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ABSTRACT: 'il'e investigate the syrnmetry propeuies oC (he coupled c:'?ccnd-

order panial differential equa(ions used by A.M. Turing, (O

describe (he kinetics oC chemical reactions chac can lead to

geornetrical symmetry breaking in livin~ embryos. le is shown
that the equacions possess a richer symmetry algebra (han can

be Cound by (he usual ex(ensions oC (he classical work oC Lic •
.The significance oC sorne oC (he symmetr~es is di scussed.

1. INTR O[)UCTlON

How is ic mar the eells oí a living organismo all of which arise by
growrh and division írom the union oí a single egg and sperm eeU, beeome
different from eaeh other? This question eharaeterizes one of the great myster-
¡es oí eonecmporary biology - (he rnystery of ccll diffcrcntia(ion .

• Investigation supported by a grane Crorn che Research Corporation.
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Sometime aher its fertilization rhe egg of an animal divides, the re-
sulting r\\'o cdls ~ro\\' and divide. and this process continues, leading co me
formation of a blastula - a polygonal shell of perhaps 25 cells. Experirnen[s
sho\\' mar in many animals all of the cells in the blastula can be consideced
equivail-nt. If one or s('veral of mem are carefully st'parated from me rest,
(.'<lchcan independently dt'velop ioto a whole animal.

lIow('ver. as rhe quasi-sphericil blastula con[inues lO grow, thece
come.s a tim(' when the n.lb are no longer biologically equivalent. This
(it-crease in eff("etive biological symmt.try is aIso accompanied by me develop-
m{'nt of a Jepression al sorne p~>int on the sph('ce. As Ihis depressiondeepens,
[he d('crease in biological syrnmctry is emphasized t;eometrically and the
('mbr) o :s s.lId lO become .1 gasrrula.

This tran .•.•focmation of the highly syrnrnetrical blastula inro the less
symmetrit'al gastrula POS('s eht' problem of cell differeneiaeion in ies simplest
form, If ie is sol ved ae rhis It'\'t' 1, m(;n one can in fairness ask the biochemise
tu anSWf'r in some J('tail ehe qucseion, "How is it ehae a sphere develops ineo a
horse?-

The question juse stated is due lO A. M. Turing, who seems to have
oudined ehe only answer to ie ehar is ae unce logically, maehernatieal1y, physi.
eally. cht'mieally, and biologically possible.1

As ie is logieally necessary rhat an mjeer with g<-"Ometriea1s)mmetry group
G in an homogeneous environment will evolve in eime ro an objece wieh the
sam(' syrnmerry. i£ musr be crue thae in an embryo small deviations from the
polygonal. essentially spherical, symmetry oí ehe blaseula become determi-
naeive. This is physical1y possible only if ehe evoIving biochernical s)'seem
becomes unseable ro small "pereurbaeions" thae ehange ies geometrical symmeery.
If ehese "perturbarions" wece simply ehose of ehe rough and rumble oí embryonic
life, ehere would be no inherieance of eharacteriseics - no phyla, classes.
ord{'rs, genera or species, wharsoever - no biology as we know ir.

It may be admiucd ehen. either ehat ehe "perturbaeians" are supplied
by rhe geneeic maeerial in ehe cells, and/or thae me geneeic maeerial detennines
directly or indirectly ehe effecr ehae ehe "perturbaeions" ma)' have upon che
syseern. Sincc me gCllcrie material itself is noe a miniaeure replica of ehe
full grown organismo il is evidene ehae ir does noe act directly, impressing ehe
image oí a homunculus u[X)n ehe developiog embryo. Raehec, it muse mediare
eh('mieal reaeeilms tha[ are unseable ro peceurbaeions. and mese muse lead ro
a change in ehe local Of global symmetry oí ehe embryo, a ~hange ehae is
ess('neially indepcndcn[ oí adveneimous perturbations. Gnl)' a subclass oí
aIl pereurbaeions can be amplified.

The faces of biology rhus suggest mal eh'-'re exise chernical reaeeions
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(hat. IhtllJ.':h bl',ginllill:~ in a homng(,fl{,ouS ('n\"íronment. dev('ldp s!',l(ially in.
hIlIllU,c<:IH.th' ...•(li .•.•rributjqflS 01 ({;<lc[ants, ei (h<:r in ~;olu(ioll'H .11a gel. and do

....n In .• dl('rrr;,' H(: rn<lllll.:-.

