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ABSTRM:T: The principal compurational schL'mcs for obtainin~ rhe harmonic

oscillator transformation brackct (or hrashinsket) are hriefly

described and compared as regards speeJ. The rechniqut' of

buildin¡.( a rabie of already calculared values for reuse is rhen

discussed; when us('d wirh a r('cursive computarional scheme,

this tt.>chnique is heuer by a factor of 10 or more in an extensivc
calculation,

The nuclear shell model i...•useful onl)" ro [he extenr [har explicir
calcularions can be carried out. Qne of d1<:mosr convenienr forms uf dOlng
rhis is ro expand rhe model \I.'ave funetions in r('rms of hannonic-oscillaror
wave funcrions, because rhese have rhe remarkable propen)" rhar a two-parti-

.~'ork supponed in pan by the Consejo S"acional de Ciencia y Tecnología, México •••
Technical Adviser, Instituto ~acional de Energía Nuclear, México.
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c1<: fUO¡"liOll :~ a finitt: sum 0\'<.:[ products of centr{'.o(.mass and relarivc-

coordif},ltl- ¡',1I\{.í'ln~ which ,1[(' a,gain harmonic-oscillator (uncrions. (The
gil'U!" th<:l'í', b;'~.'T'~1 thi ....proPt'rt)' has f)('('n ('x(lllsivt'1y discussed ~'~k>shinsk)'l).

Since •.h<.: :""i,llJal inl<:rauioll.s hetwl'en (he parti<.-les ma)' always (by rncans

of fracrilHldl-p'1H.:tltagc coeffici('nrs nr oth('r mcthods) b(' expressed in cerms

of (wo-parric1e int('ractions. rhi.<.; proPl'fty no\\' yields a f!;rear simplification

In the calculation oC a marrix elenl('oc ahn rhe HicUlsformarion (O cenrre-of-
mas.s and relative coordinate:-.. (lne can intq~rate irnmediarely over (he (irsr;
(his avoids ha,,!ng lO expand th<.' potential in [erms of l.e~(.'ndr{' polynornials

and rhen compute the SIat('f integral!'> of tht, t.'xpan!'>ion coeffici('nts- .••.hich
may be all but impossibl<.- in nudt,¡u physics.

The advanta,g<:!'> of postulatin,g a harmonic.oscillator w<:1I as common

po(t.'ntial in me shell modd \\"("re firs( point<-'d out by Talmi 2; his ideas foc

simplifying (he evaluation of thc SI¡uer coefficicnts as fouod in [he standard

mcthods of atol11 ic spcctroscopy3 wen' latt'r suppl< ..mcntt'd by Thiebergec' s

tabIes". Bu( (he real advantages of Talmi's idt'a bq~¡U1 ro show up once It

appeared mat me Slatt'r co('ffici<:n(s could be bypass<:d altognh<:r, - [hat in

(acr me harmonic oscil1awr permiu<:d connt'cring th<: [wo.panic!e marrix

elemenr directly ro me integraIs in (t'rms of which Talmi had expresseJ [he

Slarer coefficients and which no\\' bt'ar his name, This srcp was raken by

~foshinskyS, He found cxplici[ recursion rt'iarioos (or whar he called harmonic-

oscil1aror rransformarion brackl'ts, by means of which it \\las possibIe ro
•tabulate mem numerically6, 7 'rbe tcehniqut, was completed by rhe n eoef-

ficienr~' foc expanding the r(.duced marcix e1emt'nt of tht, (wo-boJ)' foret' in

terms of Talmi integrals. In other words, we can wrirl' me lIlatrix elcment
(in I~S coupling) of aoy residual inrcracrion as a fini(t' sum

Bere lp is (he Talmi inrc¡:ral,

(1)

_,.2 lp' 2 d(' r r ( 2)

Thc ne;\t conrraction .hra~hin~k(,l" for -'Io ...•hin ..•kv'., lTan ..•formalion orack('r .••.as
su.£.£cs{{'d by Dr. J.\l. l.o7ano, afld \\ill he u ..•{'d íH'r{',
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In which fl(r) IS the radial dependence ol me potcntial V. The cocffici<.>nts
Cv(p) depend on the nature ol the potential, but not on v(r). and are in their
tum finite sums o'/cr produets ol me brashinskets and the H eoefficients, of
a form [hat can be compu[ed quite systematically. Thus for a central force
u'e ha ve

(3)
and for o[hcr types of force there are similar but somcwha[ more complicatcd
('xpressions. (A small rabie ol the central-force cocfficients has been com-
p-..J[cdexplicitly.9) These topics arc pursued and dlC details of the notadon
explained in o[herpublicationsJ,7,8; in [his paperl propose tu discuss the
[echniqucs of numuical computa[ion of me brashinskets, wi[hou[ which [he
theor)" remains s[crile.

The concept of [he brashinsket has had a wide range of appl ications
bom insici(' and outside nuclear physics, and it is natural ma[ it should have
received various furmulations, sorne of them bascd on group-theore[ical con-
sidera[ions. A brief sketch of me more import'lnt formulation ...•will pro\'ide
the background nceded for the discussion of the compu[a[ional techniques.

