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ABSTRACT: Within the frameworL:.:of a previously developed algebraic ap.
proach to relativistic dilatation physics, bilocal wave equations
for arbitrary spin are set up. Thé principal result of this study
is that, despite dilatadon invariance, particles can have non-
zero restmass. A canonical foanalign is developed and various
currents are studied.

1. INTRODUCTION

Al me Philadelphia confelence in 1972, we suggested a new lela-
dvistic dynamical groupl which contains dilatations in a natural manner.
The best way to visualize the genesis oí our group is to rhink oí hadrons as
excitable blobs of mauer and to imagine that, in che average, the excitadon
is more or less localizable within [he blob. Thus, to charac[erize [he hadron2,
we need its c.m. coordinares xf.L and the coordinates r;f.L oí [he -exciton",
relative to the c.m., as illusrra[ed in Fig. 1. Since xf.L and r;f.L are kinermtically
independent, we have me relauvistic Poisson brackets3



124

{ .• ,x } = {.; '.;} = O, {"", ';)p ~,g "V¡.J.vp p..vp r ,...

where me brackct is defined ro me usual way,

FIG.

HAO RON MOOEL

!Jere, ano in che folIowin~,

Roman

( 1.1)

(l. lb)

Thus, Wf" are lcd to a quasi-phase space struc{Ure ,\1(x,~) and it is natural 10

ask abou( a nfilltrivial group of .callo:-.ical transformations" thar leaves (1.1)

invariant. \J:'t: filld lhar (he simplest non trivial ser of canonical transfonnadoos
is (he fol1o\\'in~ 17-parameccr group lis:

(1\: Lor('nez matrix) (I.2a)
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( 1.2c)
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(-,~ <a< t",,)

(-"" <>c< + "")

(1.2d)

(1. 2e)

(1. 2f)

lbe P and TI transformatÍons represent independent translations in the ex.
tcrnal and in «'mal space and rneir gencrators can be imerpretcd a3 total (c. m.)
mOmentlJm and excito'l (relative) momentum, respectively. S and e are uJy~
namical transfonnations" inasmueh as me ehange in the external coordinatcs
depends on the internal coordinates and vice versa. NoVi, it is importara to
observe that after S aod e havc becn introdueed, "'C do oot havt" a group tl1lless
we adjoin Ihe dilalal;ons D. lIenee the latree arisc in a ver}' o<lnJtal WdY.

'I11e Lic algcbra is found to be as folIows:

(1.3a)

[l l' ,] - i (g l' - g i')p'" 1" - 1"" P fU)'"

[1' 1'] =[II.H ] =[1' rr ]=0;
j.L'V p.lI .t£'1I . (i ..lb)
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[S,p)=o, [c,p]=-iD ,
JJ- JJ-
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[C,n]=o
JJ-

(l.3C)

[V P ] = - iP
, JJ- JJ-

[V n ] = iD .'1J. ¡.L ,
(I.3d)

[S,C] = iD , [S,v] = 2iS , [v,C] UC (1.3e)

[/ S] = [/ C] = [/ V] = ° .¡.Lv' ¡.Lv' ¡.Lv'
(1.30

by
Equa[ion (1.3e) shows [har we have an SU(l, 1) subgroup, generared

1 = 1D ,
1

, =Y,(C-S),, ( 1.4)

with 1
2
being (he compact generator. Thus, rhe physicalIy so important

dilatadon occurs in Ole group nor in isoladon, but rather as a member 01 a
semisimple suhgroup. The whole group s(ruc[ure can now be rcad off4:

] ' P n{SL(2, C) x SU(l, 1) } '" {T, x T, } ( 1.5)

Since !he dynamical SU(I, d commu[es wirh!he kinemaucal SL(2, C/,
we ar(. able to ser up a c/ass;/icalion scheme. If we consider finite di-
mensional (non~nitary) representatiol1s oí dIe SU( 1,1)1 dynamical subgroup,
meo observables wdl forro tensor oc spinor operators relative [O th.is classi.
ficatioo. The usual sea/e quantum number d oí X will be detennined by
[V,X] = idX. Thus, a rwo-componenr SU(l, 1)' spinor operaror has a
d = + 1 and a d = - 1 component and so m. Similarly, sets Di fields will
be classified according [O rncir SU(l, 1)' rransformarioo behavior. This will
permi[ us [O consider waV€ equations lor dilatation covariant multicomponent
fie/ds.

