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ABSTRACT: The non=trivial zeros of the (6=f) symbol are tabulared for
arguments < 37/2. The significance of non-trivial zeros is

discussed.

1. INTRODUCTION

The Racah coefficient, W(abcd;ef), or as it is also called the (6-7)

. abel _ atbtc+d ) ’
symbol, 1 c[} = (-1) W(abcd;ef), plays a fundamental role in the
quantum theory of angular momentum; there is accordingly a detailed and
extensive literature concerning applications as diverse as the experimental

analysis of angular correlations in nuclear radiation, to unitary symmetry

TSupported in part by the National Science Foundation.
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in particle physics. One aspect of this subject has, however, hardly been
studied at all: this concerns the (non-trivial®) zeros of the Racah coefficient,
their distribution and implications. As we shall illustrate below, one can ex-
pect such a study to be quite difficult; our aim in the present note is hence
rather limited. We wish only to give the raw material for initiating such a
study, a listing of the non-trivial zeros, greatly extending results hitherto
available in the literature.

To motivate an interest in these non-trivial zeros we discuss in Section 2
the implications of two examples for which interpretations are known.

Section 3 contains the tabulation, an explanation of the notation employed
in the tables, and a brief discussion of the method of calculation.

2. MOTIVATING EXAMPLES

An intuitive understanding of any quantum mechanical structure, such
as the Racah coefficient, almost always involves examining the semi-classical
limit, (terms up to order #, but neglecting (#)?). This is the regime of large
quantum numbers ~that is, large angular momenta- and hence of asymptotic
forms for the Racah function.'? Representing the Racah function by a tetra-
hedron, one asymptotic form results from taking one of the four vertices to
approach infinity. Geometrically it is clear that we obtain a triangle oriented
with respect to the direction along which the vertex went to infinity; in angular
momentum terms the result is a (3j-m) function (vector addition or Wigner
coefficient) -a funcrion defined on a triangle (“37") and oriented in space
(“m dependent”). A further limit, taking one vertex of the triangle to infinity,
yields the Legendre (or more generally Jacobi) function- in angular momentum
terms a vector oriented with respect to two directions, a (lj-mm')symbol.

Alternately the two limits may be taken together, yielding for example
Racah's asymptotic result:

14 .
[2a+1) (264D)]" W(abcdiad) ~ (-1 P, (2. 3) . (1)

*
The Racah function involves six angular momenta, which may (in general) be repre-
sented as the six edges of a tetrahedron; each of the four faces involves a triangle
of three angular momenta. A trivial zero of the Racah coefficient expresses the
fact that the six arguments do not obey the geometrical constraints implied by the
existence of a tetrahedron. Expressed differently, but equivalently, one or more of
the four “triangle conditions” is violared.



Racab (6=j) coefficient... 329

Our discussion is, of course, quite heuristic, but it should suffice to
indicate that the Racah coefficients are @ generalization of Jacobi polynomials
to arguments that are a form of discretized angle space.'

Let us illustrate this view. Consider the Racah function:

1

W(alcd;ad) = (2a=-2)! (2d-2)1\)" ) R
(2a+3)! (2d+3)!

x 2[3(x) (x+1) = 4a(atl) d(d+1)] ,

where:

x = c(ctl) - a(atl) - d(dtl) . (3)

For large values of @, c,d (which form a triangle) we have the asymptotic
relation:

(x/2ad) ~ [(2=d-d*)/2ad] = cos O=a-d. (4)

One recognizes that the term in brackets, [...]in eq. (2) is just the

Legendre polynomial P (cos (7).
It is clear therefore that the Racah function is an oscillating function
of its arguments and necessarily approximates all of the zeros of the Legendre

1
bl

(Jacobi) functions. Whether or not an exact zero is achieved (and how ‘‘often
i.e., the distribution) is basically a number-theoretic question, which to our
knowledge has never been considered.”

a) First Example:

EFrom the tables, one sees that the coefficient W(*, 2 3% 2; % 2)
is (non-trivially) zero. This has the physical implication that quadrupole
radiation from an aligned state having j=*/, to a ground state j=, is isotropic,
despite the fact that triangle rules would permit a non-isotropic angular distri-
bution. For this particular case the bracket [...]) in eq. (3), above, is easily
seen to be exactly zero.

