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ABSTRACT: lbe concept of deformacions of l.~e algebras has had appli-

cacions in borh physics and representadon eheory. Despice

chis, little is known about (he general classification DE che

possible defonnations of a given Lie algebra and ¡es repre-

senrations. ~'e pcesent hece a general survey oí whar is known,

along with irs application to represenration theory and physics.

The papee is essentially divided into two pares. In che first

part we discuss two prom.inent physica1 examples oE defonnations

narnely che deformadon of che Galilei algebca (O che Poincaré

algebra and che deformarian of che Poincaré algebra to che de

Siner algebra. In the second pan, we concentrate on what are

called first order deforma(ions, by applying a well-known

algori(hm (O various inhomogenizations of semi-simple Lie
algebras. A discussion is given indicacing ~hich representacions
can be deformed to which algebras. U'e al so discuss the corrc-

•
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srondin~ deformations oí [he ¡;:ruup and rheir connecrion wirh

multiplier reprC'senrarions and {he )wasawa decomposition.

Tables are presenred giving a el assificarion of tht. m ain re-
suh s.

INTRODUCTION

h is dI(' purpose of chis anicle to givc a fevicw of deformations of

Li(' algebras, ami providesomewhat oí a synthesis hctween rhe physics and

mal!H:marics lit('rarure in a way ('asíl}' acccssible ro physicists. 'J11is pap<'r
is th(,o arrang<-'d in ('s."enriall)' [WO pans. First, af[('r stating (,'xaedy what

a de{ormation ¡s, wc dis('uss (WO imponant physical {'xampll's oí deformations.

In (he se(,(lIld pan w(' COnC{'fHr,1tC on what are caBed (¡r:-ir order ddormarions, gi\"ing

<ln idea oí what is more Of le,o;¡s che rangc IJf validiry of such ddormations, ami th<:n

discussin,g tht, irnpon<ult connectitlfl of thes!: deformarions on rlIt" ~roup le\"el w irh
mul(ipli('r repres('nrations and the Iwasawa decomposi,ion. '['!Jcre 15 no ,-ur('mp( (O

be ri,gomus, althou,gh sorne poinrs concerning rigor art' discu .••setL For dle details
\\'t" ref<:r dw r("ad('r w (he literature. :\Iso in s{;ctions 3 and .j sorne ma(erial is

presefltcd for (he firsr rime <-speciaily thar concerning th,' deformarions
¡-SO(l1) G1 so(k) =>so('l.k) which ha ..••flot appearuJ in compic(ed formo

Th{. proc('durc of deforming a Li,' aIgebra (intui(ivcly in rnany cases

the ifl\'l'rS{' of contracrion1) has had severaI applicarions to physics. Its

mos( narural scuing is when one is giv('n an ¡n"ariance algcora, which is

valid in sorne limit(,d domain, and one Wan(s [O consider possible gener-

aJizations ~ivill,g a nc\\' invariance or symmctry algebrat which yields in sorne
paramerric limit rhe original invariance. 1'\\'o promi n{"rH ('xamples come

rcadil)' (O mind: passing from (he nonrelati\'istic invariarlC(' aIgebra (Galilei)

[o [he spccial relarivistic algebra (Poincar¿,); passing from tl1(' special
rela(ivistic algebra tu a possible general relativis(ic algehra, ('.g .• (h(. Je

Siucr algchra. Indc('d (h!: latter is exactIy ho\\' ddorma(ions firs( apr('ar('d
in (he physics Ji{('ratut{'2. Th,'re ha\'e becn. hOW{,V(,f. orhef app!ie<l[ion .•••
for {'xampk. ir ha .•• h('('11 us(.d ro obrain relativisric po ...•ition operawrs" anJ

has provided <l means for building non-eornpact genera[ors" ro ohtain spec(rurn
~en('ratin,L: al,cercas.

On t111'mher band in the mathematics literature. ddormation,"" wefe first
dl •..cu •..•..ed in lhe COIl[cxr o{ cohomology groups Ofl Lit, algebrass. The hop{'

h('fe hein,c lhar 011(' could pt)s .••ibly classify all none<¡uivalefl[ ddl1rm.Hion, ••.
by pI.Kin,e rhun in a orH .. to~oIH' correspondence \\irh the fTl('mb{'rs of certain
coholllolo.cy,croup '-'oml' re.,,>ulr •.. ha\"(' becn oh[ained6.; , how{'\er. i( rurn ••
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oue [hae in general [he aboye correspondence is l1Q{ valid6,7. Recently, ¡:rogress
has b<,'cn made in íinding certain íirs[ order deíormations8, 9,10 of various
inhomogeneous Lie algebras. While a complete classificacion is stilllacking,
we ha ve a preuy good idea oí which reprcsentations oí which algebras can
give risc to firs[ order deformations and which can be obtained through £irst
arder deformations. Thcse techniques have various applications to [he repre-
sentation theory of Lie algebras and the corresponding groups 11. In essence
ie allows ane ro describe the properties of the deformed algebra or group in
terms of [he inhomogeneous ones. This fact is particularly important where
multiplicity problems arise since it is easier ro handle them in the case of
[he lauer.

