Revista Mexicana de Fisica 23 (1974) 81-98

NAGEL-MOSHINSKY OPERATORS FOR DISCRETE
t 3
UNITARY REPRESENTATIONS OF U (p, g)

J. Patera, P. Winternitz

Centre de Recherches Matheématiques,

Universite de Montréal, Montréal, Quebec, Canada
and
R.T. Sharp

Department of Physics, McGill-University,

Montréal, Quebec, Canada

(Recibido: agosto 7, 1973)

81

ABSTRACT: It is shown that the operators of Nagel and Moshinsky, which

raise and lower the representations of U(n - 1) contained in a

representation of U(n) can also be used, after a relabelling,to

raise and lower the representations of U(p, g~ 1) contained in

a discrete unitary representation of U(p, g) which is bounded

above or below. An algorithm is given for deriving similar
operators for the unbounded discrete series of U(p, q) and the

details worked out for the simplest non-trivial case, that of

the conformal group, U(2, 2).
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1. INTRODUCTION

Nagel and Moshinsky' have constructed explicit operators which
raise and lower IR’s of U (n - 1) contained in an IR of U (n); recently
one of us? has shown that identical operators serve to raise and lower
IR’s of U (p) contained in a discrete unitary irreducible representation
(DUIR) of U (p, 1).

In the present paper we consider the problem of constructing
operators which raise and lower IR’s of U (p, g-1) contained in a DUIR
of U(p, q), p>q>2. The raising and lowering operators are to be poly-
nomial functions of the generators of the group. The utility of such
operators is apparent. Starting from the extreme (or other) state of a
basis they enable us to obtain any other particular basis state.

In Sec. 2 we show that operators essentally identical to those
of Nagel and Moshinsky, apart from a relabelling, serve to raise and
lower U (p,q-1) IR’s contained in a bounded above or bounded below
DUIR of U(p, g)- In Sec. 3 an algorithm is presented for the construction
of raising and lowering operators for U (p,g-1) IR’s contained in un-
bounded DUIR’s of U (p, q) and is applied to obtain explicit raising
and lowering operators for the simplest non-trivial case, the unbounded
DUIR’s of the conformal group U (2,2). The remainder of this section
contains a discussion of the generators of generators of U (p, g) and
the Gel'fand patterns which provide a basis for its DUIR’s.

The group U (p,q), p 2> q, has n? generators Ejk ,1£7,k< n with
commutation rules

[Ebj,EHJ = Sjkﬁbl-fﬁblﬁ’kj (1)

(here and elsewhere we use the notation n = p+¢q). The generators

have the following hermiticity properties:

Bl =B allj |

i 17

Ej' =Ep;s I<j,k€<porptl<jk<n, (2)
E. 1 =-E 1<j€p<ksn .

ik’
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A finite unitary transformation may be written exp iG where G isa rcT-nl linear
c.:ombumuor? of the-htr.mxuan generators EI'I' , "jk + f';‘k 3 (hjk hfk )/1 (here
j <k to avoid duplication).

As basis states for DUIR’s of U (p, ¢) we use the patterns of Gel fand
and Zetlin® and Gel’fand and Graev*:

|m> = |my >, 1<i<ks<n . (3)

They provide IR’s for the subgroup chain U(p, g) YU (p,g-1)D....
DU@DU(p-1)D...DU(1). The integers m;), are the representation labels
of the £’ th group from the right in the above chain.

For the compact group U (n) the m’s satisfy the betweenness inequali-
ties

Mi k1T PR Py oy (4)

Fig. 1(a) shows the general pattem for U(4); the inequalities (4) imply that
cach m lies between the two m’s immediately above it.

