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ABSTRAer: A di scussion of the accuracy of [he expectation \'alues of one-

electron operators using t1artree-Fock versus exact eigen-

functions is gi\'en. Sorne results from [he literaeure for acoms

and also calculared values in simple model s)'s[ems are ana.

li~ed showing that the o\'('r-all trends usuall)' assumed do

exist, bur that in man)' cases important exceptions for particu-

lar operators arise. Such exccptions are rela[ed ro sorne well.

defined characterisrics of Hartrec-Fock functions in turo as-

sociated ro [he analytical behaviour oí the porentials involved

and to general aspects such as the \'alidir)' of ehe Virial Theortm

and the co-exisrcoce of ooc- and [wo-electron terms in the

hamiltonian. :\11 these aspects comhine ro produce importane

amplific<ltinns or reduction s In [he etrors of 11artrec-Fock
values for c{'rtain operators,
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I. INTRODUCTION

Synck and Novaro

Se ldom has an approximation' techni que received more careful analysi s
man che lIartree-Fock (II-F) self-consistent scheme. In panicular (he
question oí [he accuracy oí H-F expectation values other (han [he total
energy received cad)' attcntion 1. ~fore recently estimations of H-F ecroes

showing general trends fOf different types of operawrs2 (ooe- c.- [wo-e1cctroo
typ<:s) and fOf operators dIal weigh different regioos of [he atom3 have beco
obtaincd. Unfortunately (he validity of [he proposed general trends fOf a
reasonable number of interesting operators is oot possible in must atomic
systems because: i) functions accurate enough ro be deemed as "exaetlt wave-
functions (wf) exis[ only for the ver}' lightest atoms, and ii) experimental
resulcs do not exist for the values of many analytically interescing operators,
and wh<.-nchey exist ic is difficuh (O asses dIe relaüvC" accuraey of measure-
mentS of very different properties. We shall hencefonh proceed lO sho'\\! dIat
for those atomic cases where accurate wf do exist and for che completel)'
solvable model system of many-eleccron atoms devcloped by Moshinsky and
co-workers4, such general crends are found but also ver)' im(X>rtancexcepcions
appear. A thorough discu ssion of che origin and character of mese excepcional
cases Is gl ven.

Il.IlARTREE-FOCK VERSUS EXACT EXPECTATION VALUES

For the discussion of the exaetIy solvable model of alOms ealled
che pseudo alOm che reader is referred lO refs. 4-6. Lec us jusc remember
mat ic is a model where auractive anJ repulsive Coulomb forces are replaced
by harmonic oscillator ones. As said aboye chis system has che advancage
of being exactly solvable and here approximate expeccacion values are readi-
ly tested. In fact, recent calculations by .\foshinsky and SynekS showed
that che ratio of che momencs of the charge distribucion:

[Jr2k p. (r) dT]/ [Jr2kp (r) dTJHF ex (1)

dccre.a.s("s as k. ¡ncreases. In (1) ,qIF(r), Pex(r) are che II-F and exacc charge
densltles. Thls was calcu)ated for che cwo-eleccron pseudo-atom. The
intcgrals(l) involved in this case are elementary and chey lead to the ana.
lycic expressions:



/{artref'-Fock f'xpectalio'J .•.

~ ~ ~ I ~ k{[2(Z-2) 2 Z 2 ]/((Z-,1) , [zy, + (Z-2)'])} ( 2)
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wherc Z is che pseuuo-atomic nuclear "charge" 4. Froro (2) we may con dude
that as expected3 che differences of me charge disrribution of the exact and
H-F wf increases wheo we go away from the nuc1eus.

TABLEI

Expectatioo values of r'Jn :;;: 2,1, -1, -2 for the He atom

Operator -2 - I 2r r r r

II-F expectari 00 valuc • 11.991 3.374 1.854 2. 370

E xact value • 12.035 3.377 1.859 2.387

Re lati ve Error .37% .07% .24% .23%

Let us go back, however to the atomic case and take the He atoro
case where rhe highly accurate wf of Peckeris 7 provides reliable expectaüon
values. In Table I we prescot the H-F and Peckcris expectation va1ues
wi~h the percentual error for the operator r'J with 1'Z :;;: - 2, -1,1,2 (see reL 7).
We note mat not on1): r.l is beuer depictcd using H-F wf than ,2 (which
weighs the near-nuclear region more heavily) but also that r.l has an ex.
ceptionally good H-F expectarion value. Nore rhar r-t is precisely rhe ana-
Iyrical form of the eommon Coulomb potential.

\Ve can check rhar rhe corresponding opcraror for harmonic oscd!3tor
forces. i.c., r2 givcs also a comparatively exceptionalll-F value. This is
evident from (2). )'er raking Z = 3 (which is rhe lowesr "nuclear charge"
eompaüble wirh a stable two-dectron pseudo-atom), this value is very poor
compared ro me cxacr case, giving an error of over 10%. So in borh problems.
rhe aromic and pseudo-atomic systems, rhe power of r which coincides wirh
rhar of rhe corresponding porential givcs a better H-F value than tiH. orher

Taken from Sahni and Kri{'ger (see re£. 7)
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POW('r.s. On the orher hand the <r-I > error in rhe atom is a small fracrion
(.()7C~) of (he ef}ergy error (1.2°-{ for Hc)2 while the <,2> error in the pseudo

a[Om i." much iarger rhan rhe error of'the lOlal cnergy which is 3.4% in this

cas(.4. In rh(, fl('xt section we shall proceed (O sho\\' how (hese cffec(s can

bc expectcd from rhe "irial meor('m for rhe respective potcnrials6.