1. DEFORMATIONS OF REPRESENTATIONS

\t'e are interested in the general quesdon: When can a given repre-
sentation of a Lie algebra be deforrned inca another representation of a (in
general) different Lie algebra? Since we are interested in representadons,
we want our definition of deformation to be representation dependen[.

De/initions: An expansion of a representadon <P of a Lie algebra O is
a mapping <P - <PA' sueh rhar rhe <tA form a representarion of another Lie algebra
Q.'. If [he conditions

agrees with
Thc problem

are satisfied [he expansion IS called a de/ormation. lf for sorne subalgebra
K ce¡, rhe deformarion is trivial, i. e. <p).(K) = <t(K) ,rhe deformation is ealled
relalive lo K and rhe subalgebra 3( ¡s said to be slable. Ir is emphasized rhar
although ePA is a representadon oí (J' ,ePo is the original representation oí O,

A-O
sinee <PA- eP. , i. e. <p. = <t. A deformarion wirh <p. = <P = ... = O is ealledo o 2 .3
a ¡irst-order deformarion.

Before proceeding to sorne physical examples we give a brief result
from cohomology thcory6. 7. Rigidity Theorem:

If Gis semi simple and c/Jacts in a finite dimensional vector space,
aH deformations of O are trivial.

This follows essentially frorn Whitchead's Lemma 12 and
[he inruitive pictuce of deformacion as inverses of contractions.



102 Boyee

is thar (his result is not true when (he representadon is infinite dimensional
and 3n example wiU be che fíesr arder deformarían we discuss next.

2. PIIYSICAL EXAMPLES

In (his section we discuss (he [wo examples Di deformarions IDefl:ioned
in [he imroducdon, namely Poincaré ~ de Siuer and Galilei ===> Pornearé.

Poincaré==>-de Sitter

This represenrs the prototype of the {irsr arder deformations, which
will be considered more thoroughly in section 3. Physically, oC course, ir
represents (he deformadon DE a fIar space-time manifold to ane with a constan[
bUI nonzero curvaturc. Consider (hen (he Poincaré Líe aIgebra spanned by
che generators ol (he homogeneous Lorentz gcoup M and rranslations P

¡LV ¡L

[M M 1 = g M - g M - g M + g M¡Lv' po" VP ¡LU ¡Lp ver ver ¡Lp ¡LU vp

[M p] = g P - g Pp,v' p vp ¡.¡. p.p v

[p,p]=o.
¡L V

(2.1)

U1ithJ..1.,V, 0", P = O, 1, 2, 3 and the metric goi = O, goo = 1= - g 11= - g22 = - g 33 •
No,,' it turns out mat one can pedorm the desiced nontciviaI deformation loe
aIl representations13 such that p2= P pp.~ O. If we now construct

¡L

N = % [<1>, P ] + TPp.2 P. P. ( 2.2)

where 4l = M .\(JLV, the second order Casimir operator oí me homogeneous¡LV
Lorentz algebra 0(3,1), we find that the N's and M's form a representadon
ol one ol the de Siner algebras, viz.

(2.3)
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One notices £rom (2.2) that aH the informacion of the de Sieter algebras is
contained in the inhomogeneous Poincaré algebra.

Before discussing funher this construccion a brief his[orical digression
is made ahou, Eq. (2.2). lt seems ,ha! !his equacion has been propaga,ed
in [he li[erature as -rhe Gell-.\{ann formula"; however, ir firsr appeared in
anides by Melvin2 and was later diseovered independendy ~ Sankaranarayanan2
and Do,han, Gell-Mann, and Ne'emann4• 1 think i! !herefore, should be ealled
[he Mclvin, Sankaranarayanan, Do[han, Gell-Mann, Nc'cmann (MSIXJN) relatÍon.