Ihe hiolo,cical importanc(' of such fe.ldíoll.' W.\S flLO.R:lizl.:d I'~ ,he
11)50'-, h .\hin \\"einbn,c2, who showeJ ,h,H ,1 pair of C(lupl"d c!lt'n,ical r<:-
;},:(:Ol:" lfl "'OIUlioll ("{luid t!i\"c r¡se tll a si'.l(iall~' inhtlrnll~l'n('o<ls l{¡strihutioll

(JI fe;llf,lllt •••• hoth ífl .•.;dc and ou(side a spb"rical cell, if dw r<:;lC(.UHS d.f!":.Js(,

at diffnelll r.l{es thrdu,ch (l,{' solution and rhe Ct'll IllCmbralll". FunL<:f ~d-

.lili\l, ••.• ro thl' thl'(H~- of such feaC(IOnS \\"{:fe C\\lltrlbu(ni by :\. !{a .•..h{.Ys •... 3

.\ : lirly •.•¡mpk ('Xólmpl(' uf <l coupl('d sl'ri('s uf feacriPll'" that dv\'ch'l'nl in-

h{"no~('I1{'nu .•.•I~'in an ifliri.dl.\' hO,llO,gCllcous solulinn in \'itru has heclI r('C"ntiy

,11 ",co\'t'red, ~

11. TIIE KI:-;ETIC EQl:ATIO:-;S

~ on .•.•idl.l .1 •.•t'tjueIlC(' of chemical re<lc[ions in\'ol\'ill,£ .•.•ub .•.•t<lncc •.•

••.\" and "r" ¡llld kt tla'ir re .•.•peni\'c cOllcell~rations be .\, r, \\'(' shall
•.•upp •.)se tht'se concl'n[r.uion .•.•w be func(ion~: of lime 1, and of position r
lo ., u rin,C .•.• th ('ory of nll)rpho~(.'n(' s~, [hest" ...•ub .•.•tance .•.•are {('nnnl morphog'11'

.Hld Turillg'uppo'c, thar at le:lst OrH" of thell: I;l\'or.s [he ¡.z.ro\\'tl: or d<",,'(:lop-
lllL'fll uf a u.1I in \\hich it.s conCl'llrr<l{lon is Ch,lJl~l'd, IIe <.:onsiders diffusion

to [,lke pLH'(' h(,{\~ITn cell •.• in this C,t.sc. and ,11.s0 t"onsider:-. reaC[1{l[l'" In .H'

initially IWl1lngefll"lIlIS Ill(.dium, \l.'e clJnsidn only ¡hc Luter. Thl' local r¡lt<.'

l¡f pwducnnn of "S" i .•.•d.\/dl and lb;H of "r" i~ orFol. If ".X", "r"
diffu"'{" [hrou,gh (h(" .•.•olu[i •.)1l .tnd han" oiffusion t"ri"ors .\l . .\' (hen [he kinctll."

equa(itll1'" are •.)f (he fnrm

;jx IIX. Y) I ,. _~ .\fil _0 X
,1 I a,. d,., ,

I ¡ 1
."Y

RiX. YI + , a .\'¡1 -~ j'
(: I d, c,, ,

\\I1 •.r"'1 .lft' the (.Hl •......!.\:l co,)rdin.lt<.: ..... 'Ih(' fUIl{'titlll.d lotHl •.d, ,\11-1;::: i ....
o.I•..ll'fl1l111(',1 h\' till' P,Htlctl!.H H',\Ctltlll ••.•lqUCllCC. In 'J \Irln,2 .••.• (hclIT\ thio; i .•
l'r •.•!u!Jlv ttl he cI1ll ...."It'T{',1 ,In lllileritl'd Ch.H,let(.ri ...•rlc thllll,l.!h TUTlllg him ..•elf

d,\t .... 11{l[ •.••ly '>\1,
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~uppo.St. th¡u/ =::::.g:-.:; O wht'n x =}l. Y = k throu,l!:hollt thl' ."loJution.
Then tlit. ~y:-.:t«:mis in a .st('ady state wh ieh ma)" or may oot bt, ao t'quilibrium
:-.:t.ltl'~ Tlwl is. tht, .'t('ady ."lt•.He ¡.s charannized only hy (ht. requirt'ment:

oX/o/ o .

