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ABSTRACT: h is shown that the opcrators of Nagcl and Moshinsky, which

raise and lower {he rcpresentations of {/(n- 1) contained in a

represenrarion of U(n) can also be used, after a relabelling,to

raise and lower the representations of U(P. q- I) contained in
a di serete unitary representarion of U(p, q} which is hounded

ahove or helow. An al~orithm is given for deriving similar
operators for the unbounded discf("te series of U(p, q} and the
details worked out for rhe simplest non-rrivial case, that of
rhe conformal group, U(2, 2) •
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l. I:\TlWlJlJCTION

Patera ('t al

~a,gcl anJ .\Ioshinskyl have consrrut,;ccd explicit operarocs which
raise and lower IR's of U (n -O contained in an IR oí U ('1); recendy
one oí us2 has shown {har identical operawTs serve (O raise and lower
IR's oí U (p) containcd in a discrete unitar)' irreducible reprcsentation
(IllJlR) 01 U (p, 1).

In the prescnt papee we consider the problem of constructing
operators which raise and Iower IR's 01 U (p, q-I) conlained in a IlUIR
01 U (p, q), p:). q:). 2. The raising and Iowering operalors are lO be poI)'-
!lamial functions oí the generators oí the group. The utiliey oí such
operators is apparent. Starting froro (he extreme (oc oeher) state oí a
basis they enable us [O obtain nn)' oeher particular basis state.

In Seco 2 we show that opcrators essentially identical to muse
of Nagel and Moshinsky, apan froro a relabelling, serve [Q raise and
lower U (p,q-l) IR's contained in a bounded aboye or bounded below
!lUIR 01 U (p, q). In Seco 3 an aIgorithm is presen[ed lor [he conscruclion
of raising and lowering operators for U (p, q -1) IR's contained in un-
bounded !lUIR' s 01 U (p, q) and is applied to ob[ain explicil raising
and lowering operators for the simplest non-trivial case, the unbounded
nUIR's of the conformal group U (2,2). The remainder of this section
contain s a discussion of the gencrators of gcnerators of U (p, q) and
the Gel'fand paneros which provide a basis for it~ DUIR's.

Th e g fOU P U (P, q) , p ¿ q . h a s TJ 2 gen erator s Ejk• 1 ~ j , k ~ n wi dl
commutation rules

(1)

(here and clsewhere we use the' notation 11 _ P + q). The geuerator.s
han: (he following hermiriciry propertics:

E. t E¡¡ aII j
]]

1:'] k t Ek¡ . l~j.k<p Of p+ l~j,k~'J (2),

E]k
t - E¡k l~j~p<k~TJ



.\'agel-Jfoshi11sky Op(>rafor,~,., R .1

" finit(. unitan [ransforma(ion ma)' be wriuC'o cxp iG \\herl' Gis a [('al line.u
combina(jon o; (he henni [jan ,gencra[or:s E .. , F.k + F'k t, (E. k-/:' .kt )/i (her{'

" 1 1 ] ]j < k to <l\'oid duplication).
As basi."i s(a(es tor I1lJllfs oC V (P, q) we use Ull' p<u[crns of Gt'i'fand

and Zcdin3 ano Gd'fand ano Gra('v04
:

l.:Gj~k.('l , (3)

They provide IR' s for lhe subg roup chain U (p, q) =:> U (p, q - 1) =:> .•••
=:> U (p)=:> U(p-1)=:> ... =:>Uf!). The in,egers m¡k are dJ(' rep"e,enralion label,
uf me k'm group from me rlgh[ in [he ahove chain.