That [he (','aluation of the Slater coefficiems could be avnided W3S

implicit in Talmi's work2, and [hus i[ was natural tha[ ~Ioshinsk)" ana his
group in .\kxico were not the onl)" ones tu hit nn rhe idea of obtaining ex-
plicidy rhe cuefficients of me transformation from [hc c('mr(' of [hc potcntial
wcll ro IDC [wo-particle cen[re-of-mass and relative coordina[cs. Within a
¡,car of the appearance of Moshinsky's first papers, three u[hcr groups had
found almust identical resu1rsJO,l1, 12. None of [hem had obmined anything
analogous [O.\loshinsky's quitc general rccursion relations; they derived
spacial valucs and ccuain faid)" limited recursion rdarion ...•. i1owcver, Balashov
and Elteko,/Il intcoduced a useful generalisation: thq. antisyrnmetrised the
[Otal wa\'c func[jon of the [\\'0 particles, _"O [h.H their transformadon coef-
ficients depcod 00 the total spin and isospin as wt'll. Thl' _,>amc idea is
mentioned by :\rima and Tcrasawal2, though it is not fully workc:d out. :\
clear discussiun uf the use of the !~alasho\'-I.:lteb)\" coefficiellts and their
relation [() the brashinskcts will be found in reL 13. \"01. 11. ch. 6. ;":one of
these authors studierl the remaining pmblem of expressitl?: the re1<uive-coor-
din.He matrix demcnt in [enns uf Talmi intt'grals. which ga\.c ri-.;e ro (he H
coefficien[.
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Th(' hra"hin"ker ...•lll.lke Iwssible (he: transformation lO re!.llive c{lordi-
1l.1[( ....• for particJ<.s 01' c(llIal mass oniy: yet in many cas(",,> it i....•tH.(..("...•..•ary Co

do (hl'" fur I".lrricles of unequ,d m.1ss~s. Th{. gener.1li .•atioll to UTlt't¡lJ.11
1ll,I ...se ....\\.1 .... introduced by '-::mirnovl"; several vcrsions of a do ...•ed expn ...•...•l0n
fllf (he llIlClfu,d-ma ...•s brashin ...•kc[ han.' been given 15.1(,.1;. It ma\" .dso bt..

expr( ...•...cd In rcrlll.'" of [he equal-mass ones 18, which yi(.ld ...•,1 COfHTnit.'nr comp.l-

LHIPfl.lI I"fllceduf('. The final sr(:p was caken by "ramn ¡Q. who both fOllnd a

"'11ll1'k clo ...ed fmllluLt fm rhe lUleclUal-mass bra.">hin ...•k<:t and ex(cnded lh(.
cO[Jct'P' r.llhef rle,Hly ro more rhan [W{l particles.

'uch d('\Tloplllenr ... hecamc possible once the group-theorelical basi ...•
of rhc hr.l ...hio ....kcl was ~w{(er understtlod. For two parrides. [hc harmonic-

oscillalnr II.unil{onjan h.IS the symm<:try group U«()); if \\-'(' con ...•ider thar ,he
parricl(' indcx (\\1111 \.alll( .•.. 1.2) define ...•a two-dimensional ';pace, then [his
,croup ha ....a Si:( 2) suh,croup which ans on che I'article-index ..•pace20. 21,

Th(. tranSfOfllJ.Hioll from centre-of-wt:'11 lO centre-of-mass and relari\'(' coordi-
nalc .....chcll COff('.sponds lO ¡l mtacitlll in chis group; [ht.. brashinsket.s. a.s [hc

(ran.sforrnacion t"oeffic,nJ(s of this f()[<ltil1n. ,\ft:' [hu" secn to con ...•riru[(. an in

w:ner.d rcduClble repre ....clllacion of Sl'(~). characteriseci hy p and 1\. where

:." + I
1 1

::'71 -i- I .•..2S + 1_ l.\)

.1T1d ' i ..... of cour ....e. dll' [or,d ,lnguJar momUHum' rJ In I and 111.\'1 are {he
• I 1 2 2

(ctlmp0"'ltd (\1\\ .1Ild colllllln indict . .s. For (\\"0 paniclt.' ...•(lnly roca(ion .....III a

pl.lrlC ,He IllCanl n¡..:fui; if We write rhe Luler al1,2:le .....a ..... (O,f3. O), then for
/ -r:.í \\e h.l\'t. dl(' cqu.d-rnas .....brashinskt.'cs, and in g('neral che ma.ss ratio

of rhe t\\O p.Hclt.It' .....i.s [all-'p. :\P<lrt fmm givin,2: rise to che dt"vdopnH'lI(s

aiready IIH'IltIOIlt'(i. t11l'" .lppruach .lllows one lO d(.duce [he ,symnlt.'lry reLHion .•.•
of (h(. hra ....hlo ....k:t.(..... in.\ llnificd form10. 22, as \\'ell as to find a .....erie ..• of sum

rule (lf{('n u eflll ci,her fur checking purpost:'s or to ilTlj)lify cUlllbersolTlt..
algl'brail' (.xpr< ......•ion .....n.

In \\h.ll (0110\\, ..... will firs{ of all hriefiy disCll ...•....sen'ral computing
scheme ro 1)(" (ollnd in {he IJtt'rarure, of which the fir .•.•r {\\'o cmplo" reClH .•ion
r('1.100n ;\lld lhcn de ....crilw ,1 c(,lhniqu(' 1 have adapted Co rhe cornplltalloll
of thc br,l ....hlllskt,r. ....whidl gi"c ... thc {Wo n'cursi,'(' lTlethod .... a cOfl .....idcrable
.Id\-,Hlt.lgc (I\'('r (he clo t.d-fllnnllla cypt. in exc('llsin.: compur.llion .