The [Wo Casimir invariants of il are found to be
5

(1.6)
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e = 1]!,vR +STI'+CP'-DPTI.
, !,V

where

R ",pn -pTI .
¡.LV J1.~V v J.L

(I. 7)

(J.8)
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Finally, we succeeded in classifying aH uoitary irreducible repre-
scntations of Ji . Fu:- these results and foe othee details, eL Refceence 1.

5
In oue subsequent woek, M. Lorente, P. L. Jluddleston, and 1 en-

deavored ro con~Uuct a simple (first quantized) field thcory, which is invari~
ant under J.i . The rest of this repon sketches oue findings.

5

Il. GEN ERALlTIES AROUT TIIE WAVE EQU ATIO:-lS

Sine e we have two sets (x ,~) of coordinates, w{' clearly shall have
a bilocal Iheory. Narurally, we n::ed ~ nU1~vanishing orbit~cquation. Thís
forces us to select one particular class of representations wh ich is dis-
tinguished from the ochers by die fact mat C

I
t= o. fiowevec, foc mis class

the li trie group is juS[ the identit}', so that we have no natural -intt.mallabels"
for die SU(l, 1/ characterization, nor even for -intrin:sic spin". In addition,
ir latee rurncd OUt that for this class C

l
= O. Ir is cherefore necessary ro

shift our inrerest from me represenrations of the global group tO those of i(s
I~je algebra. There ís another reason for this, too. Dne readíly sees (hat
f¡nite rransformatioos generated by S and e can destroy causal order. 1Ous,
it is neccssary ro confine oneself ro che corresponding infinitesimal transfor.
marioos; i.e., to consider realizations of rhe Lie algebra mther chan mose
of the grou p.

If we take a spaee of suffieiently well-behaved functÍons q, (x.';)
over M(x,';). we easily find me following realizatÍon of the Lie algebra
(1.3a - 1.30:

p = ¡o
" "

TI = ¡6
" " (2.la)

J = ¡(x a - x o +,; 6 - ~ 6 ) + 1
¡.Lv p. V v J.L J.Lv v ¡.L p.v (2.lb)

(2.1e)
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•

e = i;,1'6 + r .
l' '
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(2.1d)

(2.1e)

Here me 1 vare the familiar spin matrices, and similarly, ¿, f, 6. are
(coordinat~ independent) matrices obeying me same cornmura(or algebra as
S,C,D. Thatis,

[};,r] = i/', , [};, /',] = 2i}; , [/'" r] = 2ir . ( 2.2)

Using chis realization, the equation lor th.e second Casimir operator
(1.7) becomesS

C
2

et(",~) = {J¡ ¡I'V (Cl 6 - Cl 6 ) - };o•.- ro~ + /',Cl 61'} et("'~) ,
vp. p.v '::> •••• J.L

(2.3)

and ioc the fírse Casimir operator

(2.4)

To 5[aC[ wich, we concentrare on [he fundamental two--dimensional
non-unitary spinor tepresentation oC me internal SU(1, 1/ algebra. Then et

is a [wo""Compooen t spinor

and 30 explicit representarion oí ¿, f,.6 is

r= (O 0) (0 i)
-i ° };= ° ° , /', =

(2.5)
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Aran (rom (2.2). In this representation we also have the additional proper.
ti es:

r' = O , ~: 22. = O , 6.' = - 1 (2.6a)

r6. + 6.r = O ~6. + 6.'5.. = O n: n:r = 1 (2.6b)

t6. =-6. (2 .6c)

'nle dllatation transformations are rcpresented by die matrix

so ,ha, ,he ,wo SU(I, 1)' basis spinors

(2.7)

(2.8)

(which are eigenstates oí il1) are djJatation eigenstates with scaJe quantum
number d.= + 1 and d = - ~, respectiveJr.

Il1gher represen,atlons 01 SlI(I, 1) will be briefly considered in Sec,ion V.