For dIe compact group U(n) me m's satisfy (he bCN-'{'cnness inequali-
tles

( 4)

Fig. I(a) ,haws ,he general pattem for U(4); me inequalities (4) imply mal
each m lies be(\\een me [Wo m's irnmedia(ely abon.' iL

Gel'fand ano Graey4 showed (hat ",ith each finite-dimensional IR of
the compan group U (u) thcre is associated a Set uf p + 1 infinite dimensional
I--::UIR' s of th(' nOll-compan group U (p. q) \\hich \Ve distinguish by the label i.
O ~ i (p. For th<.' i'th serlc."i me bl'[\\CCnllcss rl'lation5 are as £0110\\5

For Jf;kf;p-l lf;¡.q,

( 5a)

Fnr 1 (;. j ~ i .

m. _1 k + I ) m . k - 1 l' m. k + I (m k + I:=; 00 ) .1, 1 ,. o. (5b)
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(e) i = SCClCS ofU(2,2) (d) i = 2 series of U(2, 2)

Fig. 1 Gel'fand paneros for IR's of U(.i) and (or the i ::=- o, J, 2 series of DUIR's
of U(2, 2). The form of cach panero suggests the inequalities (4. 5) satis-
fied by the m's.

For p + 1 .( k <; 11 - l. i + 1<; j <; i + k - P ,

For p<k<{,,¡-l. i+k-p+l(j(k,

mj+I,k+1 >.m¡k + I ~m¡+2,k+1 (mk+2 k+l= -~).

(Se)

( 5d)

Roughly. lhl" int:'qualities (5) statc mat in me rows p~k~,¡ -1 cach of che
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(¡rs[ i m's is rno\"ed lefr pas{ one In uf the ro\\' abo\'(', i.uld each of lh(, las[

/J-i m's is moved right paS( one m from lh{. posidon ir would occupy in a
pauern of the compa('[ group U (n). Fig. 1 (h. e, d) sho\\'s th<.'gnlna! pa[«'rn
for UH.' i = O. 1,2 s(.'ries fesp<.'ctively of U (2, 2). \X'(, fc(er ro (he i = O series

as houndcd aboye, i = P as bound('d helow and all odler seci(,s 1~<;i -< P _ 1 as
un boun<icd.

Th" patt<.-ms are eig('nst •.ucs uf (he diagonal g{'llerarors:

(6)

k
y- m-k-i~¡ I 2<k <11 • (7 a)

11
(7b)

The nOn-Z("fO mauix demeflts of [he gellera[Ofs Ek. k+l' /:'k + I k are
, ,

(8)------- --------

k - 1

-I+j) I1 (m, k_,-m.k-I+;-l)
/ :::::l' "

k.¡

1-
~ (m, k'¡'l - mik1::::: I .

•
1!1 (m/~-:r.'k-¡+i)(mlk-ml-I+;_I)

l ::: l. l '!" 1 .1 '.' 1"- .

..'1

\\'ht'fe jm > is an arbltrary p"Ucm oí me: JI{ alll1 1n,k -t J> is ltw same parrcm

\\,'(h £he ¡abel /fl;k Ill(f<-'.I"'i<:d h~ Ullity. In tht- compilct ca'H' (,'(n), dH' ma[rix

l"1t.lIKII[S alC aH posiri';c (S ~ O). f~f J;l'II(:,> (\( (Ii<: Ildll-C1lruPdCt ,group U (/J. q)

¡he pha'ie of rhe Ilt,HflX d<:IHeo( ;";,' wi.t-'¡t '" •.:'> L1lc lIllllll,(,t, 0.1 or 2, of
t,tr{l'r<; ir. rh{'numera[orot rtO \\1111•..•( ,:'>ij.:ll...• <lIt (('\t.I ..•.(.d \'UIIIP,lftd tu tllC

l (TI) C.lsc, "'bis thoí<.t {/f Ill,l(ll", <:killUl("-.; lIl,plic"',; die U)llllllUt.Hioll nlll." (1),
and ¡'" (t}nsi ..•.l<:t:~ v..iL11 tlll' be(\\eeflllc:",:, rl!<li¡Ofl,'i (C:;). \¡.It';", ("Ilmcnes oE
'.'(i¡r.'r IIlJll "Ji,lt-:-0na I ,£cílcr;HOI,'i L.lll bl (uulld fltllll (1)) \\llh Ult' help of (1).
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2. BOU~!lEJ) !lUIR's 01' U(p. q)

Patera el al

\\oc bridly review Nagel and ~foshinsky's rlerivation 1 uf operators
(har ra¡se oc lowef me IR'~ uf U('l-1) contained in a fixcd IR of U (fI).

