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AI3STRACT: A comparison between different aspects of generalized hydro-

dynamic equations, when ane con siders a relaxarian time to

salve difficulties of ordinary hydrodynamics is made from {hree

differenr points of view, borh macroscopic and microscopically.

Ir is well known rhar rhe linearized hydrodynamic equations are satis-
factor}' to describe (he behavior of a system oear ¡ts equilibrium state (long
times), however, if we extend rheir range foc shorter times, we f¡nd sorne
phcnomenologicaI difficulties as well as microscopic ones. In this nOCewe
s!low c!lac che incroduccion of a rclaxacion time enablcs us co solve rhesc
Jifficulcies.

Wc consider c!lree aspeccs of (he probIern: a) FirstIy, (he resul(s ob.
taincd in cxpcrirncnts on dispcrsion of sound have shown thar the dispc_rsion
relation obtained frorn the linearized hydrodynarnic cquations is in disa-
greerncnt with experimencal data fOf short cimes. Consider che Iinearized

•
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cquatlons for a ane component system.

Yelasco and Piña

a,,L3=1,2,3.

p(O/Ot) v(r,t) O O í1 -p(r,t)o
2

s(r,t) O UJT)í1 O T(r,l)o

2
v(r,l)v(r.l) í1 O 7)í1 +(\;7)+7)}ílí1

(1)
where p is (he equilibrium density, v(r,t), s(r,/), p(r,/} and T(,,') are spc.
cific vo1ume, specific entrapy, pressure and rempcrarure deviations (roro

equilibrium values, v(r,t) is rhe hydrodynamic ve!ociry; 'A., 7J and TJ are
v

rhe rhermal conductivity and [he volumeuic and shear viscosities. Fourier
transformadon oí eq. (l) enables us ro obtain [he classical Kirchhoff1 dis-
persion equarion, and a comparison wirh experimental data abaút sound dis-
p,'csion shows a discrepancy foc large frequencies2• Rccendy sorne people~' <4

suggested a modificarian of cq. (I) by [he ¡n[coducrino of a relaxation time
for eaeh constitutive equaeion flux-(hermodynamic force; \1. Carrasi and
A. \lorro~ suggeseed (he phenomenological reiaeions:.

TV(O/OI)Pa,B = - [7)(ovj3/0X,,) + (ov"JOXj3) + (7)v -'/,7)) di\" vli"j3+P"j3-pli"j3J

(2)

T(0/01)1 =-(\.í1T+1)q '1 q , (3)

where P"j3 and J are che pressure censor and che heae flux, T and T are (heq v q
reJaxaeion cimes associated with these fluxes. Substituting [he constitu[ive
equa[ions (2) and (3) in the balance equations for the momentum density and
enerapy, we ob[ain, aftcr lineariza[ion. the generalized hydrodynamic equations

•
Actually Carrasi and Morro used a slighdy differcm consti[uti\"{~ equa[ion for [he
pressure tensor, howe\er [hls does no[ modify essentially an} of lhese resulrs.
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(J ca/al) v (r, 1) = '1/ • ver, 1)
o

2
P (T (0/01) + 1)(0/01) s (r, tl = UJ1~)'1/ T(r, t)
o q

(J (T (o/al) +I¡)(a/ol) v(r,l)
o u

2
= -l7p(r,tl + [(1) +'1, r¡) W. v(r,l) +1)'1/ v(r,I)]

u

(4)
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these oew equations yield ro a generallzed Kirchhoff's equation which agrees
with experimental data for large frequencies whcn Tu = Tq ~ lO~9 sec, which
is of the same order of magnitude as the collision time. It is clear that
equations (4) reduce to the usual linearized equations (1) \lrrnenthe relaxatioo
ti~e goes to zero. \l'e remark that eq. (3) has beeo proposed by sevcral
authors to explain the faer oC non instantaneous temperature changes in the
system'" .

b) From a fluetuation theory point of view,- R. Zwanzig5 showed that
the Langevin equation yields to contradictions when the transport processes
are not slow, and he proposed a generalized Langevin equation

!5)

where the ai (k, t) are the Fourier transform in, of me average deviation from
the equilibrium values of the dynamical variables which describe the system,
and Kij (k, t) is the memory function. Equation (5) and a parameter of slowness
drop out the difficulties presented by the Langevin equation, furthcrmore,
we obtain the relationships between the time. correlation functions and the
transpon coefficients. \l'e propose the simplest memory function for the
generalized Langevin equation6

K .. (k,l) = (L. (k) g ./T) exp (- lIT.) ,
'1 l.s sI 1 I

(6)

where gsj is the matrlx corresponding to the second derivatives of entropy,
,he T. are ,he relaxation ,ime for ea eh flux J. (k,l) = (o/al) a.(k 1) and l. (k)

t I l' ~IS

is the transpon coefficients matrix which in the case uf a simple one component
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!luiJ reduces 10

L;s(k) = n;,/p¡¡) O O - ik \
(l - Ov'I;,)A' O

é'i,7) kk)- ik O -T)A'- (71
'V

(7)

Subsriruring eq. (6) in rhe generalizcd Langevin eqüarion (5) Wt: can
write rhe flux.forc(;' generalized re:arionships which have rhe fo1iowing form

(8)

where rhe X. (k, t) = - g. ;¡ (k, t) are rhe Fourier rransforms in 'of rhe gener-J J s s
alizcd thermodynamic forces.