One can give an “explanation” of this zero from the quasispin model .
Consider two fermions in a j=% shell. The interaction energy of a quadrupolar

one-body potential in the two=particle state having J =2 then has the form:

.
A similar number=theoretic question for the Wigner coefficients, for a physically
motivated problem, was considered in ref. (3).
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2 =
<E> = <(%)? v=2]=2 M|% u;—z | ()2 =2 =2 M>,
=1
(5)

! 39,3y,
of Wits 208 245 7 2)

: g & k=2 . _
(Here the one=body potential is 2 =1 U , with k=2 denoting a quadrupole

interaction; v=2 designates the State as having seniority 2.)

Using the concept of quasi-spin®, the same matrix ¢lement may be
viewed in a totally different way: the even multipolar interactions transform as
vectorial quasi=-spin operators. For the particular case given in eq. (5) the
initial (and final) state belongs to quasi=-spin §- (2j+1/4) - (©/2) = 0,
S,=(2j+1/4) = (n/2) ~ 0. Thus the matrix element vanishes because the “triangle
rule” is violated (0+1—0). Note that it is the triangle rule for quasi-spin which
is violated; for the Racah coefficient all the triangle rules are indeed satis-
fied so that the zero is non-trivial.

This explanation for the vanishing of W(, 2 7% 2; % 2) stems
from de Shalit and Talmi,® who based their result on explicit seniority calcu-

lations. The quasi-spin interpretation greatly simplifies the argument.
b) Second Example:

An example of quite a different sort -and considerably deeper= is provided
by the zero W(3535;33). This zero is related to the embedding in the rotation
group R_ (in Cartan's notation B,) of the exceptional group G, .

This comes about in the folloiving way. The generators of R, may be

realized as the tensor operators . -1,3,5 acting in the seven dimensional
space carried by j=3. Thus we take the generators of R, to be:

oz e M | s B i o
L= 15K, /-—3,#>—%thi;’]—3.#'>

or:

M 313
Xl HC,u.Mu' (G)
L=3: x. M 388, (7)
o 3 uMp ’

: ,'5 ‘Mi.u 7 (8)
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This realization of the R generators has the advantage that the commu-
tation relations can be given cxpllcu:ly in terms of the Racah coefficients:

[x‘,‘f,xfl‘ff] ;’;I" i et hu [7¢20*" +1) 1% w(3L 3L';3L™") xf::

2)
where L' is odd.

Consider now the commutation relation for [X X ]. Because the
Racah coefficient W(3535; 33) 1 zero we see from eq. (9) that the operator
X does not enter. Since [X ]CXI , it follows that the subset!X X }
cioses under commulation; thm is the well-known example (due to Racah and
to Jahn) which elucidates the embedding R, DG, .

It would be of considerable intere -;t to dlscuss the remaining exceptional
groups by similar explicit results. This problem scems to be surprisingly
difficult, however.”

Our examples considered only two of the roughly 900 zeros given in the
tables. Judd’, in his lectures on Atomic Theory at Canterbury University, has
discussed two additional examples of non-trivial zeroes of the Racah coef-
ficient, both vanishings being directly related to vanishings of fractional
parentage coefficients in the atomic g shell. (No such systematic relationship
exists in general, however, since Judd points out that a third fractional parent-
age coefficient vanishes in the same shell, but is not directly connected with
any non-trivial (6-f) zero.)

It is hoped that these tables will stimulate further explanations and/or
implications, which are all too few at the present.

3. EXPLANATION OF TABLES

L s 15
The non-trivial zeros of the (6-7) ‘;ymbol{l ; l}haxe been calculated

for arguments f;, /,<18.5,=1,2,3. Using the symmctrlcs of the (6=f) symbol we

have ordered the arguments 11,12,13,11,12, and 13 in a speedometric fashion

with j, the slowest vary'mg, and /, the most rapidly changing, variable. In this
table we have j > j, ] and]l>(1 I 1)

1 g .
An entry in a given row, signifies that the (6-7) s»mbol{[ ! ;3}, where
1

* For F4 there are some partial results {(H. Freudenthal, private communication) .

