadur,a, aunque el valor real es muy sensible a
la parametrización del radio nuclear en términos del número de masa.