Ll.ttifl~ X =::::. x + h. )' =)' + k. and t'xpanding J ami g in TayJor serlt.s, one ob-
t¡lIn .••

()x
= ax + by + R + ::£ ~ ,\1 i i ~ X

1 aro dr,, ,

+ dy + R
2
+ ¿ o 'Ji;or

i
'

~\Oro .,

( 2)

""hnl' N ,N are tnms that art. not linl'ar in the maeros('opic f1ucruations, ,
x . .\, Tht, bdl¡l\'ior of tht, solurion n('ar tht. stt.ady srare (x = 0, y = O) is
dunlllinl'd by [he 1¡lIt'oH (erms in (.'qs, (2), 'Ih(' equations obraint:d by dropping
R , N are ea~i1y ~ol\"t:d, and rhe f('sults ha\'t. beell di:-.:cu:-.:.•.•ed by Turin,l!: fOfI 2 -' •
tht, l'ol."C:\\hell Ihe .••olution is confint'd wirhin a thin annular rq~ion, and for
Ihe COlM' when ir i:-.:nlflfin{.d bt.t\\"(.'en twu cOIKt'ntric :-.:pherical surfaces of
sli~hlly diífnnll radii, lIe also in\'('srigated the ('a:-':l' uf (hC(,t. morphogt'ns,

For our purposc.'s ht.rt. ir is SlIfíici('ut to consider th(, cas(' of two
ft'.lCrill~ ..•uh .••tance." confinni wirhin a thin annulu .••. The f1uctuarions u I and
u
2 nf (h('ir COIllTlHratíofls are considt'rt'd tu be functions of (he (¡rnl' xl = / .

•.\ful of x 2 O \\Ill're O i:-.: an ¡lngular coordinare measured frum au ori}:in at (hl'
C('n(l'r of (hl' Ollllllllll:-':. \\e al:-.:o aSSUffie that th(, díffu .••ion t('nsors are constanc ..•.
\\t. m.\\- lheu \\tll<-' th<-.lin<-'olrizl'd kint-tic ('qlla[llln~ a .•.•

dIJ I
k ,,' +k IJ2+d ()' ,,'

21x I
- ----II l' I e "dx -)

CIJo' '02 2k " k u2+ d "-d~--I "n 22 ,
(O.,, j'
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u'
m

Ilerl' p aod p' an' (he [WO roo(s of the equa(ion

(p-k +dm')(p-k +dm')=k k .
11 1 22 2 12 21

P lo p'

(6)

.. h ,\ : " . d 1 b h l.I l' coo ...O[.\o[.•.•11 , H ,A ,H are restrtc(c 00 y y [ e re atton

,tl(p -k +dm')
", 171 11 1

I 'k l'Il (p - +, m )
171'" It 1

k ,t'l' m

k n'
12 m

(7)

Turinj! propO"'l.S thar microscopic f1uctuation phenomena .\re sufficiently
\';Hied ltl en ..•un_' th;\(. en:,n when the initial s[.He of the svstem is thl' stcadv
statl', SUb ...•l.qul.ntiv an\" (lf the coefficients el. (2 can bl.come non-zero,". . ", m
lit- [hen concentratl'S ,utl.ntionupon those \'.\Iu('s of In for which P. ,p' have. m m
the lar,gcst positi\'C real part. It is thesl' particular solucions that .RTOWmost

rapidly with time, .\l1d may thcreforc be expected 10 dominate tht, behavior of

dll' system aftl'r an initi.\1 induction periodo

111.CI.:\55IC:\1. SY\I\lETRIES 01' TIIE Ll:\E:\IU/.EIl EQUATIO:\S

Eqs, (3) will b(' said to be iovariant undeT the tr.Ulsformarion z¡k --< ük,
Xl ,~I if "H. Y retain [he S,lme form when ('xpressed in tln' IH'W \',Hiablcs.
rh<.' Ctlll ....[,lf1£s -tll. ". d

2
b('ing understood lO rl.main unala'Ted,

It is .\pp.lT('n[ that the equations are 'lOl invariant under tinl<.' ren.rsal
_,"_1 • xl _ xl rhnu,gh th ey Me in yar ian [ lUHkr m(' ""pace iIl\'ersion x2 ....•x