Moreovei taking ieto aCCollnt rhat rhe ,.Fourier rransform of the line.
alized hydrodynamic equation (1) is reJared ro rhe Langevin equation6, we
can esrablish the relarion~hir ner\\cen rhe generalized hydrooynamic equarions
3!1d the generalized Lar.gc-,,'in equari\)fl. !n particular we irnmediarely see
thar rhe constirurivt.' f'qllations (8) have rhe same form [hat rhe relations (2)
and (3) which have been propcsed frolll purely phenomenological argumenrs.

c) Lasdy, L. P. Kadi1noff and P.C. MartinS have used rhe sll"icepribili-
ties (Fourier.Laplace rransform of rhe response funetion), obrained from rhe
linearized hydrodynamic equarions [O calculare sum rules. This procedure
leads to Ltiscrepancies with t!n calclllation of the same rules based on rhe
continuiry equarions sarisfied by rhe quanrum.mechanieal operarors assoei-
ared with rhe dynamical variablt"s of inreresr. Such discrepancies appear
because one extrapolares to Luge frequencies rhe informarion conraincd in
rhe linearized hydrodyna.mi.: equations.

Kadanoff and '-lartin studied the .'ipin diffu .••ion problem and sol ved rhese
difficulties through rhe ad hoc inrroducrion of a relaxation time. The same
problem appears in rhe hydrodynamic equarions for a simple one compcnenr
fluid, ;. e. , une can calculare the commurarion relarions corresponding ro tht,
sum rules. flOm rhe consErvarion equarions sarisfied by the operators sueh
as d('nsily. momentum and cnergr; in faer rhe rhird sum nde (second delivat~"e
of che Fourier rransform in R=r-r' of rhe relaxation function) is proportional
ro 1t.

2
when the operators s<1risfy conservarion laws. Thus
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(9)

[(a'/OI')JdRexp(-ik'Rl(JdT(l/iM([A(r',I'),B(r,t)]»)] ah'
t eq t=o

whl're A(r, t) and lHr, t) are any of such operators and T = J -1'.
The same SUI11ruIeIO calculated from rhe suscepribiliries ohrained

(mm th(. linearized hydrodynamic cquations i...•proportional to k4• which shows

dlar rhe linearized hydrodynamic results do nor satisfy rhe microscopic
requirements imposeJ by rhe cornmurarion re!arions.

'rilen. ir is straigluforward ro use generalizcd hydrodynamic equarions
rhe simplest s('[ being obtained wirh flux-force reLttionships \\.'hich contain
a reiaxation time as In cqs. (8), (2), (3) and ~ive us rhe correet k2 dcpcndence
in rhe sum rule.

Furthermore, using (he \'aluc which rcsults from (he calcula~ion oC [he sum
~ule using rhe gcneralized hydrodynamic equations in terms of relaxation
(imes, i( is possible (O comparc widl dlc sum rul(, valuc in eq, (9), which

can be calcuL.Hed from a microscopic model. This procedure determines

direcdy (he \'alue of (he relaxa(ion (ime, In dlis_form somc rule calculalionsll

Icad us (o as.""ocia(e wi(h (he momen(um density a relaxa(ion time

T =(-n/Rc'l~J()"qsegv '/ o -

whcre e2 is given in reterenc(' (11) ami contains nnly microscopic parameter~

associa[cd with the intermolecular pot('ntial and (h(, pair distribution function

No\\', \ovc ask abou( (he relatiollship h('(w('en different aspeets of this
prohlem. Firs( of all, we kno\\' (har (he phcnofficnological re¡ations which
cOIl(ain relaXCl(ion (imcs of rhe order of magni(ude of collisioll times give

sorne agreemen( wi(h experimen(al data on sound dispcrsion. Secondly, if
wc in(crpre( dI<: linearized equations a ...• Langevin <H1C'S, ir is remarked (ha(

(Ii(' inconsis(encies poin(cd out can he eJiminated by in(roduc(ion of gener-

alized equations ((ime-ciepcndenr (ranspon coefficients), and (he simplcs(

gClleralization yields (he flux-force rcla(ion we mCII(ioned before. Finally,

rhe microscopic res[rietions imposed by (he sum rules ieCld us ro the sam('
.c('IH.'ralized hydrodynamic equations, Thus ""'e can say (ha( (his simpil'S(

generaliza[ion enubles us (o solve (he proble," in (he pheflomenological len:1
ctlllsistl"tuly "",i(1t the micrnscopic on<:.

Funhermore. we are proposing a method to evaluate the relaxa(inn
(ime whidl aprears in the phenomcnological reiaxa(ions. In fac( we pOlnt
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Out rhar rhe ordcr af magnirude af Tu is thar nceded {Q have a good agreemcnt

Wilh [he experimental data. Morcovcr [hese times give us the arder of magni-

lude of frequencies in which ir is possible ro neglect non-~1arkoffian contri.
burions ro the generalized Langevin equation.
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RESUMEN

Usando tres diferentes puntos de vista, tanto macroscópicos Como mi-
croscópicos, se hace una comparación de diverso,,, aspectos de las ecuacio-
11<.'S hidrodinámicas gen{'ralizadas considerando un tiempo de relajamiento pa-
ra eliminar dificultades en la hidrodinámica ordinaria,