Gel'fand and Graev* showed that with each finite-dimensional IR of
the compact group U (n) there is associated a set of p+ 1 infinite dimensional
DUIR’s of the non-compact group U (p, g) which we distinguish by the labeli,
0<i<p. For the i'th serics the betweenness relations are as follows

For I1SkLp-1, 1Lj<k,
My % 1 # Mg 2”‘j+1,,§+1 . (5a)
For pshk<n-1, 1<j<i,

m;‘-l_kﬂ2”‘,‘&’1?’”,',k+1 (fﬂn‘k_'_i:'._:m). (5b)
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Fig. 1 Gel'fand patterns for [R’s of U(4) and for the i = 0, 1, 2 series of DUIR’s
of U(2,2). The form of each pattemn suggests the inequalities (4, S5) satis-

fied by the m’s.

For ptlsk<n-1, it1<j<i+k-p,
Moke1 T 2 Mgy ke 5e)
For pP<kLn=-1, itk-pt+t1<j<k,

m )mjk+12mj+2,k+l (mk+2,k+15-m)' (5d)

itik+1

Roughly, the inequalities (5) state that in the rows p<k<n -1 each of the
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first £ m’s is moved left past one m of the row above, and each of the last
p~im’s is moved right past one m from the position it would occupy in a
pattem of the compact group U (n). Fig. 1(b, c,d) shows the general pattern
for the 1 =0, 1, 2 series respectively of U (2,2). We refer to the 7 = 0 series
as bounded above, i = p as bounded below and all other series 1<i<p-1as
unbounded.

The pattems are eigenstates of the diagonal generators:

bkkIM> :.u_)kIm>‘ (6)

where the n weights w, are given by

k k-1

T 3 - X o
w, j%lmjk j‘:!mfk-l’ 2<k<n (7a)

wo=m. . (7b)

I'he non-zero matrix elements of the generators Ek,le 5 [:ki'l,k are

| o _ :
<mfk+1|kk,k+l'm> —<m|[:k“‘klmjk*l>
k+1 k-1 b
l':'l(”zl.kﬂ-'"Iik‘f‘.r";)[gl(ml,k—!_mjk_1+j—l)
=l S S
13
tl:ll,x;r i'm”‘—rpzri.k—ldr‘j](m‘,k-m!k—!“f_i-l)

where |m > is an arbitrary pattem of the IR and ;’nr‘k * 1> is the same patten
with the label My increased by unity. In the compact case U/ (n), the matrix
clements are all positive (N = 0): for BUIR"s of the non-compact group U {(p. g)
ithe phase of the matrix clement 1s 1'N where N is the number, 0,1 or 2, of
tactors in the numerator of (8) whose sigus are reversed compared to the
Un) case, This choice of wairix elements implics the commutation rules (1)
and is consisten: with the betweenness relations (5). Martrix e¢lements of

otier uou-diagonal gencrators can be found from (8) with the help of (1).
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2. BOUNDED DUIR’'s OF U(p.q)

We briefly review Nagel and Moshinsky’s derivation! of operators
that raise or lower the [R’s of U(n -1) contained in a fixed IR of U (n).
They define an extreme state of U(n—1) as a pattem [m >p which

satsfics

m;’k:m;’,n-l’ l-§j~<\k<§ﬂ—1;i (9)
itis the highest weight state of a U(n~1) IR contained in the IR of U(n).
A U (n-1) raising generator annihilates an extreme state:

Fy k1 lmp =0, 1<k<n-2 . (10)

The Nagel-Moshinsky raising and lowering opcrators R, and L,; are defined

by the properties

-1
Rjri|m >E = (N]n) Im;',ﬂ-l % 1 >E ; (11a)

1

"n,-'"">E:(Nn;') 1’”,‘."-1‘1)!5 > CLLEY

where |m’. - * 1> is the extreme state of U(n-1) obtained from |m 2. by
1 -1 " . ¥ : . 2 -1 + ]
increasing/decreasing m].’n o by unity. (Njn) . (Nn].) are non-zero pro-
portionality constants.