'inec rhi .... 1'.lper i ...{o ,IPlwar in a special Ilumbt'r of rhe Rt..vl ....(a '\le-
xican,l dc Fí ....icl 111h'lllour uf Prnf. .\Iarcos .\loshin ..•ky. ;1 hi ....wric.lIl1o{c
Ill,l\' l1\lt ht.. ,11lt of pI.1Ct': Ic \\."" \\.HCO .•.•. Illt'fl( (O havt' rt'co,cni .•ed ch.l[ tht'
concepr \Jf the hr.l ...hin ....kcr \\.l .... ,1 must useful ont' \\hlch other re ...e.lfch
\\'ork(:rs \\\lllld d(.\"('lop2 .• j( \\ (' did nor. <lnd ic \\';1 ... hi ....inft'C(iou .... (.Il[hu .....i.l. ..•m
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which enlist< ..d (he ht:!p of lll<lny o[h('[s in (he theoretical group in .\texico for

an entcrpris(' which bcg.lll with rhe hrashinsket .•• and in a fe\\' years ramifieJ

ioro the müst di\'t'fSC applicatioIls u(group theory. Fortunately.\texico's

(¡rsI elcctfonic computer, aH IB\1 ú50. had recently beeo installcd a( rhe

ljni\'crsity, and was stil! not saturat<:d with work. ¡\her a heetic period of

prograrnming <llld formula checking. \\'(;' could thcreforc take up o\'('r 200 hours

of m<lchine time lO tabulare rhe br.lshin.skcts7. E\'(:'11 so. we had w w()rk
night.'> for s('\"('[al wceks. and during thar time 1 still fClllember with grcar
pleasure ho\\' .\-larcos would appcar at half.past olle in rhe l110ming bearing
sand\\"iches and cflcouragf:mCllt, while Wt,' wefe coaxing a recalcitrant com-

purcr \\"ith a fe\\" kicks in strategic plan's ... '1'h(' machinc ser\'f:'d us so
wdl th.1t by the rime a sccond edirion uf the tablcs b('c<1I1l(' ncccssary

(puh!,sln'd by Curdon and Brcach in 1967), no L'rrors had been dl.:'tccted-

on!y.l card dropP('d out before printing. i'\'0[ milllY Lltcr machines could

silo\\ ,such a record of rdiability.

11

rhe Illcthod originally de\'eIoput by .\10shinsky5 to computc rhc

brasilillskers is bas,,-.d on ,I fecursion relation in the t\\'o quantum numbers ')1

and fl
2

• namel\'

-~
[(71 + 1)(71 +1 + '!, ¡J 'x

1 1 1

x " < nlN I.\IL I
'J I {' .\ '1, I

- ,.2 I fI' / IsiL I t,-J-L > < n' / INI L! \ 1 fI / '1 / \ >
1 1 1 2 2

( 5)

and thL' analoguus felation in fl
2

. This fCcufsion is lTluch simpkr lO apph'
th.Hl appe.Hs at fifsr ....igilr, bccausL' the indic<:s of rh(, sum in (5) are rc-

striued by lile con s tilll C\' of thc enefg\', clj. (.:í). and rhe sc!ecrioll rules fOf

.1nguliH 1I10IllCllt.l. ,"'O thar eH mos[ six dif(efen[ rcrms SlIf\'i\"c: for rhese [he
1lI.l{lix e\cf\l('¡1< of _,.2 in (')) can he e\'alu,l1ed quite e<lsih. h\ me,1I1S of rhe

1 .
\\'ell kno\\'tl recursioll for rhe Laguern: polynomi.ds2:'.

Ih means of (5) and irs 11
2

analogue. on(' reduces (he cornput<l(ion of
,11lY hraslllllsket rll thar for rhe case 111 = 'J"!. = O; fur th is .\lushin:-.k\' \\'a ....ahk
ljuite straightfor\\'ardh- lO deri\'L" a clo:-.ed expr('s ....ioll.



20.1

e::': ,.\(1/1,1..\)
.\

Brody

((,)

\\hefe e i~ ,1 normalisation (,lctoe and A is a quantiey (he ('valuacion oC \\hich
in\"ol\"l'S a ..•ingle sum tl\"n a (¡oit{, numbeT oC (erms.

For (he rabulatioll of the brashinskus. (he use oC (5) and (;) was

quite COtl\Tf1Il'Ot. Firs( of aB, ,ln ex(:'nsivc rabIe of me.:' brashinsk('(s with

'J 1 = "2 = o W.l .•••compu({'d and da'('ked by means oC (h(, .••ymmetr)' and ortho~o-
n;llity T('iatiolls; rh('n rh<.' rabies foc'J and 11 ,grt"<lt('r chan O W('r(' .••1.H..'C('ssiv('.

. 1 2
Iv computed. roe 11 + tI > I mOTe (han olle parh l(';:HIs (O da. d('sirc ..'d \'alu(';. I ,

Ihis (ael ...•{.c\'(.'d as a eh<,'ck and was also {'xploi('d in or<!eT lo reduc{' lh,'

accumula('d rounJin~ nrors by a\'('ragin~ ('ver (he diffu("nr T('sults.