2 = - x2,
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The:y are no[ in general invarian[ under [he exchange uI +--+ u2, bu[ are invari.
am under me re fleclion u 1 -+ - u I , u2 --- - u2. In the (,"!.lssicaI m<.'OryoC[he local
symme[r)' oC diffcren[ial equa[ions (3) one considers transformations

(8)
-k k k
u = u + E7) (x, u) ,

where E is an arbitrarily srnall parame[er, and [he quanuues x,u are [rea[ed
as inaependcnt variables.b The simplest way to apply me classical method
lO a ser oC second arder cquarions, is [O convert me set to a canonical set of
first order equarions by defining auxiliar}' variables. \Ve therefore let

,,' dU 1 U. d,,2-- dx I - dx I

,,5 duJ , du2-
dx1 " -

dx2

(9)

whence (.qs. (3) becornc

(10)

The classical m{.(hod applied [() [he six equations (9,10) then leads W a ser
of six dnerminin,g cquatlons for [he: Lie ~('nerators:

Q = ~l(X.U) i 1, 2; k 1, ... G ,

(11)

X:=: (xl. x2) • U ::= (u 1, •.. ub) •
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Solving these eguarions one obtains [he foliowing linead)' independent gener-

a(0[5:

º,
(12)

6

" k- "k = I º"
where 111 and (12 satisfy (he sarne cquarions (3) as ul

, u2
, respecti\'ely, and

dril

W
(13)

Thesc are lhe onl)' classical gencraw[s (har are admittcd by dlC equations

(3) for arbitrary values oí the constants kll" •. d2" Thc g('ot'rators º1' Q2

art' til(' genl'rawfs of time anO. space transiatÍons. 1'he opcrator Q gener.:\tcs. 3

dilatations of rhe variables u' . and of cnurse cornmutcs with º¡' º2' In me
remaining gcncr<ltors ºl' tht: fUllclÍons 1)1(xl,x2

), v2(x1,x2)may be choscn
from rhe non-ticnumer.lble infínity of solutions (pi. f)2) oí dH:' original equations.

Each oí [hese operatnrs may 0(' exp0tlcntiatcd\ (O yield a 00('-

param{"[('[ subgroup which I('ilv('s the ('\1 'ations inv"lrianr. The condirion

u(8) = u(O t 2n) requir<-'s rhal Q., gener,Hcs SO (2). If funher boundary <-,on-

ditlon.s ¡lfe ímposed. rhe remaining ,('rator'" may no longer generare one-

paramerer suhgroups.
In Turing's th{:'ory of morphogen{:,sl:-' mKroscoplc fluctuar ion phenomena

are h{'ld r{'sponsible for t1H" rransfonnation 01.' st{'ad)' state ¡nto a S[at(' in.

homogeneolls in rime and/or space. Thes(' flucr¡;ation phenomena ma)' be

said ro s{'r rhe ¡nitial conditions ar / = lo penincnt (O a given IHoblem. Thus
while ir ís rrue that for all T. t/ (t + T, 8) is a solution if uk

(1,8) is a so-

lurion, uk(t + T, 8) does no[ io general represenr lhe actual chemical staleof

rhe sysrem fOf 1+ T < /0' It mOl)' also nor represenr rhe chc:mical statc: for
(imes 1 + T > / + 8, if rhe non-steadv stare stimulared is noe ooe rhar am!)li-o .
(ies rhe perturhation rapidly. so rhar funhef microscopic f1uetuarion phC:flomc-
na arl:' elfe<:livl'ly SC[(IIlF; up new inirial condiriolls wirh ma<:roscopic COllse.

quences.
FinaJly, il is impOrClll[ to nore lh,u (he onI)' group operators lhal can

<:on\"('rr [he ..•{('ad)' s [att' ul = O, u2 = O into any orher so(ulion, are (he op('r-
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ator,'> obtained by cxponcnriarin~ rh(, Qu. Unfortuna[e1y. knowledge of opn-
ators of thls type prcsupposcs a knowlcdg(' of ...•olution.<; of the original
diffcr"llrial equarions whose symmeUll'S are bl'ing studied.