Because of Eqs. (10, 11) it follows that Rf" ; Ln]. satisfy the com-

mutation rules

R ]Im>E = [Ek,k+1‘l';‘n]|m>ﬁ‘:0‘ 1<k<n-=-2.
(12)

Nagel and Moshinsky exploit the commutation rules (12) to derive explicit

R, and L_.:
in 1]
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i
2 b3 E. E ...E E _x
(r=0,u,>p. >y,2>p >1 ]“' prrl Faby By®
r
B ) H § 1<j<n-1, (13a)
-l
n-j-1 n-1
b = E .E E E_ x
(n--o,u>,u > op, p mjar Byl Bobty R, T,
n-1
x II I1<j€<n~1, 13b
,g}gml i ,Hfm e (13b)

where

cfihEEﬁ-E“+k-j . (14)

See Nagel and Moshin sky ! for alternative formulas, discussion and particular
examples of R.

They dnd the proporuonaluy constants of Eq. (11) w be

]

j-1 %
Nfr: =il ;J}H(ml,n-lqmbn-l_l+7—1)
~ e "
1131(”1”"-”:.1';”']—l+i)[gl(mix"'1—mf1”'lhl+j)
(15a)
i1 %
”‘f h lgl(ml)"'l e i
n n-1
lgl(ml" T e T Itj+1) I=I;[+l (ml,n-l-mj,n-l =4 ¥ j)

(15b)
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We now seek to modify the above results so they will apply to the
bounded above (f = 0) series of DUIR's of U (p,q). Define an extreme state
of the subgroup U(p,g-1) as a pattem |m > which satisfies

pt1<k<n-1,1<j<k-p,

m.
7,m-1 d

mip = mﬂh._k_l"_1+k—n+1,‘pgkén-—l,k-p‘i'léjék,

\ By iy, mer~ 71, 1<k<p, 1<j<k;

(16)

it is the highest weight state of a U (p, g-1) IR.

Equatons (10, 11, 12) are still valid; it follows that the raising and
lowering operators given by (13) are still the ones we require, apart from a
relabelling. We find

Rosjm>
R’ = (17a)

Rige1m>

where the superscript represents the value of (= 0). That (17a) is the cor-
rect identification is confirmed by comparison of the change in weight induced
by the operators on the two sides. The lowering operators must be relabelled
in the same way.

Ln,Ph’ I€<j<qg-1
L .= (17b)

L, i-q+1 g<j<n-1.

The normalization coefficients N:]., N;)n are found by evaluating the matnx
elements of Ri., Lq" between the appropriate extreme states,using the simi-
lar calculation of Nagel and Moshinsky! as a model. For 1€j<g-1 we find
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0 j-1 q-1 t/z
=t -m. = D4
Njn =(-1) Ig]_+](m17',_l M e I+j-1) x
n f'l
151(”‘1»”-”’!’7""_I+])II_—-.Il(ml,n—l"mj,n-t_l"'])
- 32
n-1 3
ol P TR W ) (18a)
l=q ? »

Y
" $=1 n-1 :
N”j: lgl(ml,n-l—mj,u-l-—!+]+1)zgq(ml,n-l_mj,n-l-l+]+l)
n q-1 '
[I“‘_-'Il(ml,n—-mj’n-l-[‘i-j-‘-l) §j+l(mlan'lamf‘!ﬂ-l_—[+")
(18b)
and for g<j<n-1,
35
al 9-1 n-1
Bl ; _ " e
Nf”_(‘l) lgl(m[ﬁ‘l_mfs”'l_l*-] 2 II=I]'+1(MI7"'1 Min-1 Fey=1)
” Fi=1
1§1(m1,n—mi,rx-l—l+1) I-T-=Iq (ml,n-l o1 -1+7)
(18¢)
b
n-j- ]-1 @
0
N"]:(—I) EI (ml,”_l-mfln_l—l-f]-tl)
- ove. S x
n gq-1
ko (18d)
=il d
# [I;I“[(m,’"_l—mi,ﬂ_:gu-,) : (18d)

The results we have just detived for the bounded above (i = 0) series
arc easily converted to apply to the bounded below (i = p) series of DUIR’s of
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U(p,q). We take the extreme state of U(p,q-1) as the lowest weight state
ofalU(p,g-1) IR. Then rthe raising (lowering) operators for i = p are the
hermitan conjugates of the lowering (raising) operators fori =0, with an ap-
propriate relabelling.