Wadzinski (ref. 6) has discussed the embedding U26 2 F4.
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J1 42 J3 L1 L2 L3 41 g2 93 L k2. Ly
15.5 13.5 13,0 10.5 7.5 9,0 16,0 14.0 s.0 “.5 7.5 10.5
15.5 14,0 2,5 5.0 6.5 12.0 16.0 14.0 13,0 9.0 13.0 4.0
15.5 14.0 2.5 12.5 14.0 12.5 16,0 la.5 3.5 10.0 12.5 14,5
3.5 4.0 5.5 11.0 16,0 14,5 3.5 10.5 12.0 9.0

6.5 6.0 5.5 1i.0 16,0 16.5 4,5 6.0 8.5 11.5

B.5 T.5 3.0 13.5 16.0 14,5 4.5 6.0 9.5 14,5

8.5 8.0 7.5 9.0 15.0 14.5 7.% B.0 B.> B.S

a5 10.5 12.0 4,5 16.0 14,5 9.5 6.0 4.5 le.s

0.5 6.0 10.5 9.0 16.0 14.5 9.5 9.0 8.5 8.5

0.5 7.5 11.0 7.5 léa0 14,5 11,5 8.5 9.0 9.0

3 9.0 5.5 IlL.0 16.0 14.5 11.5 11.5 9.0 9.0

12.5 7.5 12.0 1.5 16,0 16,5 11.5 12.5 9.0 10.0

12.5 10.5% 6.0 10.5 16.0 14.5 11.5 13.0 13.5 4,5

12.5 10.5 k.0 8,5 1e.0 14.5 12.5 10.0 3.5 14.5

12.5 11.0 3.5 13.0 16.0 15.0 z.0 14,0 15.0 15.0

12.5 11.0 10.5 6.0 16.0 15.0 «.¢ 4.0 7.0 15.0

12.5 12.5 14.0° 2.5 16.0 15.0 5.0 6.0 8.0 11.0

11.0 13.5 4.0 16,0 15.0 7.0 4.0 4.0 15.0

15.5 14.5 10.0 5.5 -5 14,0 16.0 15.0 12,0 12.5 10.5 1.5
15.5 14.5% 12.0 10.5 4.5 12.u 16.0 15.0 15.0 115 12.5 5.5
15.5 14.5 12.0 10.5 4.5 14.0 15.0 15.0 15.0 11.5 14.5 71,5
15.% 15.0 1.5 9.0 9.5 15.0 le.0 15.0 15.0 125 9.5 7.5
15.5 15.0 3,5 1.0 3.5 13,9 L6.0 15.0 15.0 14.0 15,0 2.0
15.5 15.0 3.§ 5.0 5.5 11.0 16.0 15.5 2.5 4.0 5.5 15.5
15.5 15.0 1.5 4.0 7.5 12.0 16.0 15,5 2.5 8.0 A.5 Q1.5
15.5 15.0 1.5 5.5 8.0 10.5% 16,0 15.5 5.5 5.0 2.9 15.5
15.5 15.0 7.5 7.5 9.0 B,% 16.0 15.5 &.% 9.0 3,5 1s.5%
15.5 15.0 7.5 10.5 11.0 5.5 16.0 15.5 11,4 5.0 T.5 14.5
15.5 15.0 9.5 9.0 1.5 15.0 16.0 15.5 11.5 11.0 12.5 5.5
15.5 15.0 9.5 9.0 6.5 10.0 16.0 15.5 14.3 11.0 13.5 5.5
15.5 15.0 9.5 9.5 8.0 8.5 16.0 15.5 14.5 12.5 ¢,0 13.0
15.5 15.0 9.5 12.0 12.5 4,0 16.0 15.5 15.5 il.5 10.0 8,n
15.5 15.0 11.5 8.0 9.5 9.0 16.0 15.5 15.% 13.5 12.0 5.0
15.5 15.0 11.5 9.0 11.5 7.0 16.0 15.5 15.5 15.0 13.5 «&.5
15.5 i5.0 11.5 10.5 3.0 11,5 16.0 16.0 5.0 10,5 i0.5 7.5
15.5 15.0 11.5 12.5 14.0 4,5 16,0 16.0 8.0 8.5 2.5 15.%