l\'. N El\' SY\I\tETRIES

f{ccentiy ir was discovered mar pardal di ffl'r('ntial equatlons may
POSs('ss larg('r continuous groups of symmcuies than those considered in rhe
c1a.<;sical theory.i Thes{' arise when one allows infinitt:simal rransfurmations
of rhe form

xl , ,
x + Et (x,u,ui ' ui j ... ) ,

-k uk + k . ... )u ETJ (x,u,ui,uii ,

-k k + k ... )u, u, ETJ[ (x, u. ui' uii'

( 14)

W'lere as before x

du ou.,
etc.u. =: u .. -, oxi " Ox'

(l4a)

For linear equarians ir is simplesr [Q [fear only [he xi as ind('pendenr varia-
bles and suppose [he generators of the rrans{onnarion ro be ma[rix operarars

Tdl.1t ac[ lJrXJn rhe vector U = (ul. u2) o Thus \v(' wri[e

Q a +~r +

+ (I5)

wh (' r('
xl .. \.2

q ..•are 2" 2 matric{' ...•who,-;{' {'Iemenrs ar{', in
The invariance r{'quir(OIllCllr [hen reduce ...•ro

general. {uncrions of



11(Ji' - if W[i o . I le,)

[
k k]11 12

K " . 11 -

k 21 k21
[

d, [1]. 1" [1 [lJ
[1 ti, O 1

( lÚa)

IJsing mt,dwd ...•dcscribed pre\"inusly', (lile deri\{" .... th,' followin,g de[crminin~
('(IU<ltiollS for dH: q's. if derivatin:s of ordcr no high<r lh.in [\\'0 are allowt.'d:

(Kq'- (j'K) t IJq~, - q~ + 2IJq~ [l.

(K'/I- ~¡IK) + IJql _ ql + 21q' - (jI' K) + Iq"- '10) ~ O .
22 1 2 2

( 17 )

ir¡.~' t (r¡1 - '1 1) ~ O •

Ikre

. etc.
~) ()-1q = Oq n . ('te . 117 a)

~ld\"illgdH"scont.'ob[aiIlS. fOr,HOi(rary kll •... d2.(d2 {dI) (he followinj.:
~(.Il('r,I[\lrS
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í! ~, . () ,2 Q, ' o" -, ch, 1 OX'

() G a] _[O ~J o
Q. Q, Q, . Qs

~ (Q, + 2Q,) Q, .-] oxly O

Q
h

wh ('r<.:

::'{L'--+-')Q +_I(Q~YJ)}+IX1(Q +2Q-Y/l-[0 °JI2 d ti 3d I 13
1 2 , ° 1

(18)

a-
d
2 k

d-d 12
1 ,

d,__ k
d-d 21

, 2
k
lld-d

I 2

(l8a)

.. Q•.
alge-

(The opec;.l(Or:s QJ .... Q
b

can be convened to a more syrnmetrical form by

addin,g (O rheTn multiple .•• of 0
0
,Q

1
,Q
1
, but (his complicares eheje commutatioo

rdarioos). \X'e no [e firs[ o{ all char whil<.' ºo ,Q
1
, º2 each han: rheie analog

in (he classical t:t:nerawcs, [he same is not trut' of QJ' Q..•, Qs' Q
6
. The In-

finitesimal Opn<lWL"io ob(ained from che genecators Q , ... Q all have [he
. ~.

property of beillF abJe to con \'~rt Qne so!uúon U (xl, x ) ioto anether solurion
, V (x 1• x

2
) *" 1I (x 1 t E ¿-l • x 2 + é'; 2 ). Tha ti.'.;. eh ('i r ('He et i s nO( on e iodu ced

by a linear [ransformation of [he independerI[ variables. Furthermore none

of them commure identically with the Op('uuor W. though they do so 00 the
space of ....01 lH ion s (l.

The operators Qo' Q ,Q ,Q ,O ,-~, mutual!\' cornmure, However,1 2 3 - .•..•. 5 •
commutaw'rs iO\'l)lving W(: 0p<'racor º6 do nor c1ost' on the alg('bra ºo'
Tn<: .11~l'hri1 conrainin.c these six opnators i •• an infinite paramercr Lie

hra: ~o ,,1 ....0 is rhe algt'bra cunraining ºo' Q1, º2' Q.
1
, and Q

b
.