Specifically, an-extreme state of U (p,g-1) is now a pactemn ‘m >E
for which

mogtn-k-1, p&k<n-1, 1€ 5€p,
m,h: mi,ﬂ'l, p+l~§k{;ﬂ"l, p+l<f~<k,
mp+’_k’,,-1 g-1, I1<k<p, 1€j<k.
(19)
RP =(L° .)T (20a)
mn n,n-j :
L e )T 20b
Al L (20b)

The nomalization coefficients are the same as for i = 0, Eq. (18),
apart from the relabelling and a phase factor:
For1Lj<p,

pei-1
Nb =1 Ny s (21a)
B Pi-1 o )
No= (-1 N (21b)

and forpt 1<j<n-1,

j-q-1
N =(-1) N, (21c)

n,n-f’

0
n-j,n °

i-q-1
N:’.=(—1) N (21d)



Nagel-Moshinsky operators. . . 91

3. UNBOUNDED DUIR’s OF U (p, q)

For unbounded (1<i<p~1) series of U(p, q) DUIR’s, define an ex-
treme state of the subgroup U(p, g-1) as a pattern Im ’r which satisfies

/mjﬂ_1+n—k-l, p<k<n-1, 1<j<q,
LTI pt1l<k<n-1, itl<j<itk-p,
mj+n-l-k,n-l—n+k+1’ p<ksn-1, itk-pt1<j<k,

m}.k:<
mf n-]+q-11 "skgp! 1\<j\<~’.’
mj+q_],”_l-q+l, it 1<k<p, it1<j<k,
m].‘”_l'i'q—l, 1<k<K1, 1<j<k
(22)

The first i clements of the k'th row, p<k<n -2, are at the extreme right of
their ranges (as siall as possible); consistently with this, all other elements
are at the left of their ranges (as large as possible).

Raising operators R;.n for the ranges i+ 1< <i+ g-1 and
it g<j<n-1 are readily constructed

i

— ~ . . .
Rjn_ 5ri-l,p+;'-i Rj,n-l ‘n-l.n’1+1<1g1+q_2’ (23a)
i b : ; .
Rjn (én-l,j-q+l+z) R;‘-!.n-l’:n-l.n' itg<jsn-1. (23b)
To construct R:+q-l,n we first define operators Q' for certain j

: A : . oyl
which are polynomials in the diagonal generators; they satisfy
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gyl E er-l,jRj,n~l j,m-1 B 2

n,n-1

i i
; ; >
‘ﬂ-l,;’-lR;-l,n-l m;,n-l E" *

itg<j<n-1.

Here LT P 12 is the pattern obtained from the extreme pattem |m ’e
’

by mcreasmg the smgle element m} ”_l by unity; it is not itself an extreme
1 H

pattem Whenl,ﬂ 1IRI" i t1lLjgitg=- 20an 1, - ]R] 1, L

itg<€j<n-1, acts on such a pattern, the pattem is multiplied by a certain

polynomxal in the m’s. The operatorﬂ is obtained by replacing cach m

in the polynomial by the linear functlon of a diagonal generator whose eigen-
value it is for the pattem in question. That the operators () defined by
Eqs. (24, 26, 29, 31) are in fact polynomials is insured by the presence in
Eqs. (23, 20, 28, 31) of the diagonal factors involving &£; the proof is by in-
duction. Then

; 1+g-2 .
{ 1 i H i
Ritgorn = (L2, ) (1= 2 | (0 R /9 -
n-1 : : i
! 1 ! . )
-2 (L'n-l,j-lRj-l,n-l/Qj,rz-l)]kn-l,rx 2 (25)

] =itg

the product in (25) is over the same ranges as the two sums in the middle
factor. . .