Now it can be seen (rom (2.3) rhar rhere are rhree distincr cases:

i) p2 > O

ii) p2 < O

iii) p2 = O

;so(3, l)=>-so(4, 1)

;so(3, I)==> so (3, 2)

deformadon is trivial

To make the deformation and conuaction ~ocedures manifest, we first conS(fuct
,he properly normalized generators14 (p2)" N and then mulciply by a parame-

¡J.
ter €, i. e. consider

N<=
1" (2.4)

where u = €7". Then the Inonü-Wigner contracríon 1 limit is given by E'-. O,
T -- OIQ such that £7" = u a constan(. Ule see that we can defonn a representation
(u, s)(p2 = u2 > O) of ,he Poinearé algebra into a representation (7", s) of !he
de Sitter algebra 50(4,1). We oodce a few things about (his deformadon:
l) it is relative to [he homogeneous Loreotz algebra 0(3,1) I i. e. 0(3,1)
remains srable; 2) i( is a firsr order deformation; 3) (he spin label s remaios
,he same for bo!h ;so (3,1) and so (4,1). This las! point reHee!s !he fae! !ha!
on !he group level for bo!h 1500(3, 1) and 500(4, 1), ,he spin label s is indueed
by ,he "Ii,de" group 50(3}, and lhis algebra remains s!able ,hrough !he defor-
mation. Indced. it wiIl be secn latcr (heuristicalIy a[ leasr)rhar rht.'re is a
cIase connecdon berween rhese firsr urder deformations of (he algebras and
.\Iackcy's tll{"Oryof induced eepresemaríons for rhe coreesponding groups.

In the preceeding disclJs."iion we ha\'e "'iw{'pr under the rug" a \Te)"

importa m poinr, namely rhm a Lic algehra representaríon is more rhan juS[ a
SC[ of formal oper.ltors. ir is an algebra of operurors rogerher wirh [he \'ector
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spacc uron which [hese operators aC[. This is aH [he more important since
Ilor unl)' is ¡so (3,1) noncompact but a150 [he stable subalgebra so (3,1) is
noncompacL In face in arder [O obtain an integrable Líe algelra15 for 50(4, 1),
W(' must 51aft from [he reducible rcpr('sentutioo (u,s P >O)lB(u s P <O) u> O, o • , O '
of rhe Poincaré aI~cbra iso (3, }), i.c. we considcr both panic1es and ami-
pnrticlc~ (og<:th(;'[. \l'e will obtain in de Siner spacc an encrgy opcrator which
¡s 1101 positin' ddinite 16.

Bdore procecding ro the nc Xl cxample we mention chat by adding 10

Eq. (2.2) a [(:cm of [he form pP wc can pass from a representaríon (7", s) to
l'an irH.'quivul(,nt representaríon (7 + p, s) thus providing a counrerexamplc

[O the ri~idity theorcm foc semisimple Líe algcbras mcmioncd in th(' previous
S('C(IOIl.

O\\ing ({) (he somcwhat grcatcr compll'xiry of the Galilei alg('bra 18

this d(,formation is more complicatl'd than the previous case. PhysicalIy
the deformation corrcsponds to passing from a nonrelativistic dornaio to a
relativistic domaio, Le. from inercial systCtnS with an absolute time, to
inenial systems with relativc time. The composition of this dcformation
with tne previous one then allows us to pass froro a fIat space, absolutc
time manifold to a curvcd space~ime manifold. There are, of course, other
possibl(' kin('malics as considered in reL (19), eg. one couId start with rhe
u .••ual l10nrclativist . Galilei algcbra amI d(,forro it t~ one of th(' Newwn1Q

al~chras r('presenting the automorphisms of a curved space with an absolUle
[lIne. \re will nut consider such ca .••cs h(:rl'.

The algebra G of the Galilei ~roup is spanned by the gt"fl<:rators of
rma[ion .\1" space translation P., time uallslation JI, and ineerial transfor~, I

mallon ...•K¡ ,

o

[Ki ,IIJ ["¡,IIJ [Ki, PiJ _. O

(2.5)
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It is known20, that none ol the true representadons ol the Galilei group admit
a rcasonable physical imerprctation; they are not localizable21. In arder to
oOLain localizable reprcsentations one must Jea! with projcctive representadoras,
oc what amounts to the S¡lme thing true reprcscntations ol a llontrivial central
eAlcnsion 20. We can make such an extension ol Q by the replacement

(l..(,)

Indeed the connection between this extension and quantum rncchanics ¡s ap,.
parent. Eq. (2.5) •..ith lhis replaccment yiclJs lhe extended Galilei algebca
~G. U'e now considcr dIe represeutation18 ol a frec nonrclativistic spinning
particle labeled by (m,U = 0, s) with nonrelativistic mass m,intcrnal energy
U = Il - p2/2m, and spin s. Without 10ss of generality \\'e can decompose
the angular momentum into orbital and spin parts,

•..here lhe S~'s salisfy and so (3) algebra and commute •..ilh everylhing clse.
H we construct, following Inonü and Wigner 1,

p' = p - uo o (2.8a)

by making a se ale transformation Pi - € -1 f} == p/ aOOKi
effect on ~ and build 17

-1 -11N.=m P €K'-€"LS,PL€ (P +u)
t o t '1'" 1 '" O

€K¡ ••.hieh has no

(2.8b)

•..e find lhal P , P.', N. " M. ,M .. close on lhe algebra uf theo t I 10 '1
(2.1) .