15.5 15.0 11,5 13.0 13.5 3.9 16.0 16.0 8.0 9.5 8.5 8.5
15.5 15.0 12.5 9.0 4.5 14.9 16,0 16.0 11.0 8.0 4.0 15.0
15.5 15.0 12.5 11.0 5.5 11.0 16.0 16.0 14.0 10.5 4,5 14.%
15.5 15.5 7.0 4.5 3.5 15,0 16.0 16.0 14.0 12.5 u.5 8.5
15.5 15.5 7.0 9.5 4.5 15.0 16.0 16.0 6.0 14.5 13,5 3.5
15.5 15.5 8.0 9.5 3.5 15.0 16.5 10.5 1.0 2.5 7.5 10.0
15.5 15.5 11.0 10.% 1.5 15.0 16.5 11.0 7.5 3.0 8.5 ll.0
15.5 15.5 11.0 10.5 7.5 9.0 16.5 11.0 8.3 3.0 7.5 11.0
15.5 15.5 11.0 1.6 9.0 7.5 16.5 11.0 9.5 2.5 11.0 10.5
15.5 15.5 15.0 10.0 6.0 13.5 < 16.5 11.0 10.5 2.5 11.0 9.5
15.5 15.5 15.0 12.0 4.0 13,5 16.5 8.0 3.0 #.0 10.5
16.0 9.0 8.0 2.5 8.5 8.5 16,5 9.0 5.0 11.0 71.5
16.0 10.0 7.0 4.0 9.0 9.0 16.5 9.0 6.5 10.5 7.0
16.0 10.5 7.5 4.0 8.5 8.5 16.5 11.5 to.0 2.5 10.5 10.0
16.0 10.% 7.5 5.0 7.5 10.5 16.5 12.0 8.5 “.5 11.0 9.5
16.0 10.5 7.5% 5.0 10.5 1.5 16,5 12.0 .5 5.0 10.5 8.0
16.0 10.5 7.5 8.0 10.5 10.5 16.5 12.0 A.s 6.5 10.0 7.5%
16.0 10.5 10.5 5.0 10.5 7.5 16.5 12,0 9.5 6.5 T.0 10.5
16.0 10.5 10.5 6.5 9.0 8.0 16.5 12.5 5.0 3.0 7.0 10.5
16.0 10.5 10.5 8.0 10.5 7.5 16.5 12.5 5.0 5.0 A.0 11.5
16.0 11,0 7.0 2.0 8.0 10.0 16.5 12.5 5.0 8.0 12.0 8.5
16.0 11.0 8,0 4.0 11.0 10.0 16.5 12.5 5.0 9.0 12.0 11.5
16.0 11.0 10.0 4.0 11.0 3.0 16.5 12.5 6.0 3.5 8.5 1l1.0
16.0 11.0 10.0 6.5 8.5 8.5 16.5 12.5 6.0 6.0 11.0 10.5
16.0 11.0 11.0 7.5 10.5 6.5 16.5 12.5 9.0 4:5 S.801200
16.0 11.5 7.5 5.0 11.5 10.5 16.5 12,5 9.0 6.5 7.5 10.0
16.0 11.5 8,5 2.5 8.0 ll.0 16.5 12.5 9.0 7.5 10.5 7.0
16.0 11.5 10,5 5.0 11.5 T1.5 16.5 12.5 10.0 2.0 11.0 12.5
16.0 12.0 5.0 5.0 9.0 9.0 16,5 12,5 11.0 2.0 10.0 12.%
16,0 12.0 5.0 8.0 11.0 11.0 16.5 12.5 11.0 4.5 11.5 9.0
16.0 12.0 9.0 4.0 10.0 9.0 16.5 13.0 4.5 9.0 12.5 9.0
16.0 12.0 9.0 5.0 9.¢ 9.0 16.5 13,0 6.5 3.5 8.0 10.5
16.0 12.0 9.0 6.0 11.0 7.6 16.5 13.0 10.5 2.0 10.5 12.0
16.0 12.0 9.0 8.0 9.0 9.0 16,5 13,0 10.5 4.5 11.0 9.5
16.0 12.0 12.0 9.0 11.0 6,0 16.5 13,0 10.5 8.0 6.5 11.0
16.0 12.5 4.5 9.5 12.0 12.0 16.5 13,0 10.5 8.0 7.5 l0.0