The siruóltion is, how('\'{'c, quit(, diffcrent wiJen on{' {hws a machine

cornputation of marrix el{'m{'llts, where me brashinskets ar{' usually neeti{,d

in ,m ordn [hat is borh difficult to foresee and impossibk ro arran,ge so that

the ('arlier \"alu{ ...• C.lO be used latcr on in che recursion relations. :\s a r{'-

sult, machint' rifl)(, can hecorn(' \'{'ry lar~e; fur insrance, ó.l x 10" muitiplicarion

rim('s would he ,lu:<ied on dHo-' av{'ra,ge fur'l and 11 = S, Even on a fasr1 ,
machine, a mor{' or I{,ss compl{'x shdl-model compur;lrion n(,{'Jin,g, pnhaps,

3000 hr.lshins~{'(s l"ould rhus rake n{'arly an hour: flor all economic pro(usirion.

:\ firsr attUllpr to circumv{'nr this difficulry is due to Baran,ger and
Davies:!t" who dev{'lop{'d fl'cur .••ion relations in /, For / = O rh{'y obrain (1

h.l\'{' ad.lp[('d their norarion somewhat)

< "o."I..\i" 1" 1 ,\> ~
1 1 2 2

e ~ R (" 1" 1 "Nak) 1'(11 Lak) 8 ,(7)
a,k 1122 12 ).,/.

c: is a,c:,lin a normalis¡lIion factor. l' is a complicared but strai~hdorward
produn of fa{'torial~, whik R contains a doubl(' summarion. For / > O rh{')'
d('\TloP;l r(.{,ur. •.•ion r,'!:llion similar {O an ear1ier on{,12 in /. it is ess{'ntial-

h of (lie forrn (r{'mo\'in~ som(' rrivial <:rrors in their expr{'ssion (4.1))
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, + 1

(8)
where lhe coefficil"lllS (/,!J, e, d each involve a Gj coefficicl1L Eg. (8) IS ver)'
cOllv(,llicfll rOf 1= 0, sinc(' lhen only one term appcars in [he sum, '1\.' = '1\.;

but fol' hiJ.{hef \',llul'S of /. lhey prefer lO derive a closed ('xpression rather

like (7), thollgh wirh a Inllch more complic<l[ed fUflnion Q ins(ead of P; (he

Slltlllllóltion in\'olv{'d is ninefold.
\\'11('11 011(: works widl short-range force ...•, only small I valucs ('fuer;

hut rm llthef tYlws of forces rhe computation time r¡.",es again guill' rapidly:

fol' I :;:'S. !LHan,gef .\nd 1)aúes gi\'c data rh,H correspond ro approximately
,í.2') x 1tJ'~ l1lultiplic,uion times. 1 have found average times some lú% higher,

...•¡ne(" I allowed I and 1 ro ranDe o\'('r larger v<tlues rh,lll th<..'\' did. 1\o(hI 2 r> •

the medlods dl':">cribed so far can thus consume excessi\'<: computer (ime.

An en(ir<:1y different comput<uional schelIl<:, du(' [O Brink27. th<:r<:for<:

becolIlt:s of in (ere."t. lIe not('d that most uf th(' cOlIlplexi(y of computing the

brashin."kets i.'.; due to the fae( that the [\\'() kc(s I'J 1m> and In 1m> mustlit 2 2 2
be coupkd tu ,gi\"l' a total angular mom('ntum A.and simiLuly on th{' odlcr side

for < nlm I and < ,\'1.,\1.\. \laking chis coupling explici[ by means of Ckbsch-

(~oHbncoefficien{s. \\'(' han:

,. < ,tlm. ,\'1.,\1 \ n/¡m¡. n/
2
m

2
>< Il.m,\f \ A.jL > .

m ,\1

(~)

To Cl1lllIHHe the: "l1llt:oupkd" brashinske( on rhe ri.ch{-hand sitie of (9). Brink

uses (h<.' COl1lpl<.-x forlllof cylindrical coordinat<.'s (x + iy. x-iy aud z): if
1.. i = T,-.O, are [he crea(ion operarors in (hese coordinates. meo a OfH.'.parti-,
ele k('{ may be wri(ten
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<1l1dthc tran~forma[Joll hracke[ ro spherical coordin¡l[(':-' j ••• dt'fínt'd hy

I ,,1m > ..... < pq r I nlm > I pqr > . p 2fJ + I - m - 2 r, q - m t r _

( 10)

..... <pqrl"lm >< I'(!U I SI,,\! >< pqr.PQI< Ip
I

Cf
l

r\. P"2q2rl> )(
rf{, ,

I 2

.<pqrlnlm ><pqrl"im >
1111111222222 (11)

'hu slnce 'Y]o' T) .•. ¡lI~d 7}_ comnlute with each othn. the eylindrie;l! hra .••hinsku
in (11) fact{lri:--(':-- into (hrct' (lne.dim('Il.sionai brashin:--ke(:-- which art' all of
[he s,tllle typt':

< /"I'.I'()U I!' '1 r , /' '7 r >-- 1 I I "2 2 2 < p/'I !'!' > < q() I '1 '1 > < r 1< I r r >I 1 ..... I 2 1 2

( 12)

Thl",S(' ollt'-dilll('Il:--ional bra.shin:--ket.s are "('f\" ea:--\ to compute; (I1n' ill\'oh'c

onl\' PIH' .•••lIlll. ,1,S do (h(' (ran:--form<ltion brackers of (lO). 111(()) also olll" olle

slIllHnatioll is lH:eded, ..••illcc mi t fll
2
= \1 + m. Pu((illg ttlg('dl('r (.<J,•••. (t)) ro

(1.1). 011(' obt,tin ..••a c1o .••('d ('xprc,ssion for [he hrashín:-.kc[, (1 h,t\"(, :-.írnplifi('d
Hrink'.sno(;ltioll "'\lI11('\\ha1.)