'lhcy define an extreme state uf U(n -1) as a panem I In >{; ,,",'hich

s.lli sfi es

l~j~k<1J-l

il is me higheS{ W<iglll slare of a U (/1-1) IR contain<d 1I1me IR of U (/1).

¡\ U (n- 1) raising gencrawf annihilatl's an extreme s(a[e:

1~k~Il-2. ( 10)

'111("Nagcl-\toshinsky fíllslng and lowcring 0pcr<ltors Rjtl and Lnj are ddint"ti
by th (' pro pe rti es

1
" '1

I?, m>,,=(N.) 1m, ,+1>[ ..-,"1 L. "1 ,.'1-
,

l.'ljlm>E =L'Jnjf Im¡.n_¡-l>E'

(Ila)

( II h)

where 1 m. -t 1> is m.e extreme s«\[c of U (n - 1) obtained from 1m >[: by
,.n-l E ()"' )"1 .

increasing/Jecfcasing m,'. __ ' by unit\". N. . U'..r. are Ilon-zero pm-.. . ¡n n]
ponionality consta.nts.

IkcóllJSe of Eqs. (lO, 11) j[ follo\\',,> [h.l[ f~. ,L . s<l[isfy [he com-
1" 'J J

muta(ion mks

( 12)

:,\a~el <lnd \1o~hinsky exploit (he COlllIllU[tl(ioll rules (12) ro derive «xpl¡cit

N.j'l ¡tnd l.'lj
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; - J ;-1
R. = (:¿:¿ B. B ... E B X

pI ,=oJ.1. >jJ. > .. >jJ. >jJ. >1 ljJ.r JJ.,J.l'_1 ¡.l2JJ.1 jJ.}n
, ,-1 2 1
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, ;-}

x TI C\) TI ~. ,
1=1 /".- 1'=1 /1'

l~i~n-l, (l3a)

r ,..1
x TI ~:.l,) TI {. • 1 ~i~n-1 ,

1=1 1¡.u )/.-j+l 1)/.

where

(l3b)

(14)

See Nagel and Moshinsky I lor alterna[¡ve £onnulas, discussiCll and particular
examples of ~n ' Ln; .

They find !he proportionali,y constants of Eq. (U) ID be

; -1
Nin = (- 1)

n -,

TI (mi -m. -1+;-1)1=;+1 .1'1-1 1,1'1-1

n ; .1

TI (mi -m. ,-I+j) TI (mi ,-m. -I+j)/=1 ,n 1,1'1- 1 =1 ,1'1. 1.n-1

(l5a)

N.
nI

; - J

TI (mi ,-m. ,-1+;+1)1= I ,1'1- 1,1'1-

%,

• ''- J
TI (mI - m . - 1 + ; + 1) TI (m - m . _ I + j)

1=1 n 1,1'1-1 1=-;+1 I,n-J l,n-l

(l5b)
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U.'e no\\' seek to rnodify (he above results so they will apply tu me

bounded above (i ; O) series of DUIR' s of U (p, q). Define an extreme sra,e
of me subgroup U (p, q - 1) as a pattem 1m >E whieh satisfies

p + 1 ~ k ~ n - 1, 1" ¡~k - P ,

m.+j_k_¡,._¡+k-n+ 1,. p~k~n-1, k-p+ 1,,¡~k,

m. -q+1q+T-I,n-l '

(16)

i t i s the high es, weigh 1 state of a U (p, q - 1) IR.
Equarions (10, 11,12) are still valid; ir follows mat me raising and

lowering opcrators glvcn by (13) are still the ones we require, apan from a

relabelling. We find

Rp+ j, pj ,
l~i(q-l,

RO ; ( 17a),.
R¡_q+l,n' q~j~n-l

where me supcrscript rcpresents me value of i(==:. O). That (17a) is the cor-

rece identification is confirmed by compari son of (he change in weight induced
by me opcrators un the [WD stdes. The lowering operawcs muse be relabelled
in the same way.