Poincaré groUpt

If we now consider the contraction limit, we will find that ir is p' na
o

Po which has a finite contraction limit. Tltus rhe delcxmation is a deformarion
.up to a factor" in analogy with the Inonü-Wigner conrraction 1 up ro a factor.
In other words wc replace P widl p' obtaining a trivial extension of the

O O
Poincaré algebra f> which upon contraction yields a non trivial extension
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o of tbe Galilei algebra. Tbe contraction is detailed as follows: take tbe
limit E - O, u - 00 such that u £2 :: m oí che operators

fP.'_P.• •
( 2.9)

wbicb imposes Po' - p2/'2m = H pcrformed explicirly by considering tbe
power series expansion oí ~' ,

p' = (p2/'2m) _ u-1 (p'/8m2) + 1!i(I/u2)
o

(2.10)

Hence, as u - 00, we obtain [he energy ol a free nonrelativistic spinning
parcicle. In [he appropriatc unies u ....•00 implies the speed oí light e - 00

which oí course corresponds (O che physical picture. Ir is also seeo readily
from (2.10) char [he deformadon is oí infioiee arder. Comparing chis ¡nlioice
arder deformation wieh [he f¡rsr arder deformadon (2.4), (he v ¡rtue ol che
latter can be seco. Qne can noc simply truncate (he series (2.10) and retain
(he desired invariance properties. Ir is also seco thar the Euclidian sub-
algehra Mi ' p/ remains stahle undee che deformation (2.8); however, given
the algehra pi, Ni ' Mi the lnonü-Wignercontraction (2.8) is performed rela-
tive (O the g~erators Mi ' P;. Apparently this deformadon and the lnonü-
Wigner contraction are not strictly inverse operations. The difference appears
lO be tbe rescaling of P,. One starts wirb tbe extended Galilei algebra
~ I

G rescales the momentum p. and inertial transformations K. and then dcfonns
~ I I

G to jC)which upon contraction yiclds the original unrescaled algebra.
The question of whether such defermatioos are wlique has Dot yet beeo~

answered; however, one can find inequivalent expansions of o. to J(). These
expaosions look vcry similar to the above deformatioo aod Dot ar al1 like rhe
first arder deformation oE the previous sections. lndeed it seems .improbable
,bat one could use an algoritbm of tbe type (2.2) to go from the Galilei alge-
bra [O the Poincaré algebra. Although these infinite order deformations are
somewhar complicared, ir is certainly interesting that one can start with
quite general physica/ representations oí the Galilei algebra and obtain upon
deformadon physica/ representations of the Poincaré algebra.
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3. FIRST ORDER DEFORMATIONS
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In this section we want to focus our attendon on first order defor-
ma,ions of ,he type given by the MSDGN ,elalÍon (2.2), and tey to provide an
answer as tO \1i,'hiehalgebras it can be applied to yield a deformadon. \tIe
~:ill not attack here the more general problem of che classification of all defor-
madons of a given Lie algebra or even the classification of all first order
deformadons. \tIe formulace che problem as follows: lec ¡( be a semisimple
Lie algebra,O an abelian Lie aIgebra and eOMider the semidireet sum K 30.
\\-e construct the following set of opera(Ors from the universal enveloping
algebra of K ~O,

n = y, [ti>, .0] + rO (3. I)

where el>is the second order Casimir operator of K. First notice chat

[K, n] c n (3.2)

which follows immediately from the semidircct sum struc(Ure of me original
algebra. The quesdon is under what conditions do the n' s close (O foem
sorne Lie algebra O? A partial answer to this quesdon ha s been given by
rnany2.8 and summarized by Gilmore9• Gilmore showed that if one starts
with a semisimple algebra G and one makes a Cartan decomposition Le.
C; = K + n where K is eompaCl, Eq. (3.2) is sa,isfied and