16.0 12.5 5.5 5.0 8.5 8.5 16.5 13.0 10.5 B.0 12.5 &.0
16.0 12.5 8.5 6.0 10.5 7.5 16.5 13.0 10.5 B.5 10,0 7.%
16.0 12.5 9.5 8.5 7.0 l1.0 16.5 13.0 12.5 11.0 10.5% 8.0
16,0 12,5 11.5 440 11.5 9.5 16.5 13,5 4.n 8.5 10.5 13.0
16.0 13.0 S.0 4.5 8.5 11.5 16.5 13.5 5.0 11.0 13.0 10.5
16.0 13.0 s.0 8.5 12.5 11.5 16.5 13,5 6.0 5.0 7.0 10.5
16.0 13.0 9.0 1.0 9.0 12,0 16.5 13.5 10.0 8.0 5.0 12.5
16,0 13,0 9.0 5.0 10.0 9.0 16.5 14,0 3.5 2.5 5.0 t2.5
16.0 13.0 9,0 7.0 1l.0 7,0 16.5 14,0 3.5 6.0 A.5 11.0
16.0 13.0 9.0 T-5 R.5 8.5 16.5 14,0 3,5 8.5 11.0 10.%
16.0 13.0 9.0 8.5 7.5 10.5 16.5 14.0 3,5 10.5 13.0 10.5
16,0 13.0 11.0 4.0 11.0 10.0 l6.5 14,0 4,5 5.5 9.0 12.5
16.0 13,0 13.0 8.% 10.5 T.5 16,5 l4.0 4.5 6.5 A0 11.5
16.0 13,0 13.0 10.0 9.0 8.0 l6.5 14.0 4.5 Te5 1.0 12.5
16.0 13.0 13.0 11.5 10.5 7.5 16.5 14.0 6,5 A.0 10.5 7.0
16.0 13.5 12.5 10.0 A,5 8.5 16.5 14,0 7.5 3,0 9.5 14.0
16.0 13.5 12.5 12.% ®.0 1]1.0 16,5 le,0 7.5 6.0 9.5 9.0
16.0 13,5 13.5 11.5 13.0 4.0 1a.5 14,0 7.5 6.5 7.0 10.5
16.0 14.0 3.0 9.0 11.0 11.0 16.5 14.0 9,5 3.0 7.5 l4.0
16.0 14,0 4,0 R.0 11.0 13.0 16.5 14.0 9.5 B.0 7.5 10.0
16.0 14,0 5,0 10.5 13.5 lo.% 16,5 16,0 11,5 10.0 (0.5 T.0
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Jb g2 43 tl. L2, L3 Jioouz 3 [SEENT N ]
16.5 14.0 11.5 11.0 9.5 9.0 17.0 12.5 10.5 8.5 12.0 6.0
16.5 14.0 12.5 4.5 9.0 13.5 17,0 12.5 12.% 9.0 10.5 T1.5
16.5 16.0 12.5 7.0 12.5 8.0 17.0 12.5 12.5 11.5 11.0 9.0
16.5 14.5 5.0 6.5 7.5 11.0 17.0 13,0 7.0 7.0 11.0 T.0
16.5 14.5 11.0 10.0 10.0 T.5 17.0 13.0 7.0 7.0 13.0 12.0
16.5 14.5 12.0 0.9 7.0 10.5 17.0 13.0 12.0 7.0 13.0 7.0
16.% 16.5 12.0 10.5 3.5 14,0 17.0 13.0 13.0 10.0 12.0 6.0
16.5 14.5 12.0 12.0 11.0 7.5 17.0 13.5 4.5 9.0 8.5 10.5
16.5 15.0 2.5 2.0 3.5 14.0 17.0 13.5 4.5 6.0 B.% 12.%
16.5 15.0 2.5 7.5 9.0 12.5 17.0 13.5 4.5 8.0 10.5 12.5
16.5 15.0 2.5 9.5 11.0 12.5 17.0 13.5 4.5 8.0 11.5 9.5
16.5 15.0 4,5 6.0 7.5 10.0 17.0 13.5 7.5 5.5 6.0 12.0
16.5 15.0 &.5 1.0 6.5 15.0 17.0 13.5 7.5 6.5 9.0 9.0
16.5 15.0 6.5 9.0 10.5 T.0 17.0 13,5 11.5 11.5 10.0 10.0