L",P" ; 1';¡';;q-1
LO (l7b).,

1.n,j-q+1 q<j~n-l.

lne normalization cocfficients NO., N? are found by evaluating the matrlx
o o "1 1"

elemf;flt:> of R"¡. L¡" bctween che appropriate exucme states,using me simi-
lar calculadon of Nagel and ~toshinsky 1 as a rnodel. For 1 ~ j ~ q -1 we find
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o j-I
1'1,.=(-1)

q-'
TI (mi _,-m. _,-I+j-I)
/=j+I'" 1,"

I'.l i -1

TI (mi -m. _,-I+j) TI (mi _,-m. _,-I+j)
/=1 ,n l,n /=1'" 1,"

x

I .-, I
x TI (mi _I-m. _,-I+j)

/=q ," 1,"

; - 1 "-1

TI (mi - m. - 1+ j + 1) TI (mi , - m. ,- 1+ j + 1)/= 1 ,,-1 l,n-1 /=q ,"- 1,"-

(IBa)

%,

•
TI (mi -m. ,-I+j+

/==1 ,n 1."-

and lor q<j<n -1,

q -,

l) TI (mi _, - m. _1 - I + j)
/==;+1 ." 1,"

(I8b)

•N° = (-1)
1.

q-'
TI (mi _,-m. _,-I+j-l)

/=1'" 1,"

.-,
TI (m -m. -I+j-I)
/==;+1 /."-1 1,"+1

%,

" ; - 1

TI (mi -m. ,-I+j) TI (mi ,-m. ,-I+j)
/"" 1 ," 1,"- /=q ,"- 1,"-

(I8e)

; - 1

TI (ml._1/ ~ q ,
-m. -/+ji l),~,,-1

%,

-------------------------,
" q-l

TI (mi -m. ,-Iij+l) TI (mi _I-m. _I-I+j)/= 1 ,'1 1,"- 1= l'" 1,"

x

,I"ñl

(mi _,-m. _,-I+j)/-%;
/::j+l,'A J,'I

( 18d)

(l8d)

Th(' rf.,ul[ ....wc han' jusI d('ri\'cd for rhc bo:.mdc-'d abov<-' (i::;: O) ....Crlc-.S
are ('así Iy con\'t:rtcd ro apply ro [hc' bwudcd bclow (i :....P) ....cli( ....•uf DlJlR's of
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U(p,q). We lake me eXlCeme srare ofU(p,q-1) as the lowest weight srale
01 a U(p,q-I) IR. Then!he raising (lowering) opetarors lor i = P are me
hecmitian conjugates oí me lowering (raising) operators for i = O, with an ap-
propria te re labelling.

Spccifically, an,extreme stacc al U (p, q - 1) is now a partero 1m >E
foc wh ¡eh

p';;k<'n-l, 14j<.p,

p+l';;k~n-l, p+l~j<.k,

m +q-lp+j-k,n-I ' l<'k<,p,

(19)

RP = (10 )1 ( O;n -n,n-; 2 a)

The normalizaríon coefficienls are lhe same as for i = O, Eq. (18),
aparr from me reIabelling and a phase faClor:

for l~j"p,

.~ p-i-' o
Ní.=(-I) Nn,n_;' (2la)

.~ p-j-¡ o
(>(.=(-1) N. (21b)

"' n-J.n

and for p + 1<. j ~ n - 1 ,

P j-q-l o
N. =(-1) N .
1" ","-'

p ;-q-l o
N .=(-1) N.

"1 n-;,"

( 21c)

(21d)
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3. UNBOUNDED nUIR's OF U(p,q)
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Forunbounded(l"':i~p-l) seriesof U(P,q) DUIR's, define nn ex-
treme itate of the subgroup U(p, q-l) as a pattern 1m >E which satisfies

m
jk
::.

m. +n-k-l1, ,,- 1 '

m.1, n-I

m -n+k+lj+,¡-I-k"I-l '

m. -q+l1 +q-I,'I-I '

mj,'I_I+q-I,

p'('k.(,n-l,

p+l.(,k.(,n-l,

p<;k.(,n-l,

i.(,k<,p,

i+ l:(k~p,

l~k~j,

itl.(,j.(,i+k-p,

i+k-p+ l.(,j.(,k,

1~j ~ j,

j+ l~j~k,

l.(,j.,,:k.