To construct Rx.’z ;1€j<€1, we define further polynomials Q;,j' il in
the diagonal operators which satisfy 2
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5 ; +] 2,
],]',ﬂ‘l lm]r’n_l 1 IE"

i i
i >
(Loer,j' Eipajti=a-i+ DR, & MR

!

it1<j"'<i+q-2,

= (26a)
I
L,. 1,;'—1(51',,”-,; +s1-94t2)R i'-1,n-1 mj',n-1+ 1>jE" ’
itg<j'Sn-1,
and
Q; 1> a=g 1} | +1>
f,l'+Q‘1,ﬂ'1 m£+q'1!n'l ]‘E” N j}”'l "-l:]. mi+q-1w”-1 iE”

(26b)

Myt e * 1>] n denotes the pattern obtained from |m ’p by increasing by
unity m, 1 -1 and also the “wail” of m, . i.e., Mo for all k in the range
j<k<n-2, Thefactorsf ity -g-i+2and jj'-q+1~ 41 2 in Egs.
(26a, 27) are not required anci7 should be omitted for’q = 2. The raising

operators for 1<j<i are

R, =, 5 )(H Qi)

n j,itg-1,mn-1 j,n-1 ﬂ L i 17 ,"

4 2
A +2) R /0 ]
N ﬂ'Irj' gj}p+jr—l-q-l )Rj's”_l f:j'v”'l -

i'=i41

n-1

i i
T g B g e DR ]
. i
x [;”_1’” R].’"_l} ; (27)

The product in (27) is over the same j' ranges as the two sums in the factor

which follows it.
Lowering operators for 1<;<; are
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E 1

=1 ?

(28)

7aN
~.
N

i
L=,y ;tita- 2”;: "

To construct L

n,itq-1 V€ define polynomials Q;_l ; in the diagonal

generators satisfying

’- ‘ I3 .
Qn-l,;‘ |mj,n-l—1>b"' - Rj,n-l n—l,j‘mjjnq'l)E’ , 1€j<i,

(29)
where l”’j,n-f 1>E' is the pattemn obtained from |m>E by decreasing LI by
unity. Then

, . i ; . .

i - ) f i
Lo i s —(I__ (1_;'=1 R i lger, i1 Qn V) By oy - (30)
FortheconstructmnofL!,£+I Litgqg- 20rt+q\]\ﬂ-1we
need polynomials Qﬂ 1,5,;' 10 the diagonal generators for 1<j'<i. For

it1<j<it+tg-2 they qausfy

]

i
- = + g -1>
n-l,f,f'lmi',n-l L=k s rewew gt bl b 2)['3 -1, |m1',n-l Lae"

(31a)
and forit ¢g<j<n=-1,
I
D135 185" Vg7
_— g - D i -
- et b6 - q+1j'+q 2) I‘n-l,j'lmj',rzq 1>jE” . (31b)
Bk g L2 denotes th? p.nu‘ccrn obtained from 1m e by redlucing. bly
unity LR and also the “tail” of My gy o i.e., all m. ‘& for which & is in
the range ptj- 1 <k<n-2in case it 1Lj<Lit g~ 20rallm1+k_n+1 g for

which £isin therange j-gt+t1€k<n-2in caseitg<j<n~-1. The
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factors £, , 40T ¥ -2 and f -q+1,;'T74-2 should be omitted from
Eqns. (3{ 32) m the case g = 2. Further

i / i i
Q”-"lrf.r "+q_]‘m‘l+Q'l-1>l "= ” IIR]"’ llmx'+q-1,n-l—1 >fE”

3

g ’ -1>
n~1,j-lR;-1,n—1 ml+q-1,n—1 l]E"

b

itg<j<n-1.

(31c)
Then, fori+1<;<i+ g-2,
f i i i 111 g )
l'uj (Qﬂ~1,f,l'+q—lhl“n 1, R],ﬂ 1)(7 IQ" lafsf‘ A
d i i i
<(1- ;‘”El [R;",u-1(§j+p-i,j'+’+q-z) Ln-1,j'/9n~1,j,;"]) x

n.n-l Ln-l,;’ J

(32a)
while for i+ g<j<n-1
i 1 i i

i'n_f - (Qn—l,;’,i+q~l-Ln-l,f 17 H=L, §= 1)( H Q - W )x

] * . .