Thi ..•1Il('(!JlId i ..• \'('n' ('J('ganL C()mpll(,t(i(ln,tJI~ i( offcr:-.;¡ d(,fíni(c

,td\';lnr.l,Cc \\hell, ,1'" "'orne(!lIl('.'" h,lppUl. ..•.Orle \\';H1t ..• (he lIncpupJed hr;l ...hill:-.kc[
of(\)\ r,l(h('r lh,ln dJ(' ordin.lf~' c(lupled 00('.*

rhi" \\,1" f(.di"Cl)\'('red h~ Rich,lfd"on. >..;harirll .lnd \l.dik2>" \\ho"(' codfíci(,lll" {I
.md tI ,H(' "irnl'l\' (I1e ,lf'l'fof'rialt' "un¡ ..• (1\t"f Ufl("Pllf'll'd bLI ..•hill ..•kf'" .ltld H (ot-ilíei(TlI"
lllf ("('I}(r,¡J ,llJ,llt'Il"~'r !~Hl"(,". dlf'\ "'('('nJ 10 h,I\(" h("t'n lln,I\\,Ht' uf pP'\iou" \\IHk ,lnd

!fUI'" !>l'come ir1\ol\(',j in t:rt',ll ,ll~('hr.lil ('onJl'l('xily h~' d("ri\in;.: lht. c{)dlici('IlI"
,lirt,("lh in "f'heric¡] loordíll,H( ...••
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..\ qui re si mi lar rnerhod \\'01 s u sed by Smi rno \"14 in deri \"in."; uncoupled
unequal-mass brashinskers; hO\l.;e\'(:r. he worked in Carresian coordinares.
\\'hich has riH' compurarional disad\"ill\rage that rile transformation brack<:rs
fmm C.Hr('sian [O spherical coordinares;He real onl\" wheo 1l IS <:\'eo.

For the coupled brashinsk('r, addirional co~puting r[;11<:is requir<-'d In
Hrink' ....•method to find ril<' Clebsch-Cordan coefficienrs, Funh('rnHHe.oo('
mllsr choos(' m and m such rhat rile CI('bsch-Gordan codficienr 011 tlll' 1<:([

I 2
of (1)) is not zero, This should always h<-'possible, How<:\"<:r. me compuring
rime d('pcnds on the choice of mi and m

2
• and ir may also hapIH'n thar rhe

accuracv of [he result suffers fmm an unsuitable choice of these numbers, Ir
would be agr<:('able if a fas( algorithm could be found for oprimising this
choi Cl'.

Exp('rimcnts carried out with Brink's method ha\'e sho\\'n thar COIll-
plltlng rime." for ir fall roughly OUW('('fl rho";e uf rhc r\\'o rccursiv<-' m<:thods
descrioed abo\"<: , 1 'ie1ccred for rh<:se ('xperilllenrs a tesr ser of brashinsk<:( .••
b\" choosin.c combioatioos of 11 • I .'1 and I s.uch that p = 0,2. (). 12 and

, I I 2 2
cOlllputed aIl possible brashinsk('[s for th<-'se combinarions. The avcrage
times fur cOJl1puting a brashinsket for the rhrec computarional 5cilellles were
as follo\\'5 (as approximatc multiples of the machine's fioating-poillt multi-
plica(ion rime. which \\'ill be call<-d T in \\'hat follows; rhis ('nables compari-
sons ro be made bu\\'ccn diff<..rl'llt compurC'L'i) :

p .\Ioshinsky Ilaran ¡!;er-Da \.i es BrÍnk

O 47 112 .119

2 <)760 ~OlO 1¡700

(, 22 900 2 O.10O 2%00

12 98200 1151¡0O 83300

Thi .••test is. in a sen ...•e. unf.lir ttl all thr('e m('thoJs. b('C;lU ...•(' it does
no( rak(' inro accounr any of da'ir peculiar ad\'an(ages; but i( shows rhat non('
llf t!JC'1llis satisfaetory as a single. gellC'ral-purpose algoridllll.

A slight impw\'em("H 011 Hrink'.s 1ll('(hoJ is [O tabula((' at the staf(
lhe rf.lllSfonnation bracke[s uf (10) ,lud [h(' OIJ{'.t!ímension,11 bf,l.,hin.,kc[s of
(12), Sil (har the compu[;lcion is redllced :0 c.trryin,¡z out [he SU'1l in (11) and
[hcn rccouplíng with r\\'o Cld).,ch-(;ordan codfícÍ(11[S. as befor(,2'I. Tht. tables
nC'nled f\H thi ...•purpose remain ft'.lsonably .••mall and ('xceed .'Ík words in ."'Z('

onl\' \\hell o> I() (on (h(' supposi~ion that 011(' word is b('ing used for :iJe argu.
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;\ flor \'('ry complete cxperi-

.saYint: is of Ihe oclkr of 2')"(.
rabk-Iookup procedurcs fllight

ITlCflr \.,lIue ..... allothn for rhe (\lllcrion yaluc) .