[n,n]cK (3.3)

then h can be writtcn in che form (3.1) if the Riemannian syrnmetric space22
exp m) is of rank23 l. The key tu ,he proof is !hat rhese symmetrie spaees
are spaces of constant seccional curvature22• Actually the fact that 1{ is
compact is not really essential, the procedure can be carried through for aU
symmetric decompositions (i. e. 3{ is a rnaximal subalgebra of 0= J{ + hwith
Eqs. (3.2) and (3.3) sa,isfied) sueh tha, exp (n) is of rank I. Now in general
ir turos out mat (3.1) is not quite a deformation; however, by taking 1{ and
henee G slightly larger so that [n, n] spans K one does get a defonnauon.
This change allows us to separate expansions al the type (3.1) from much
more radical expansions which have very liule to do with the process of
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eonlraenon. Onc additional poinl here is thal al! realizalions of Eq. (3.1)
yield hermitian representations oí noncompact algehras. If one considers,
however, 0* = K + no, where n* = in, lhen 0* is eompacr and exp (n* ) is a
compac( symmetric space, yct no explicit realizations oí [his type have beco
given despite [he faer mat che contraction procedure is very similar [O (he
noncompact casco Examplcs of rank 1 deformations are given in cable l.

Thus Gilmore' s result provides a rachee laege cIass oí algebras for
whieh lhe firSI order deformanon proeedure givcn by (3.1) holds. This class,
however, is DO[ a necessary condition. Qne can f¡nd deforrnations given
essennally by (3.1) sueh lhal lhe rank of exp (n) is grealer lhan one. Sueh
defonnations, however, may only be valid for cen-aÍn representations oí J{ I> .0.
There are two new distinct classes oí firs[ arder defonnations oí chis type.

For examplc, lel.O be lhe Lie algebra of abelian seeond rank mixed
symmetric tensors with respect (O che compact2• algebra K. Then me defor-
manon'.IO•2' given by Eq. (3.1) ean be earried mrough when ane represeOls
.0 as a produc[ of commuting vec[Ors xj xi' and Jo( only operares on this vector
space, i.e. one canno[ build an additional v~c[or space over rhis space.
More explicitly, lel K = so (n) and.O be a eommuting sel of seeond rank
syrnmerric rensors wirh respecr ro so(n), then one represenrs so(n), by

M .. = ". ~
'1 1 OX.

I

(j- ". --
I (j".,

(3.4)

#

and.O by". ". /,,2 and finds mal, I

Ni¡ = y, [4:>, "i "¡ /,,2] + "T "i "¡ /,,2

sarisfies

(3.5)

(3.6)

Thus for such representadon s we have [he deformadon i
2
50 (n) ~ sl(n, R).

If we mulriply Nj. by E and cake [he limit E --t 0, T --t 00, we obrain [he original
representarion o(i250(n)o We notice here the abscnce of me "spin" coorri-
bution [OMijO This is nO( a[ aH surprising since [he principal series of
s/(n, R) has no spin labels indueed by a eompael subgroup. This will become
cIearer in [he group [heoreric con[ex[ in [he nex[ secciono Bu[ we can see
emerging wha[ appears [O be a general maxim for our firs[ order deformations
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Xi ,::ti' and lJi denote real, complex, Ilnd quaternionic variables cespectively.
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and that is that our deformations can contain only one continuous label for
the representations, that is we can deform only along one continuous path at
a time. That the spin labels play an innocuous role wiIl become mere ap¡:arent
in the gfOUp contexto In table 2 we have compiled a list of the first order
deformations of this type along with sorne properties conceming homogeneous
spaces and the aIlowed represen[ations.

In the last type of deforrnation~ to be discussed, the above discussion
becornes even more apparent. As an example of this o/pe of deforma don we
rake K robe so(n)eso(k), l",k~n and.Q ro be k direcr sums of abelian

Q 0(1) O(~) O()n..., ector operators, i. e., = e ... $. where. transform as n-vectors.
o o o

There are two ways to conStruC[ deforrnations b<xh oí which are representa[ion-
dependent. We choose the iden[ity representadon of so (k), an arbitrary

represenrarion of so (n) and rake .a~)ro be a ser of k orthonormaI spheres (one
has n "rthonormal spheres available from rhe group manifold SO(n». Ir is
then found that the operators

(3.7)