(22)

The f¡rsl i ('lements of me k'dl ro\\', p${.k~n -2, are at the extreme right of
dlcir runges (as 5mall as possible); consistently with this, aH other elemenrs
are ae the lefe of meir range.s (as large as possible).

Raising operarors R~n for mf:' range.s j + 1~ i ~ i + q - 1 and
i + r¡ <: i .; '1 - 1 are readi 1)' con structed

U.
1"

,
¡; 1 p ,I? 1 /' • i + 1.(, J' .(, i + q - 2 .S,¡ -, T 1-, 1.'J - '1 - L n . ( 23n)

(23b)

which

i
1'0 constnlCI I? + ) we firsr define 0P(',<lW,S n 1 fOf cermin jq- ,n n,n-

arc polynomials n rhe diagonal genn<llorS; [he)' satisfy
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o' 1m, + 1 > I ;:::n,,,.1 ,.n-I E

Par era et al

i+l'¡;¡';;i+q-2,

( 24)
, i I

IJ'I_I.¡_1 Ri-l,"~l mi,"-l + 1 >E' .

i+q.<¡<n-l.

Itere I m¡,n_t + 1 >1:' is me pauem obtained rrom rhe extreme partem 1m >E
by' increasing rhe single clement m. 1 by unir\"; il is nOl itse.lf <ln extreme

i i 1,'J-" j I

panem. \lhen l. _1 .R. -1' j + 1~ j 5; i + q - 2 Of L -11'-1 R1'-1 n-l'n .} J,n n..
; + q ~ j ~ n - 1, acts on such a p;:u(crn, .the partem is mulriplied by a ccrtain
polynomial in the m's. lbe o¡x'fator n~,n_1 is obtained by replacing (:ach m

in {he polynumial by rhe linear functiún of a diagonal generawr whose ('¡gen-
value it is foc me partero in question. That rhe opcrawrs n defincd by
Eqs. (24, 26,29, 3I) are in faer polYTIomials is insured by me presenee in
Eqs. (23,26,28,31) of ,he diagonal factors in"ol"ing.;; ,he proof is b" in-
duerion. Then

che product in (25) is over the S ,101(' ranges as rhe t\\'o sums in the
fa ceor.

( 25 )

middle

i
Yo consu"uet R. ,1 ~j!(. i, \\'e define fuuher

1"
me diagonal opcrators which satisfy

pol)"nomials n~'.1
1,1 ,"-1
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in .. , 1m., + 1>'8"1,1 ,n~l 1 ,n-l ]

L
i

,, «(, +", - q - i + 2) R
i
, , ,1 m, , ¡ + 1 >'8"n-l,] T,P T -, 1 ,n~ ] ,n- ]

i+ 1~j'~i+q-2,
=

i+ q-$i'~n-1

and

93

(26a)

(26b)
mj ',n-I + 1 ~E 11 denotes me panero obcained from 1m >E by increasing by

unity m,' 1 and also che "mil" of m. " i. e., m'k for a11 k in me range] ,n- ],n-,l
i~k~n-2. Thefaccorstj, +j'_I-q-i+2andsj,j'_q+I-Q+2 in Eqs.
(26a, 27) are no! required an! should be omitCed for q = 2. The raising
operacors fOf 1~ j ~ i are

i
R
1"

{

i+q-2

x 1- L [Li_¡"«('p+,'_,_q_i+2)
j'=i+l n,T J, ] ¿ 1/0/, " 1]-1 ,n- T,1,n-

n-l

L
j' ~j + q

[i t: j Ji ]
Ln_t,j'_t (Sj,j'-q+l- q+ 2) Rj'-l,n~l o'j,j',n_l x

The product in (27) is O\'<'f me same j mnges as the two sums In the factor
which follows ir.

i.owering opcrators for 1~ j'< i are
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j
L.