IIl. IIARTREE-FOCK ERRORS ANI) TIIE \'IRIAI. TIIEORDI

The role of the \'irial theorem in the calcularion of II-F expcctarion
values for ground and excircd s(a(cs of JiffeH'n( p .••euJo-aroms has bccn

discusscJ by No\'aro and Ca1Jcs6. Recentiy an independellt redcrivarion of

sorne of (hese results for m(' (\\'o-el('c(ron ground s(are case has becn carried

our by Lanrham and Kobe8 who compared 11-1" \'alues with thosc of o(h('r

inJependenr parricle S eh CfTl (' S (this ,vas also dOllc previouslv bv several
audlOrs"). . .

TAIlLE 1I

Expccraüon \'alues for the two-c!eetron pseudo-arom ener,gy rerms

Oper aror K in cti e

En ergy
Toral
Potenrial

En ergy

C:ommon

Attracti "C

Po(enr ial

Repulsi ve
fll(('racriofl

---------------------------- ------ -----
11-1' eXI)(Tt<lrion value t 2.I2l 2.121 3.1 ~2 - 1.061

Exacr \'alue t 2.049 2.049 3.549 - 1. 5

l{eiati,-e Error 3.4{>~ 3.4% l().Y'~ 29~~
._---

t Taken from .\o\"aro and Calles (se,? reL (,)
---------------------------------------_.
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The mo.';;( relevant aspcets of these calculati\Hls for our present
purposes are contained in Tabi<: II where rhe H-F and exaet expeetation
valucs for the different compont.'ors ()f the two-elencon Z = 3 pseudo-aromie
hamiltonian ,,1f(" givcnÓ

, Thc pereentual crrors are elosely rc!arcd [O rhe
virial thcorem. The most evident and obvious ('Hect is the faet that the
kioetic and total potentiai uH'r,gy operators givc of course exae tly the same
f1-F ('rror as th(' total energy (3..1.%). The relative error uf the repulsiv('
int('raetion is very large as H-F functions aecoUllt for only about 70% of the
e xact \' alu <:. Th i s i s no r su rpri sing a s the rerul sion in this case [-'ii (, I - (2)2]

is mu(-h more dominanr than in the atomic problem. In fact whar is surprising
is rhar éUlindependent partide seheme as H-F daes not in fact imply larger
('rrors for all th<: operators discussed above. Lanrham and Kobe8 in fae(
note that other indcpendent particle function s are much poorer for these
exp('etation values. On (he other hand (hey show that (his situ<l(ion is rc-
ver sed for (he common pott:ntial ,2. They a((ributc this ro die poor long range
behaviour of H-F funetions as 15 also implied in (he conclusions of reís. 5
and 9.

"e shall ht:re preftr lO invert the arj(ument. As discussed in ref. 6
I( IS the combined eHect of the vir¡al theorem and the oprimiza(iün of the
total energy _hich implies (he huge error in the ,2 H-F value. In fac( "e
are opu",izin! an (~ator, mt' h.wnil(f.Eian, wi(h importarl( t<J.!o.b<>dyconuioo(ions
in (he po(en(ial in(eraction, "Ine H-F scheme grossly overca/cw/a/es the
common a((rac(it"'l'l in(ro<itcin~ a eompensating effec( for the error in the value
for (he n:pulsinl, so (ha( a reasollable expee(atiün value for (he o(her oper-
ators linketl by the virial meorem [Uro out to be reasonable. Thus the errors
in rhe [O(al, po(ential and kine(ic energies are no( large, bu( (he prize is
paid by (he error in <.'2> which implies in (Uro tha( rhe H-F funetion will
give poor \'alues for operawrs (ha( weigh (he ou(er region of rhe sy."i(cm.

An analogous situa(ion would ari se in a(umie sys(<-msonIy \\h<-'1lin(er-
elec(ronic repulsions are comparatively dominant so i( is not expec(ed in lIe.
But as (he a((rac(ion grows with n (number of electrons) and (he repulsion
wi(h n(n -1)/2 for large a(Oms H-f func(ions may be' poor in tht' region far
from (he nucleus3. In an)' case (his is ind('etl (fUe for the case of H- which
exeep(ionally among He-likc ians giv('s some very poor H-F values. Compare
partieularly (h('II-F \'alu('s for,2 in lIe and 11- as reponed by Sahni and
Krieger (see reL 8). This,2 II-F error changes from 0.24% tu 18% from He
w 11- showing (ha( wh('n (he rqlUlsion is importanr (he It-F wav{' functions
are defonned mostly in lheir ou(er rt.'gion,
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H ESU IIEN

En es((' trabajo se discuten lo."i valores de expectación de lIanfee-
Fock para operador,'s de una sola partícula comparándolos con los valores

exactos. Se analizan tan(O resultado .•.•de la lit("Catura para átomos. como va-

lores calculados ('n sistemas modelo muy ."iimpie s, mostrando que las t('ndt'n-
c¡as ,gl'ncrales que comunmen[e "i(' prt:supon(:n. efectivamente exi."itefl. pero
que ('n muchos casos hay imporrantes excepcione."i para algunos op<:radores.
Dichas excepciolle."i e."irán relacionadas a al¡..:unas características bit:n defini~
da."i de la ..• funciones de Harrr('c-Fock. que a su vez provient.:'n del comporta-

miento .Ul.t1ítico de los potenciales en CtH's[i(Tl y a a"'pec[os g<:neral(', ..• tale.'"
como ('1 Teorema dd \'irial y la coexis[(llcia Jt' operadores J<: uno y dos cut'r~
pos en d hami itolliano. Todos ('."ito."i aspt'c[O,"i ...•e combinan para produci r am.
plifícaciont's o reducciones en los <:rrore."i d(' los valores de lIarrr('('-Fock pa-
ra al~lIl1os operadores.