1Il. SPlNLESS PARTlCLES

\~lc£irst study the case oí spin zero, when l. = O in Equation (2.3).
Wc men f¡nti that me condiüofl of 50lvability oí (2.3'r j.s

','
,c =-C . (3.1), 1
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We selec[ a represeo[arion wi[h C¡ > o. neo (3.1) [elIs us that C, is pure
imaginary. For convenience we ser

C =-iK, K real.,
Theo (2.3) assumes [he form

<ro +~o •.-t>Cl61' -iK)<P(x,':;) = o.
x , l'

(3.2)

(3.3)

If we operare 00 chis with (rOx + ~O ~ - t>Cl1'61'+ iK), we ob[ain <he ecparion
for the firs[ Casimir operalOr, d. (2.4), with

(3.4)

Thus, OUT basic wave equation is not the orbit equation. hut rather the equaJian
jor the second Casimir operator, giveo by (3.3).

In momentum space the wave equation (3.3) becomes

WP' + ~71' - t>¡m + iK) <P(P, 71) = O •

Takiog [he basis s[ate <P+ (d. 2.8) which has d = + 1, we find mat

(3.5)

p'<p+ = O , (3.6)

ConsequentIy, mis state has zero mass, M~ = o. However, taking the basis
state cP_ which has d = - 1, we obtain

71'''' = O"'- , (3.7)

Thus, in this case p2 need not vanish even though 112 = O. In fact, writingM: = p2 and going to tf~rest (rarne!= 0, the second relation in (3.7) gives

, R' R'
M _ = K' /(710) = C /(71 ) > O

¡ O (3.8)
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R
for the mass. lIe[e TIo stands for me cncrgy ot rhe exciton in me restframe
of the extended particle.

General srates (which are nat dilatation eigenstares) will not be mass-
eigensrares. lIowever, writing [or an arbitrary state

wc easily compute [he expf!etation tia/uf!

(3,9)

Thus, [he admixrure .of the d = - 1 componenr provides a non-vanishing mass.
We have a di/atatiotl inf/oriant (in facr, U invariant) theory lor massive

5
portie/es. ~Ihe mass is derennincd by me energy oE rhe exciroo; i. c., by
rhe [orce to which ir is subjecL Our model,naturalIy does nor providc mis
[orce, so thar the mas:s is nOr [ixed, even if a fixed rep[esencation i5 used.

We now remen tO the general discussion o[ the wave equation. The
hermirean conjugare 01 (3.3) i5

Borh (3.3) and this conjugate equarion can be derived lrom the
Lagrangian

- -¡;. -¡;. - -.c= ro q,r-;i'q, + i6 q,'i.6 q,-1íoq,M q,-1í6q,6-;i'q, _ Kq,q,
¡;. ¡;. ¡;. ¡;.

(3.10)
wh("f(' the adjoint wave funcrion et (.\",t) i!o> dcfiIlcd as

1o(x.{)s q,1 (x. - é) e
with

(3.11a)

(3.11b)
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The LagrMgian densiry (3.10) is nor hermirean - in facr, ir can be
shown mar there does nor exist any hcnnitcan13. However, "averaged'over
rhe .;'_space6,

is hermitean, and so is the ac£ion

We are now prepared to ser me canooical fonnalism in action. If an
in {¡ni te simal symmetry tran s forma don

(3.12a)

is performed, we get

(3.12b)

(3.13a)

and

(3.13b)

As is standard practice in bilocal cheories, we define me physical x-de-
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pendcnt currcnts by "averaging" over the inrernal ~- space,

Sinee Jd'( (6k!L) = Jda «() k!L, Equation (3.12b) yields
!L J1.

133

lIowcver, in consequence of me assumed suitably good behavior of <P at me
boundary of [he t-space, me surface integral vanishes and we have

Speeializing te various syrnmetry transformations, we then gel [he
following cucrcn[s:

a) Eleetromagnetie eurrent (frorn ¡X1ase transfonnations):

(3.15a)

b) C.m. cnergy rnomentum tensor (from e.m. [ranslations):

(3.15b)

e) Exciton encrgy momentum tensor (from relativc translations):

(3.15e)
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d) Cavadant angu lar momen turo ten sor (£roro LOCC11tZ (can sforma aon s):

p p .TI , I1<M (x) > = < x T-. T + ~ 1 -,; [ >vpp. v,tJp. P V¡..L JI (Jp. P vp.

e) S-currcnt (from S.tcansfonnation):

f) C~urc{'nt (fraln C-transformation):

g) Dilatation currenr (froln D.transformation):

v P ven< D (x) > = < x e -,; >
¡.t Vj.L 'IIJ1.