(3.8)

with i = 1, ... , n; a,j3 :;:::1, ... , k close along with M
ij

to form a repre-
sentadon ofthe Lie algebra of so(n,k); hence we have the deforma[ion
i\o (n) e so (k) ~ so (n, k). By mulriplying N¡a) and M

a
/3 by E and raking

[he limi[ € -o O, T -o CXI , we arrive back at the original representadon of the
original algebra. Now if we had staned w¡th Mi' as a representadon of so(n)
obtained as the infinitesimal generators oí the 'group SO (n) acting 00 i(sel£
say from rhe righr, rhen rhe generarors (3.8) would be norhing more rhan rhe
generarors of rhe SO(k) subgroup of SO(n) acting from rhe Iefe. Srarting from
this prescription one can see (hat (he k. n-vec[ors of O also transform under
so (k.) as n k. -vectors (not aH independent of course). In this case 27 we obcain
via (3.7) the same represemations of so(n, k.). The comraccioo is performed
by only multiplying N¡U) by £. Again [he general maxim is [ha[ we can deform
only along one con[inuous dircc[ion, i. e. T must be a Cons[an[ independent
of i and a in order tha[ the algebra close. 11lU5we find in gttleral ooIy certain
degenerare represenrations. For example so(o,k) has rank'" [(" +k)/2J of
which k parameccr5 are continuous for the principal series; hrll(c [úr so(n, 1)
\vc ge[ all [he represencations of [he principal series as before, however, for



TABLE 2: 1YPE 2 DEFORMATIONS: COMPACT FORMS

K¡, %¡, and q¡ denote real, complex, and quatemionic variables respectively.

'"

Inhomogeneous Group

J( :í' A2, ••

50(n) 3A2, ••

U(n) ~A2,"

SP(I) •

[Sp(n) lM,,.l

Stability Subgroup

J(O~A2,"

50(n -1) »A::l:,"

U(n -1)DA2, ••

Sp(l).

[Sp(n -1) :<lA".]

Coset Space Deformed Group

K~A2, •• IKo::JA2, ••~ GIH G ~ J( ÁN

" )"'1 + ... -t .•.•• = 1 5L(n,R

, ,1',1 +... +1,.1 = 1 SL(n.C).V(I)

, ,
1',1 +... +1•• 1 =1 SL(n.Q).Sp(l)

Stability Subgroup

H ~ Ko~AN

50(n -1) 2)AN

U(n-1) ~AN

Sp(1) •

5p(n -l)21ÁN

Representations of G

remarks

Most degenerate
1 continuous label
A - (n -1) dim
The ccntralizer
of A is a discrete
subgroup of K

degenerace
1 continuous labC'1
A-(n-l) dim

(n times)
V(I) •... V(I)
centralizer of A

degcnerate
1 continuous label
A-(n -1) dim

(n -1 times)
SpO) .V(I) •... V(I)

centra:izer of A

iS'••
~
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so (n, k) 1 < .0< n we ge, those labeled by [(n -.0)/2] discrete parameters and
ane ,,-fold degenerare condouDus label. Thus for k ::; n -1 oc n, we get a
"most degenerare" representarían labeled by che continuous parameter r.
Notice the number of dísctete labels is juS( the rank of the algebra of the
liule group SO (n -k). In table 3, we give ,he first order deformations of
chis type with compacr srable subalgebras along wim sorne properties Di che
homogeneous spaces and represencations.

4. GROUP DEFORMATlONS

Deformations oí representarions oí Líe groups have beco discussed
by Hermann 17, by considering cohomology theory over groups and establishing
a celaríon with multiplier representatioos, although he has nor given explicit
fonns oc discussed [he connection with the Iwasawa decomposition. lndeed,
ir is an interesting and importar( ¡xoperty d che previous first acler def<rmations,
char [hese generators are exacdy those ohtain~d from che group by considering
certain multiplier representauons which are closely related to the lwasawa
decomposition. In this section we want to explore this connecuon.

The deformation process of algebras has a natural generalizacion to
the deformacion of the group. 1I0weverl explicit but general realizadon s
analogous lO Eq. (3.1) on ,he group level are hard (O obtain by the straigh,.
forward incegration of (3.1). One obstacle is that expressions which appear
very similar on the Lie algebra level, like (3.1) for'so(n, 1) and s¡(n, R) have
very different accions on the group leveI. Even so, al! of these actlons
exhibit the common feature of having a strong connectlon with che Iwasawa
decomposiuon. The deformation process on the group can be roughly stated
as follows: consider a representation of the inhomogeneous group K Zl A,
K compact24 lA abelian where K acts as a transformation group over a homo-
geneous space X which is c10sely related tO ,he space cP (.0) of hermitian
representations29 of the algebra ,O, and the action of A is not effecuve

T(A) ¡(X) = exp [icP(,O)] ¡(X) (4.1)

A deformadon of this represencation of che group K ZlA corresponding tO the
deformacion of che algebra i s a rnap

T(A) - T"'"(g) (4.2)
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1#here e = exp (ih) such rha'

"" ""')'T (e) {(X) = JL (e, x {(X)