IllUlr \\ilh (hi ....ITlcrhod .....u¡.:,ccsrs rhar eh(, tillle
O[](:C rhe lahlt:s han: bcell cornpu[cd. lkuer
lmpron' [!Ji ....a good de.1I.

,\n cllrird\. difierell[ computacional schelll(' has b('("11 proposed by
T.IIIll.ln ,llld i .. llldc3n. Thn' ob.,erYl" rhar. using as oa ....is (he re!a[in.'-coordi-

nacc \\,1\"(" fUllC[iol1 .....11I/s/~'\>. rhe marrix rhar díagonalises rhe 0pt'rarors

h . h ,/2 and ,2 - rh( .•.. in,glc-parrick Harnilronian ,lfld anguiar-mollltllUlnl oper-I 2 1 2

a[ors in Ihe ori,gillal coordinales- is unirary and irs e1elllcnrs arc. aparr fmm
phase factor •.., [he brashin.">ke(s. By suitable choice of lhe four (:odficienls.
Orle can build an 01H'rawr

H a h
I I

a,h
2
+b/2 +b ,2

L. I 1 2 2

which ha ....no d(',gt'l}{'racies; Talrnan and Land(, obrain expiicitly ir., marrix

eit-meflrs alld rhcrl simply diagonalise numefically rhe fesul(ing matrix so as
lo ger ir .... ci,gen\.('cror ..... taking alh'anrage of ehe faet Ihar rhe eigtTl\'alucs are

alrt',1<h- kno\\'n. Thi., mnhod do('s. indccd. yidd a con"idnabl(. impm\"t"lllellt

111 .'pccd ,,,,p long as P fCllIains reia(in:ly small. Bur for p > 20 rhe marrix

w he dia,gonali .....(.d lIlay e,lsily cxceed 400)( 400. and quire apan frolll [he

qUt',,(illllS of machine [im(' and mCfllOr\' siu-. (he accumuiarion of founding

error., (end .....ro a((c("[ [ht, ortho,gonaliry of rhe t'igel1\'cclOrs. To gC( ....ari,,-

facrory rt ....ult ....Ollt. InU.st usc [hc rarher sIo\\'cr J acobi diagUlali"mion rnuhod31

or caicula«. c('[[ain critieal eigell\'ecror" b~'invt'fse ir('[arioIl32. Ikeaus('

of thc ....e prohlem ..... 1 h.l\'c l10t madt: .lf1~' exrenSIY(,' exp('rtlnCll(:"> ("()flCt'rnlllg
the complHin,C (imc.' for (his Illcrhod.

For comple[cll('ss' sakc 1 may mellrion (ha( rhefe ('xi.s( at Ica.,r (\\'0

funher approach('s which han' yieldcd vefY similar cioscd formulae for rhe
unc<Jllal-lIlass brashin ....ku. OIlC is tiue ro Bakri lb, who poin(" out Iha[ [h(.

\\',1\'(' fUllC(ioll .... 111' fI' \> rfallsform ill(o ct'oue-of-mas.s and «,Iari\'{: coonli-
I 1 2 '2

na(c" exaeth' as (hc Illllch .,impit'r func[iolls

..\ (111'1 ) ..\ ("2' 2 )
"¡ + 1

r - I 1
1

do; ht: rhcn o~)(.lil1"" tw ;l!,Cebraic tran ...fonnations [he (ran ....formation bracku ....

for da'sc fllncri()n~. The Udl(,[ approach (f\:urnarl" ando imkp('ndt1ltk. Buck 17)
/ .;.I .

i~th('lIse llf .£t.'ll('f,l(in,c funcrjull .....fur (h(, rol~nomial ....r'1." ) (r1); ,impie [t .•
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L\tions bl"tw('('n (hese generatin,g funetions may be der¡ved. which lcad [O

closed expcessions roc [he brashinskcls. Tla"se do no(, howevt'f. s('('m (O

0[('( an)' ."q)('cia! advantages o\'er rhe' formula<-' already discussed.

111

In rce<:flt years (he siz(' of computer memories avaiiable 10 (csearch

In phy.,ics has grl'ady incre<l ...•('d. and h<,'yond (he growrh in physical capacity
th(: d(:velopmellt of effeC(i\'(: swapping monirors has pUl almos( unlimi[cd

virtual memory space ar (he disposal of [he prograrnmer. This alters (he

rraJ('off balanc(' bc(ween ('X ('cur ion time and program size, and I havc ae.

cordingly (eprograrnmed [he compuratioll of (he hrashinskc( as a melllo-function33:

in olhn words, a procedure which kl'eps a rabie of fUllction \'alues computcd
earlier, updatcs it dynamically, and does atable look.up radH'r th,Ul recom-

pute lhe func(ion when('\'er a repuition of eariier argumen( \'alu( ....•is called
fur.