(3,15d)

(5,15e)

(3,150

(3.15g)

In th e la sr duce fonnllla (',

(3.16)

are "improved stress tcnsors". Without quoting (he dctailed structuce oí t
P

and In \Ve ollly melltion chat

-/</>=0
v,U

JdO'I'"(.\") < t TI > = O ,vu

so rhat the redefinitions (3.16) are pemlis:iiblc.
~oteworthy fcaturcs of th<.:sc rc~ults are (he following:

TI
i) All currcnts are hcrnlitcan (cxccpt < T -> which is antihcrmitcan).

"lbus, formal unitary represel1tatiolls in [enOS or~le intcgratcd current..: can

be wriucll Jown (disrcgarding qu('stions oí domain).
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ii) The elcc[romagne[ic Curren[ has scale quanrum number q = 3. As
1S well known, chis leads [Q ~scaling" in deep inelas[ic scauering.

iii) yP. is syrnmeuic and has scale quanrum number d = 4, as 10 a
"1'canonical local cheory.

iv) lbe angular momentum tensor, [he S, C, and D curren[s are (combi ..
nacions oí) momen[s of che energy manenrum [ensor.5.

v) Translauoo invariance implies S-conservaüon.

vi) C~onserva[ion imposes [he crace condicion Tren = o.
vii) D~onservacion imposes me trace condicion TreP = o.

In[cresdngly, dila[acion invariance does not imply S and/or C-conser"
vation, in con[ras[ [O the usual local con formal theory where dilaration ..in-
variance (logemer with transladon invariance) implies confonnal invariance.
On [he omer hand, S and C conservation togemcr imply dilatadon invariance,
as can be inferred from Equation (J .3e).

IV. PARTICLES WITII SPIN 1 e

If we have spin -'2, [hen in Equation (2.3)wemuSl PUf ¡íJ.V = ~i [y",v).
Since SL(2, C/ and SU(J,I)I commure, the wave functloll "ill he the direct
product of an SU(I, Il and an SI-(2, C)] parto Using the rqHesentation

(~ ") k
I ( ". ~')

of che Dirae matrices, we can wr1[C for dI(' H~componcnt wave function

</JA
t

(4.1)
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whnc XA ano Xfj are two.componcnt spinors corrcs¡:x>nding to [he subdivision
of (he Dirae matrices. The fir~[ fanor (cjJ) is the now f;uniliar tWo.colllponcn [

SU( 1,1) splnor. \\le u5cd rhe norarion tjJlt. = (PIXA ctc. in dlC lasr ¡dendey.
If we introduce me nocarioos 1

(R R R) = Q = P 1T - 1T P01' 01' ro •... - O.... o ...

(4.2a)

( 4.2b)

thero [he wave equation in me morncnlUm space mar ariscs {rom (2.3) can be
con ven iently w ri nen m (he split form

(

~ CY R + ip1T - C- - ,
~ iaQ

(4.3a)

(

~CYR - ip7T- C- - ,
~i q-{l

(4.3b)
We find char [he condidon foc sol\'3.bilit)' fOl chis hOllJogcn'.:ous l.:nc.H ~.•l'l oí
equarions is

(4.4)

"l1tus, Wf" have now a reducible representarion. As in the spjnlc,';!') case, we
scIect a represcntation with el > 0, so rhar chen C

2
must be pure imaginary.

\le wri te

C, = - iK • K rcal . (4.5)
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A compatible sel of labeling opemlors is given as follows:
2

a) e (generalizalion of!he familiar "largé and smaH eomponenl"2
distinction),

b) j 8 = jI', x (! 0)_
O !-

1

- 1
(dilatation openllor),

=_1_

II! I

(generalized helicity operalor).