'"
(~ + . + - 2) 1 j ,..

'=',,-1,' t q 'n-l,' "nn-l, , , 1<-1(,; .

Patera ce al

(28)

i i
To construc( L",i+q_l we define polynomials 0"-1,; In rhe diagonal

gcn{'r<ltofS satisfying

ni Im",_.,-I>I:;"=,,-1,; " e

(29)

whcre Im;,n_l-1>8' 15 thepattem obtained from Im>Ebydecreasingm;,n_l by
unirl" Thcn

L
i
n,i+q-l

(30 )

F oc rhe con ~truction oí L~j' i + 1-< i ~ ; + q - 2 oc i + q:5; i ~ T2 - 1 we
nccd pol)11omials nI -1 .. I in rhe diagonal gencrators foc 1~ j I ~ i. For

ti .',1
i+ l<,j<,i+q-2 thoy satÍsfy

i I i . j In .,lm.I -1>'r.//::::R.1 (.e" ."tz+q-2)L".
"
,,'m,',_.,-I>,'r:1In-l,!,] 1 ,n-I tL: ! .,,-1 ':::., P-',J ro,. e

(31 a)

and foc j + q ~ j ~ n - 1 ,

j In .. / m,l -1> 11
n-l".' ] ,n-l jE

(31b)

mi '."_1-1 ~T dUlO(CS rhe p.lltcrn obtaincd from 1m >E by reducing by
lJfli(,-m.1 ,and ,,1."0 lhe "cail" ofm. l' ¡.e., allm'k foc which k is in. , ."-. ',"-!
rJw ran g (' f! + j - i < k < '1 - .2 in ease í + 1.t;. j .:5;. j + q - 2 or a 1l m. + k k for1 ..,.,+1,
\\h Ieh k i s in tlll" ran ge j - q + 1~ k ~ '1 - 2 in case j + q ~ i.t;. Tl - l. Th e
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faetors 1=" "'+i+q-2 and 1=, +1 ,'+q-2 should be omitled froms¡ "YP-',J S,_q "
Eqns. (3 ,32) in [he case q = 2. Fuethee,

i
11. ., + ,1 m,' + q_,-l >,'8" =n~l."J q-

i i IL ,R. m. -1>,,,n-1" 1,n-1 '+q-1,n-1 ,E '

i+ 1~j~q-2

Then. fori+ 1<j<i+q-2,

i í IL R. m. -1>.11n-l,j-l '-l,n-1 '+q.l,n-l ,E

(31e)

• ( 1 -
i

'",-, ::: 1
[¿ (~.+ .. di+ q-2) ti ,.Id 1 ..• ]) x

1 ,n-I 1 P-'" n-I,1 n- ".,

f' ti.
",,/-1 ,:-1,1

\\ hile rOl i + tI ~ i < " - 1

(32a)

,
J. " I

. , i.
, ,. ( I )

(O,J_¡,' itq-l- Ln-1,'_1 R,,_l,'_l) "TI 0"-1"," x, . ", =: 1 ' ,

. (¡ - ,,-
I = I

[ i i i
R ' , (~, + ,d q - 2) t ,. ,In l' , ]) x} • n-l 1 -q l.} n- ,1 n- ,1,1

i
x P.".,,_¡ l.n-l,j_l (32b)

\X'ehave succeeded in constructing ralsing and lowering operators
for unbOllnded serie ...•, 1~ i ~ P -1, of DL'IR's of U (p, q), q ~ 2 in [enn s oE
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mase lor U (P, q - 1) and th e el ernen lary generators En -1, n and En 1,,-1 . \l11 en
raising and lowering in me construction oí U (p, 1) are required In che con-
struction oí those foc U (p, 2) ir lS understood thut mase ol Re£. 2 are [O be

used.
Ir is a straightforward manee in aoy particular case {Q calculare the

matrix elemenes ol me raisio!; and lowering operators between .me stat~s chey
are designed to connec[. The (cnns in me expressions for R'. oc L' in.

i i i i 1""1
\'olving products R .' L.' oc L.' 1 R .1 ma)' be omitted lor mis

n-l,! (,"-1 1 ,n- "-1" i i
purpose; dleir role is simp)' to cancel unwant(.-crfinai states when R. oC L .. ,,, . nJ
acrs 00 ao inicial extreme statc. orbe normalization coefficients rl. ,l'l.