In order to identify currectly which function value is nceded (ur lo

(it-cide that ir is not yet in IDe table), both arguments and corresponding
\'alues mus[ be storcd. Of the 9 arguments (he brashinske( has, one is re-

dunc.ianr. because of reLHion (-1). "rhe remaining 8 can, in most machin('s,

be packed inro one compu(er word. If one of the angular mumelHa is elimi.

nated. a reasonable choice would be l., which lean's 4 radial qu,mllUTl nllmbers

and .i angular momenta. han' found i( con\'enient to requin' lhe angular
mUrTlenta [O be less rhan a I¡mil K, and (he radi.ll numbers 10 be less than

ano(h('r limir .\1; I th~n define a packing func(ion

1= .\I(,lI(K(K(K(K(,Il" + N) +',) + '\) + ') + A) +" \) + ", (I3)

Fur ,\ 3()-bit machine, .\1 == 18 and 1\ == 28 art:: sui(able limits if the ...•ign bit

(",\tI be us('d; this may mean (har rhe packing routine mus( be coded in machine

language. hut since just one add(,d hil increases the limi(s by about 20%

this is well worthwhile. On the Burroughs h500 (which is a ,iB-bil machine
blllusesonly 39 bits tO rcprCM'fH integers) I ha\'e used .\1 == :n and K = 57,
aud :-'0 LIr ID" .\lcxican ,group has flOt need"J a brashinsku bc.:yond dle:-.e I¡mi(s.

The size of the table..' may be adjusted as necded in a full ¡\lgol system
\\hidl has d\'llamic own arrays3-'4; unfonunatcly lhis featufe i ...•ofu:n nor

impknH.'nted. \\here it ('XiSIS. lhe monitor will usually n('(,d 10 swap the
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rrogram OU( on(o discs and remar on s\\'apping back; hence one should In-

crease rhe cable size in fairly blocks, - ~k words • .s,1\' - so as ro reduce {he
o \"erh cad.

\\herc fi xed-sizc rabies musr be u.";(.d*, ir rna\" be usdul as an indi-

carion rhar the .\kxican group has uSllally fOllnd atable of 2k argllmcnts

(pack('d according ro (13» and 2k function \'alllcs [ü be sufficient for shell-
mudel calcularions up to ahuut A = 100.

A cun ...•iderable reduetion in the fH'ccssan' tabJc sizc is achie\"ed by
making use of rhe kllown symmctries of (he brashinskct (sce c. g. re£. 5),

The~' permit exchanging {he argumenrs unril a standard order i .•.•achie\"cd.
fur ill .•.•rance clwt defined by rhe inequalities

11¡ +11
2
<11 + S

i < i
1 2

i < '-

Since a linear rabIe search i.'" rarher riTll('-collsuming. I decided ro use
a hasll-cod('d lable look~upJt\,J7 The hash COdl' (i. e. rhe index of rhe firsr

place in (lie rabIe rhar is examined) is tlbraIlH'd;1"> che modu1us of dIe packing

IUllcrion wirh n-spcC{ ro th(' largcst prime nUllIber sm;¡]]er rhan rhe rabie si:t.e;

if tiI{' \"allle ar this PO!llt IS nor rhe re<¡uired OIle.', SllCCCSSI\'e rabie enrries
are' (,X<lIllIIH.d uTlrll ('irl1er [he \',l1tl(' is found or <In ernp[\' place i ...•decec(cd.

\\'hich indicares rhar rhe ar,gumellLs looked for are flor in rhe rabie. The rabie
is llsed ill a circular L1shioIJ,

This •.•cheme makcs ir Il('cess,lry ({) srart \\ith a fairly large rabie
•.•i:te, •.•ilJce rh(" dficiellr use of a n'n' Illuch expanded table \\'ould mean rc-

Ill,lpplng l[ - a tlI1lC-\LlSrlTlg 0]lcratloTl. ;\ftcr .•.•PIll(' experilllcnt;uíOIl, 1 han_'
u .•.•cd;¡ Llbk •.•¡:te {lf .?O,'ÍB, ha •.•h-cod('d Ilhldulo .:?OYJ. for SUlll(' \"ear •.•IJ()\\.

Lonkin,u ,l( 1,lblc cllrric-" bcyond rhc firs( l)Jll' i.'" 11 ('Cc-"sary ro rcsllh.c
(hl' colli .•.•inll,....rh,Ir IlLly occur bcr\\'l'cll differ<llt argulllcnl ,"'crs in (Ili,,,, Jllcrhod
rkrlll\\1l ,1'" (l¡'t'n ,lLldrcs .•.•illg). If r1ll' (,lblc is le •.••.•(han [wo-rhirds fuI!. ,111,1•.•11-
cndill,C procedurc liJ,l( {'((("crin'h" r,lIldOlllis( ..... (hl' s{',Hch ,1rgulIl{,llL \~ill re<¡,uif('

Il is \\orth 1111fln¡.: tlLll (JI] fhe PIlP-lO dVll,1111ie

l111t onl\, in .--\I,t.:()l. hUI '¡]"ll in fllrlLlJl.3-",

()\\Il ;Irra\'" ha\'c hl'('11 illlI'Jt"nlt"llt("d



2 ¡I

un [he an'ra~(' only one more elltry ro be lookcd ac3B.

fk((er search methods are no\\' known (s('(' re£erenc( ....•,giv{'o in fe£.