Boy~r

(4.3)

_1

where ,he group ac,ion X ~ X' and !he multiplier JL"" (e, X) mus, sa,isfy
certain limit conditions, mar ¡s, mey must give back me origimI representation
of,he original group. This con,rac,ion limi, (Lim) is given by ,he Inonü-
Wigner1 procedure of raking a sequence of repre-sentations labeled by ao
index r(in Que case cominuous) and leuing T --- 00 while ar [he same time
,aking a sequence ofneighborhoods 01 ,he iden,i,y of ,he group {e,} and
leuing t - o in such a way [ha [ t T - e; a constant. Thus we demand

Lim T"" (e ,) {(X) = Lim JL""(e, X) { (X;) = exp [iq, (.0 ) ~] {(X)

( 4.4)
Accordingly i, follows !ha,

LimJL""(e"X')= exp [iq,(a)~]

L
. ,
1m X, = X

(4. Sa)

(4.51»

Ir is underslOod here thar che subgroup K remains stable under che defonnation.
We cake for che functions I infinicely differeruiable funcrions over X, where
in general we allow I to be vector.valued and we have suppressed transfoc.
maciao s in thi s vector space in che foregoing di seu ssion. In che [hree first
arder defonnations discussed, che space X rurned out [O be a sphere or a
product of spheres. Had the stable subgroup been non. compaet, as in the
case of the deformarÍon of [he Poincaré group and algebra, the homogeneous
space X would have been hyperboloids and we would take infinitely differ-
enciable func[ions. of eompact support.

The outstanding ques[ion now is how does one ascenain [he aedon
of me group ove, X and lhe multiplier ¡.L"" (e, X)? The problem is lhat as of
ye[ no nice prescription analogous to Eq. (3.1) has been found. AlthoLEhone
can express the infinitesimal genera[ors (3.1) in terms of the derivatives of
the anion and the multiplier, the inverse procedue of inr:egmtion has not been
found in general. We can exhibit sorne properties possessed by the defor.
macions of che group (4.2). In che defonnacions of the algebra the s¡:oce X
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was compact aod homogeoeousj thus there exists a subgroup Ko of K such
rhar

Furthermore, this space does oot chaoge under the defonnation although the
measure 00 X is -defonned" (i. e. is not G-invariant), so one has a deformation
of ,he K j¡) A~G and of irs srabili,y subgroup- Ko j¡) A ~H such rhar
G/H ~ K/Ko ~ X. This homogeneous space can be illustrared via the Iwasawa
decomposirion'" G '\:: KAN, H'\:: KoAN. We can check rhar rhe subgroup H
does iodeed existo It is, however, not. tmimodulararxl rhus the measure over
X is nor G.invariant; hence, ooe needs multipliers to get tmitaryrepresemations
of G over X.

Fínally, we give explicir forms for rhe ehree rypes of lirsr order defor-
mat.ions present.ed io rhe last secciono Again for simplicity we give details
only for the case of real groups. The complex and quateroionic cases are
similar and sorne of their properties appear in' the tables. In each case it
canbe ehecked that the infinitesimal generators of the corresponding repre.
sentadon are exactly those obtained through the algebra deformadon procedure
in the last section.

1 i=I, ... ,n}

, (-1 -')/( -1" -1x.=g .. x.+g. g.x.+g)
t '1 1 10 01 1 00

(4.6)

The action is just the projective transformadon of the sphere X ooto itseU.
The srahiliry subgroup of rhe point xn = 1, \ = ... = xn_1 = O is rhe subgroup
composed of rhose transformation s which satisfy

g_1 + -1 _ -1 + -1
0'1 Coa - enn eno í i= n (4.7)

It can be shown that such transformations are just (hose of the subgroup
50 (rl -1) AN of 50

0
(n, 1). The multiplier is given by

'T, -1 _1(T
f.1. (g,x ) = [g .x. +g ] (4.8)

01 1 00 ,
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where a = - (n -1)/2 + T, which will g ive ris e to unitary representations
when T is pure imaginary. Now rhe swgroup SO(n -1) is rhe eenrralizer oC

A (one-parameter suhgroup generated by one oC the boosts) in SO (n), thus
[he representatioos of H are direct produces oE [he ~epresentations DE SO(n-l)
and che charaeters oC A. The represenrarion oC SOo(n, 1) deseribed by (4.8)
yields (he principal nondegenerate series induced by [he representarions ol
H. The multiplier (4.8) is juse enough eo offset che rransCormation oC the
measure under G, so (har for T pure imaginary che representadon is mitary.