~~('cause Q -'Q -'O commure with rhe time translation operarar Q .
3 .• -- 5 1

[h{,\" Cilnnp[ COIl\"{"r( .1 .•••olution. constan! in time, inro 011<' varyin¡:: in time:
Hecause rhe\' C01l1l1lur(' wirh O , the\' cannot conv('rt a solulion that isspatial--2 .
Ir isotropic inw one lhat is anisorropic. ),;"eirhef of [he .••e S(¡l({'ments is true
uf Q ,IHl\\'('\'l'r.

"
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v. SOME REMARKS ON THE GENERATOR º.
lB I

It is evidcnt from the preceding that the generator Q
6
plays a central

role in the Lie algebras and Lie groups admitted by eqs. (3). Acting upon a
soludon U, It glves

u' ~ {- ..!. (yu' - u1 ) + ( ..!. +
2 d 'd

1 1

} ) au' ,} + 1(- yu~ + 2au~ + uJ, ),

where

..!. ),8u1 +..!. (yu'- u,')} + 1(2,8u~- uJ, + yu~) - ue'd d, ,
(19)

uJ '= , etc. 09a)

In establishing the connection between diffusion in solution and diffusion
bctween cclls. Turing equates di {Q J-Li/n2, where J-L¡ is the permeability of
the ccll membrane to component i, and n is the number of cells per radian.
Wc may suppose mat prior to cell differentiation, n continues to. increase
without making much change in the chemical kinetics. lbis is equivalent tú

saying that the d. dccrease while the k .. are kept con stant until the cell differ-, ']
entiation takes place.

In the limit Tl -- 00 (i. e. d -- O, d ....•O), the original equations (3) re., ,
duce to che O-independent equations which can give rise to temporally-organ.
ized solutions but not spatially.orgaoized solutions.5 Thus the cell differ-
eotiation must take place long before the system approaches this limiL

Sorne ioteresting fcatures may be seeo in the other limit n ....•O (i. e.
di -+ 00 • d

2
-+ 00). In this case we have

, (20)

while all the other generators retaio th<.' form givco by eqs. (l8). This lirnir-
ing forro of the ºb operator cornmutcs with all the other gencrators 00 the
space of solutions U, thus forming a completely closed Lic algebra on the
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...•uIUtllln ....p.lce. rhe ,IUllllI llf tltJ .... ,1pCf.HOr Dn cht.' Ú. indqwnd{'ll( s{)lu(ioll ....•

J ....{k ....truuln:. Ilo\\l'n:f. ('\(,11 ,ll the {',lflies[ sraj.!:l's of (hc f!,ro\\th l)f [he

....~ ....(cm. chemical ....pl'CJ<: ...•e,lll I1('\U"HLlill infínite diffuslhililícs. This.of

COl:r"'c, means (ha( thc Li(, ,ll,cehr,l COTlLliníllf!, () i.s nl'Vl'r feall\, closed. hUI,
-o -

l!lost ímportancly. [he PH''''l'IlC(' of QI> ,1110\\s i[ lO f!,(,flerat(' ()~indep('ndell(
....(rUClllres. \\hich i .... thc ctlndiriofl c_...•....•cll[ial (O cel1 diff('fClHia[ioll. :\I[hou,gh

ti\(' TlOfl-Zefl) solution •.• ir are tH'c(' ...•sarily functions of /. Olle can ...•('l' in eqs.

(PJ). that n<:'w / -dl'pendl'nt SlruC(llfl' ........•hould be gellera[ul if O-dependt.'nl
.""ructurl'-S are de\'eloped.
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•
HESPIII'S

Se in\"{:sti~;1fl las propiedades de SlllH.'tría dt, Ll." ecuaciolll's diferen-
ciales parciales de st'~IIIJ(I(l orden acopladas, lIs,lda •••por A. \1. Turin~ para
de .....cribir la Clllemá[lca de la ....feacciolJ(: .•.•químicas, que pucden llevar al rom-
pinllenlo de la simt:trÍa g(,ollli'uica en los (.mhritllH" ....vivos. Se muestra tille

Lt .....ecuaciones ci<:nell ál~chra mucho más rica en simetría que la qlll' se pue-
de encontrar en las extensiolll's usuales del (rab,ljo clél .•..íco dé" Lie. Se dis-
cu[e el significado de algunas de las simetría .••.