37); eh(, rable.scarch time is how{'vC'r sufficientiy small nmpared to IDe co'"I"').'
catlon time rhar I havC:' flor felr ir Ilec('ssary ro impro\'c in me searrn [('chnique.

Of (he: [hree computationai schelTle .•.•described in section 11, rhe tW()

[('cuf ...•iv(' rlI(,(hoGS are c1eariy bUtCf (han Brink's fOf use widl d:('llIellx)-fullction

t('chnique, since [hey permit saving tillH' in rhe calculatioll of a fl(,W brashinskct
by looking up in dl(' rabIe dlo.se brashinsket thar are nceded in lhe fecursion.
Th{, lIlodification by Chasman and \Xahlborn2tl of Brink's muhod can also be
made [O work along (he ¡ioes describ('d; [\1,'0 melllo-funcrion ..• would be ill\'oIved,

howen'r, and SInee rhe sums in eqs. (9) and (11) would stili han' lO be carri(,d

out. the time s,lVing is not as consid(:rable as one might hopeo 1 ha\'(' donc
SOfl1(' pr(>lifllinary experiml'nts whieh confirm rhese ideas,

Of the two recursi\'(.' methods, .\loshinsky's is no\\' marginally beuer

than tbat of Baranger and Davies. This is because with [he m('mo-function

t('chnique what dominatt's tht' total tilIle for calculating a rcpresentativc set

of brashinskt'ts is no longl'f the reeursion dcp[h but rarher the time for a

.••ingle Ievel of r('cursion; and in .\1osbinsky's proeedurc fewcr Gj coefficil'lHS

Ill'ed he compurcd. (Baranger and Davies's onc-stcp rceursion from an)' I
value to' = O rurns out to be slower rhan the use of eq.(7); I have [iJerl'fore
comrarcd rhis wi[h che SP(,C(l yielded by ('<J. (4).)

Ir is not possiblt' (() compare directiy the timing for a ml'mo-fullction
with any (lf (he prn'ious data, because ir d('pends on what ca!cllla(ions have

b(,('1l called for ear1ier. Instead I used thl' cncire t('sr set menciolled ,¡bove

alld climinatcd all the argllfllen[ set. •• riJar w('[c redundant undcr a ."yrnfllecry

of the brashinskcts; after che first occurrencc rhese would merdy be l(h)kcd

up. '1'11(' remainder.were rhen piaced;11 a random order. Th(, ',et of 2112

brashin, ..•kct calculations which resulH'd rl'prcsents a rathn worsc ea .•.(' [han

would usually oceur during. sa~., a .shdl-modei caleulation. The ••..alul' ...•

\\Tr(' ealculat('d, Olle(' with th(' m cfllo-fullCtion anJ onc(' wirh rhe labll' look-
IIp illh ihi!('d. Thc resul ts w('r(' as follows:

;\\"('rage Time for ~o 'rabie Look-up \\'ith Tabl(. I.ook-up

fi rst

atl

200

200

~ 1 12

(¡ ¡(JO O

H t(,
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Thc avera,ge times are in units of T, rhe f1oaring-poinr mulciplication
time, and are average s foc rhe compucadon of one brashin:-oket. 'lb e timing
with rabie look-up is highl'f than i~suggested by rhe data in section 11,
b("cause in (he test ser used hefe high values of p predominate.

"nle improvcment in spc('d by a factor of bcuer than 10 ¡s stri king
and amply justifics rhe use of rhe mcmo-function techniquc. Provided the
vafue of A has aIread}' occurred in earlicr calcularions. rhe use of recursion
rdatiolls allows grcat saving"" in rime ('ven fOf new argument sers. Ir is
[hus rhe combination of rccufsivc computation wirh rhe meo-function mcrhod
which brings abour rhe improvcmcnt. It is wonh flor mar hece Algol sho\\'s
up ro grcac advantage compared to Forrran; it incorporates a machine-
language coded meci-¡anism for carrying Out dIe recursion and in sorne machines
uses special ha.rd\\'are operations not available to the Fortran programmer.

The gain in speed due to this method should not blind one to the
need for careful pro,gramming. Much time may be 10sl, fur instance, in the
evaluation of rhe facrorial5; 1 have found ir very convcnienr for the compu-
(arion of the brashinskets (and other coefficients derived £rom group theory)
to ser up ar rhe srart a rabie of square rOOr5 of factorials (and sometimes of
double factorials as wclI), divided by a suitable consrant ro the power of
the argumcnc - rhus saving much time in the evaluarion of square roors;
whefe a rario of producrs of factorials is needed, rhe powers of rhe constant
tend ro cancel, an{~ the squaring i s carried our unI)' once. The rabIe of fac-
torial." should in most machines be calculared in dauble preClslDn, cIsc rhe
highcr factorial s sho\\! cxcessive rounding errors.

The program thar uses the brashinskers also requires care, and some
chought should be given ro reducing rhe number of brashinskets needed, Slnce
meir compue<ltion -.even wim me tcchnique just dcscribcd - can srill take
up ro 30% of me total rime. Among orher useful wa)'s of cuuing time, the
use of rhe known symmetriesS and sum rules23 has rhe added advanrag{' of
improving nurncrical accuracy.
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