16.5 15.0 8.5 3.0 8.5 13.0 17.0 14,0 4.0 10.0 13.0 10.0
16.5 15.0 8.5 T.5 5.0 12.5 17.0 14.0 5.0 5.0 8.0 10.0
16.5 15.0 8.5 B.0 10.5 PR.O 17.0 14,0 H.0 4.0 11.0 1%.0
16.5 15.0 8.5 11.0 12.5 5.0 17.0 14.0 11.0 4.0 8.0 14.0
16.5 15.0 11.5 2.5 10.0 14.5 17.0 14.0 11.0 9.0 9.0 9.0
16.5 15.0 11.5 10.0 4.5 13,0 17.0 14.0 12.0 5.0 12.0 10.0
16.5 15.0 11.5 10.0 7.5 10.0 17.0 14.0 12,0 9.5 7.5 10.5
16.5 15.0 11.5 11.5 12.0 5.5 17.0 14.5 6.5 6.0 11.5 1%.5
16.5 15.0 11.5 12.0 10.5 8.0 17.0 14.5 8.5 T.0 4.5 13.5
16.5 15.0 14.5 12.0 14.5 4.0 17.0 14.5 B.5 7.0 5.5 12.5
16.5 15.5 3.0 3.5 5.5 15.0 17.0 14.5 8.5 8.5 10.0 8.0
16.5 15.5 3.0 4.5 6.5 15.0 17.0 14.5 11.5 6.0 6.5 16.5
16.5 15.5 3.0 7.5 8.5 11.0 17.0 14.5 11.5 9.5 8.0 10,0
16.5 15.5 3.0 8.0 10.0 15.% 17.0 14.5 1%.5 11.5 9.0 -0
16.5% 15.5 5.0 4.5 2.5 15.0 17.0 14.5 14.5 12.0 12.5 5.5
16.5 15.5 &.0 5.5 3.5 14,0 17.0 14.5 14,5 12.5 14.0 4.0
16.% 15.5 6.0 5.5 7.5 11.0 17.0 15.0 3.0 4.0 5.0 15.0
16.5 15.5 6.0 5.5 9.5 14.0 17.0 15.0 3.0 5.0 6.0 15.0
16.5 15.5 8.0 T.5 5.5 12.0 17.0 15.0 3.0 7.0 9.0 12.0
16.5 15.5 8.0 8.0 7.0 10.5 17.0 15.0 3.0 12.0 14.0 12.0
16.5 15.5 8.0 B.5 4.5 14.0 17.0 15.0 5.0 4.0 3.0 15.0
16.5 15.5 8.0 9.0 9.0 8.5 17.0 15.0 6.0 5.0 3.0 15.0
16.5 15.5 8.0 11.0 12.0 5.5 17.0 15.0 6.0 5.0 4.0 14.0
16.5 15.5 10.0 3.5 T.5 15.0 17.0 15.0 6.0 5.0 10.0 15.0
16.5% 15.5 10.0 4.5 6.5 15.0 17.0 15.0 6.0 6.0 7.0 11.0
16.5 15.5 10.0 A.0 3.0 15.5 17.0 15.0 6.0 8,0 1C.0 H.0
16.5 15.5 11.0 2.5 10.% 14.0 17.0 15.0 8.0 7.0 6.0 12.0
16.5 15.5 11.0 4.5 10.5 12.0 17.0 15.0 10.0 5.0 6.0 15.0
16.5 15.5 11.0 7.0 11.0 9.5 17.0 15.0 11.0 11.0 12.0 6.0
16.5 15.5 11.0 10.5 12.5 6.0 17.0 15.0 14.0 10.0 14.0 6.0
16.5% 15.5 11.0 13.0 14.0 3.5 17.0 15.0 14.0 11.5 7.5 10.5
16.5 15.5 15.0 5.5 13.5 1l.0 17.0 15.0 14.0 12.5% 7.5 13.5
16.5 15.5 15.0 11.0 8.0 10.5 17.0 15.5 5.5 5.0 4.% 13,5
16.5 15.5 15.0 13.0 5.0 12.5 17.0 15.5 9.5 4.0 9.5 12.5
16.5 15.5 15.0 14.5 4.5 1a.0 17.0 15.5 9.5 7.0 10.% 9.5
16.5 16.0 1.5 7.5 8.0 15.5 17.0 15.5 9.5 8.5 3.0 15.0