2)G;SL(n,R)

X is che same as in 1). The action oE G 00 X is

k
r [ -1 -, ]'

; "igl'i gl'. ".;:;

rhe stabiliry suhgroup is again given by those transformuions which satisfy

k
.1 .')'

(g¡n g¡n i i' n . (4.10)

Acrually [he second ol [hese equarions implies [he firse Again it can be
shown ehat th is subgeoup is juse SO (n -1) AN. OC eourse che subgroups A and
N are here quite different chan in 1). A is (he sti:>groupDE diagonal matrices,
whereas N is the subgroup ol lower criangular nntrices. In chis case SO(n-1)
is not the centralizer of A. In fuet the centralizer oí A in K is discreteo
As a consequence only a most degenerate series oí representations of H over
X ean be indueed eo representations oC SL(n, R). Th is is juSt labeled by
one of the characters of A. The multiplier in this case is

.,. '/ uJ.1.(g,,,);(r r) ( 4.11)

where a = - (n -1)/2 + T, T pure imaginary for uoitary representations. Again
the multiplier just cancels the change in the measure under transformations
in G.
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Óo./3 i.:=l, ... ,n; a,j3 :=l, ... ,.l}

The work presented for this case is not yet in completed form26• This situ.
ation is somewhat more complicated; the orthonormal spheres x~a) can be
represented as n x k rectangular matrices and the aetion is a generalizadol
of ,he ptOj ecdve "ansfo,madon (4.6).

(4.12)

The • x. subma"ices SO (.) of 50
0
(.,1<) pa rame,erized by g i' ac, as rig id

,ransforma <ions from ,h e righ, ""herea s ,he 1<x1<.wma"ices 50(1) of 50
0
(.,1<)

are written as g f3 and act as rigid transformations from the lefe The
. . n+o.,n+. (a.). . .

stablltty subgroup of the polnt Xi ;; Óa.i' , := 1, ... , ..t, Xi := O for, > k, lS
the subgroup of those transformations which satisfy.

~
1, can be shown ,ha, ,his subgroup is juS{ /f = [SO (. -1<)@SO(I<)]AN, where
Só(I<) indica,es ,ha< ,his is ,he subgroup 50'(1<) @ 50

1
(1<) of matrices of

SO(.) "SO (1<), r and / designa,e acdon from ,he righ, and leh respecdvely.
The homogeneous space GI/f is ,hen isomor¡:t1ic wi,h ,he produc, of spheres

(n-,) (n-O) h' h" h" h X Th l' f'S €l .•. '81 S w lC 15 Isomorp IC w 1t . e centra lzer o A In
SO(.)@SO(I<) is 50(. -1<) and representadons of ,his subgtOup a10ng wirh a
degenerate continuous representadon (character) of A can be induced to re¡xe.
sen£adons of SOo(n,k) in correspondence with the discussion given at the
end oí the last section.

In concIusion again we emphasize (he close connecdon between (he
deformations of Lie algebras and groups presented here and (he (heory oí
multiplier represemations developed originally by Bargmann32, and Gel'fand
and colaborators 33 • and elaborated into the theory of induced representations
by Mackey31. Many oí (he multiplier representations can be constructed by
considering the space of homogcneous funecioos over a manifold of higher
dimension realized by removing the subgroup A or part oí it from the stability
subgroup 11. See, for example, Gel'fand and Graev33. Ir remains to be seeo
whether aH multiplier represemations can be obtained írom the deformadon oí
appropriate representations of sorne inhomogeneous group.
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RESUMEN

El concepto de deformaciones de álgebras de Lie ha tenido aplica-
ciones tanto en física como en la teoría de representaciones. A pesar de
esto, se sabe poco sobre la clasificación general de las posibles deformacio.
nes de un álgebra de Lie dada }' sus representaciones. Presentamos aquí un
estudio general de lo que se sabe, junto con sus aplicaciones a teoría de re-
presentaciones y a física. El artículo se divide esencialmente en dos par-
tes. En la primera, discutimos dos prominentes ejemplos físicos de defor-
maciones, la deformación del álgebra de Gali}eo al álgebra de Poincaré y la
deformación del álgebra de Poincaré al álgehra de de Siccer. En la segunda
parte, nos concentramos en lo que se llaman deformaciones de primer orden,
aplicando un algoritmo bien conocido a varias inhomogenizaciones de álge-
bras de Lie semi-simples. Se discute e indica qué representaciones se pue-
den deformar a qué álgebras. También se discute la deformación correspon-
diente del grupo y su conexión con representaciones multiplicativas y la des-
composición de Iwasawa. Se presentan tablas dando una clasificación de
los principales resultados.