: i i i
“k “ o IRyt i G g =D o M, o) s

H
) Eﬂ_n-ll‘n-l“{-l ) (32b)

We have succeeded in constructing raising and lowermg operators
for unbounded series,

€p-1,0f DUIR’s of U(p, q), g2

2 in temms of
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those for U(p, ¢-1) and the elementary generators E_ 8 and E, a1 Wh en
raising and lowering in the construction of U (p,1) are required in the con-
struction of those for U (p, 2) it is understood that those of Ref. 2 are to be
used.

It is a straightforward matter in any particular case to calculate the
matrix elements of the raising and lowering operators between lhe states they
are designed tw connect. The terms 1n the expressions for R or L in-
volving products Rn 1 or L R i IRIH y, ;! may be om;tted for thls
purpose; their role is sxmp{y to ca.ncel unwan ted final states when R n Or L'”-
acts on an inital extreme state. The normallzauon coefficients Nx
are just the reciprocals of the matrix elements of R, L'

We conclude this section by writing down exphcxr.fy the three raising
and lowering operators for the simplest unbounded series of U (p, g) DUIR’s

namely the i = 1 series for the conformal group U (2, 2):

)
|

1
4 {(513—3)@12 Ly R131‘31} *

x {(512-2)(§32+1)-L32R23} B B (33a)
B, = U, ~DEa~La R B, (33b)
R, = E,tDR,E,, (33c)
1.4"1 = (& P L, B (34a)
L, =-{&,-E,-D+R L }E,, (34b)

La=- {5{13 €0 Ly R23}{(§13 =D, DR, L }Ey Ly, -(340)

13 731 43 32

The normalizing coefficients for the raising and lowering operators
operating on the pattem | m > are as follows
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1 )
N =4 [(mm -mld)(mn ~m,t 1)(”’13 -m, t 2)(m13 =M, t3)x

g Ry,
x(mls_mzs+lxm13'm33+2)] (B, -my+3) x

< (my=m t4) (my -m 41 (35a)
sz = [(mu = myt 1)m,, - m, g Nm,, - Myt 1)(m,, - My +2)x
-% % 1
" (’”23 Syt D] ('"13 - mza) ('"13 =myt 2, (35b)
N; = [(mu “myt 2m,, - myyt Dimy, - myy)m,, - My = 1) x
i L
= myy t 2)m,, - Myy ¥+ 3)my, - "’33)] L my, t1) ) ’
(35¢)
N, =-i [(myy-m - Dim,, - Mo (myy = m + m, ~m,, +2) x
i % -1
% (m, < Myt 3)] [(mls = my)m, - e T D] (my-mytl)
(36a)
N:z - - [(”'14 —m,t 2)(”'24 —my,t 1)(’"23 = my)(mzs ~ Myt 1) ®
-4 % -1
x (m13 -m, t 1] (m23—m33) (m13-m33+ 2) (36b)
qua HE ¥ [(mu -mg,t 3)("’24 =mg, T 2)("’34 ~ Mgyt 1)(mu - msa) *

-5 =1
x (myy - m, + 2)(m,, - L D] [(mlz mmyyt Dm - By F 3)]

(36¢)
It is probably possible to generalize the raising and lowering oper-
ators of other compact groups, to apply to the corresponding non-compact
groups, by methods similar to those used here.
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Lo o

RESUMEN

Se muestra que los operadores de Nagel y Moshinsky que suben y ba-
jan las representaciones de U(n - 1) contenidas en una representacion de U(n),
se pueden usar también, después de cambiarles indices, para subir y bajar
las representaciones de U (p, ¢ - 1) contenidas en una representacion unitaria
y discreta de U (p, g), que esta acotada por arriba o por abajo. Se da un algo-
ritmo para deducir operadores similares para las series discretas no acotadas
de U(p, q) y se calcula para el caso no trivial mds simple, el del grupo confor-

me, U (2,2).