.' . i i 1""1
are JUSI (he reclprocals ol the matflX elem(í1ts ol R. ,L ..,n n¡

\le conclude this section by writing clown explicit y dIe duee raising
and lowering operators for me simplest unbounded series of U (p, q) DUIR's
namely che i = 1 series for che conformal group U (2, 2):

R1 = - {(~13 -3)(~l' -1)+ RIJ1.3,}'"
, {(~12 -2)(~3' + 1) - l." R,) 1334R13

(Ha)

{~ 1 = {(~12 - 1) ~3' - L 3' R 23} 133<' (33b)
2<

,,' (" + 1) R £: ( 33e)
J< s 32 23 • 34 '

1. (;" + 1) L31 E" (34a)
, I

¡

- {(SO" -3)(~12 -1)+ R,,1.31} £:"L. -4 J
(34b)

The nonnalizing coefficients for che raising and lowering operators
operating on che paltero 1m >E are as follows
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N,', = i [(m - m )(m - m + 1)(m - m + 2)(m - m + 3) x
13 l. 13 2. 13 J..4 13 •.•

-~ -)~

x(m -m +l)(m -m +2)} (m -m +3) x
13 2J 13 33 13 JJ

~ -1
x (m - m + 4) (m - m + 1)

13 3J 2J JJ 05a)

NI = [(m -m +I)(m -m )(m -m +I)(m -m +2)x
2. 1. 2J 2. 23 2J 3. 23 •.•

-~ ~ _1
x (m - m + I)} (m - m ) (m - m + 2)

2J JJ 13 23 13 JJ 05b)

N' = - i [(m - m + 2)(m - m + I)(m - m )(m - m _ 1) x
34 l. 3J 2. 33 .}4 33 .•.• 3J

1< ,
- 2 1

x (m'3 - m33 + 2)(mI3 - m33 + 3)(m23 - m33)} (m'3 - m
33
+ 1) •

( 35c)
1'1,1, = - ;[ (m - m - I)(m - m ) (m - m + I)(m _ m + 2) x

13 l. 13 2. 13 J..4 13 ••

- [(m -m +2)(m -m + 1)(m -m )(m -m + 1) x
H23 2.23 233423 .•.•

~1 1 _1
x(m -m +3)} [(m -m )(m -m +1)} (m -m +1)

13 JJ 13 23 13 JJ 13 23

( 36a),
N.2 =

06 b)

N' = - i [cm - m + 3)(m - m + 2)(m - m + l)(m _ m ) x
.3 l. 33 2. JJ J..4.. •.• 33

-~ -1
x (ml3 - m33 + 2)(m23 - m33 + I)} [(m'2 - m23 + l)(m

I3
- m

33
+ 3)}

06c)
le is probably possibIe (O generaIize (he raising and Iowering oper-

ators of omer compac( groups, (o apply (O me corresponding non-compact
groups, by memods similar to mose used here.
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REsmlEN

Se muestra que los operadores de Nagel y .\loshinsky que suben y ba-
jan la s repres(.'1l melones de U ('J - 1) con ten idas en una represrn tJ.ción de U (n),
se puedt:n usar también, desrués de cambiarles Índices, para subir y bajar
las representaciones de U (p, q -1) contenidas en una representación unitaria
y discreta de U (p, q), que está acotada por arriba o por abajo. Se da un algo-
fitmo para deducir operadores similares para las series discretas no acotadas
de U (P, q) y se calcula para el caso no trivial más simple, el del grupo confor-
me, U (2,2).