]n surnmary,a basis set of solutions of the wave e<fJation can be labeled as

/e2 ~ J.t or ~

d=+lor-1

n=+lor-l.

( 4.6a)

(4.6e)

If we now substinHe a d ~ -+ 1 basis state ti) into the wave equation
+(4.3b), we irnrnediately see (har it i5 an cigens(are ol p2 belonging to eigen-

value zero. Thus, such states are massless,M2 = O. Howcver, taking a
+

basis Slale </J_ whieh has d = - 1, Equalioll (4.3a) lells us !hal now 1T2 has
zcro eigenvaluc, but p2 nccd not vallish. In lact, writing M~ = p2 and going
10 dIe reslframe p = O, we gel from (4.3b) with (4.2a), (4.2b), (4.5) and ",hh
sorne calculation-conceming the condition of solvability,
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1

4 if k2 = J<•M: 2 2 R 2
whe,re m2= In K /(1fo ) =

~ i C k2 = ~

( 4.7)
A~ in me spinless case, we see char d = - 1 basis states can have )Jon.

I-'anishing mass, but now we abo have Iwo distinct mQss values which corre-
spo"d ro [he tWO possible values of C~. But, as expected, me mass does
Dot depend on [he -helicieylt n. General s[atcs, once again, are DOt mass

eigenstates, but they will have a nonvanishing mass expectation valuc.
A5 in me spinless case, we can find a slightly modified Lagrangian

and work out a canonical formalismo Slnce, however, no ncw fearurcs emerge,
we amir hece (he details.

v. ARBITRARY SU(l, d AND SL(2, e/ SPIN

We now wish [O indicare [he generalizadon of OUt major results \1rrnen,

ins:ead oC <he n = 2 dimensional defining representation oC SU( 1, 1) we allow
f(lc r.n arbitrary n == 2; + 1 (j = 1,1, ~ ..... ) dimensional representation,
and when we consider arbitrarily high ordinary spin s.

The matrix representations of ~,~, and r for arbitrary finite n can
be cz.l'.:ulated from Bargmann's paper7• We find mat

- 2j

- 2j + 2

+ 2j

::£=i

o A;, ;-1

O A;_I,;_2

A. .-,+1,-,
o
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where

r; i
- A;ol,; O

- A¡_2,¡_1 o

o

x,
Aab; [I¡(a-b)!] [{(j+a)!(j-b)!}¡{(i+b)!(i-a)!}]

Conceming higher 51.(2, e) 5pin,
Bargmann-Wigner formalism8, where, for

2'
¡!J.V = J¡i L y!J.(r) yV(r)

, = 1

with

we found it convenient to use me
. '3 hSptn s = 1, 1, ~ ' .... we ave

the Dirac yJL standing in me r-m place.

When we now write dov.n the wave equation In momen tum space, a
lengthy but elementar}' calculation shows mar me condition oí solvability
15

wh ere

C2 2 ,2C
'" - K "2 1

k ; 2j + s, 2j + s - 1, .. " - 2j - s

(5. la)

(5.lb)
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To f¡nti [he possiblc mass \'alues. we substlwtc differem basis states
IlllO [he wa\'c cquation and obrain (he following resules:

i) Basis statcs with d¡lararion quanrum number d;:: j have p2 = 0,
"'":"•. '= O.

ii) Basis staleS wi,h d =; - 1,; - 2•.... -; + I have bom p' = O

andn2 =0.

iii) The only basis states mar can have nooF\<lnishing mass are mose
which have d = - í. Then rr2 = O hue p2 :::;0, and going (O rhe resdrame we

f¡nti rhar

where now

, .,
m =(2;-s)

.2 .2
(2; - s + 1) , ... , (2; + s) •

(5.2a)

(5.2b)

Thus, w£' have a f¡oite, d¡serete mass ..specrrum9 for any fixed value of 1T R.o
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RESUMEN

Se establecen ecuaciones de onda bilocales pata espin arbitrario,
dentro del marco algebráico desarrollado previamente para física relativista
de dilatación. El principal resultado de este estudio es que, a pesar de la
invariancia de dilatación, las partículas pueden tener masa no-nula. Se de ...
sarrolla un fonnalismo canónico y Se estlldian varias corrientes.