16.5 16.0 3.5 7.5 8.0 10.5 17.0 15.5 9.9 12.0 13.5 4.5
16.5 16.0 5.5 5.5 4.0 13.5 17.0 15.5 13.5 11.5 6.0 12.0
16.5 16.0 5.5 8.5 9.0 8.% 17.0 16.0 2.0 4.5 5.5 14.5
16.5 16.0 7.5 7.0 2.5 15.0 17.0 16.0 2.0 10.5 11.5 14.5
16.5 16.0 7.5 11.0 10.5 8.0 17.0 16.0 2.0 15.0 16.0 16.0
16.5 16.0 14.5 9.0 11.5 9.0 17.0 16.0 4.0 4.0 4.0 14.0
16.5 16.0 14.5 11.5 15.0 6.5 17.0 16.0 7.0 7.0 8.0 12.0
16.5 16.0 15.5 14.0 3.5 14.0 17.0 16.0 7.0 B.0 B.0 10.0
16.5 16.5 4.0 4.5 3.5 14,0 17.0 16.0 10.0 9.0 4.0 14.0
16.5 16.5 7.0 8.5 5.5 13.0 17.0 16.0 10.0 9.0 5.0 13.0
16.5 16.5 7.0 B.5 7.5 10.0 17.0 16.0 10.0 10.0 9.0 9.0
16.5 16.5 9.0 8.5 3.5 14.0 17.0 16.0 10.0 11.0 11.0 7.0
16.% 16.5 10.0 8.0 4.0 14.5 17.0 16.0 13.0 7.0 1.0 15.0
16.5 16.5 10.0 11.5 10.5 7.0 17.0 16.0 13.0 11.5 4.5 13.5
16.5 16.5 13.0 7.5 6.5 15.0 17.0 16.0 13.0 11.5 8.5 9.5
16.5 16.5 13.0 11.0 3.0 15.5 17.0 16.0 13.0 13.0 13.0 5.0
16.5 16.5 13.0 13.5 12.5 5.0 17.0 16.0 14.0 13.5 13.5 4.5
16.5 16.5 14.0 11.0 9.0 9.5 17.0 16,0 16.0 4.5 14.5 12.5
16.5 16.5 14.0 12.5 S.5 12.0 17.0 16.0 16.0 10.5 14.5 6.5
16.5 16.5 14.0 12.5 7.5 10.0 17.0 16.0 16.0 15.0 16.0 2.0
16.5 16.5 14.0 14.0 13.0 4.5 17.0 16.5 1.5 10.0 10.5 16.5
16.5 16.5 14.0 15.0 15.0 2.5 17.0 16.5 4.5 5.0 4.5 13.5
16.5 16.5 15.0 8.0 R.0 14.5 17.0 16.5 4.5 7.0 7.5 10.5
165 16.5 15.0 13.5 10.5 7.0 17.0 16.5 6.5 10.0 10.5 7.5
16.5 16.5 15.0 15.5 13.5 5.0 17.0 16.5 A.5 B.0 4.5 13.5
17.0 10.0 8.0 5.0 10.0 10.0 17.0 16.5 10.5 10.0 1.5 16,

17.0 10.0 10.0 5.0 10.0 8.0 17.0 16,5 11.5 T.0 15.5 15.5
17.0 10.5 7.5 6.0 10.5 10.5 17.0 16.5 12.5 11.5 3.0 15.0
17.0 10.5 10.5 6.0 10.5 1.5 17.0 16.5 16.5 14.0 10.5 7.5
17.0 11.0 9.0 3.0 11.0 10.0 17.0 17.0 3.0 4.5 4.5 13,5
17.0 11.0 9.0 5.0 9.0 9.0 17.0 17.0 B.0 8.0 5.0 13.0
17.0 11.0 9.0 5.5 10.5 7.5 17.0 17.0 R.0 172.0 12.0 6.0
17.0 11.0 10.0 3.0 11.0 9.0 17.0 17.0 9.0 9.0 4.0 12.0
17.0 11.5 B.5 5.5 10.0 B.0 17.0 17.0 12.0 11.5 1.5 18.5
17.0 11.5 9.5 3.0 10.5 9.5 17.0 17.0 15.0 13.5 4.5 13.5
17.0 11.5 Q1.5 7.5 10.0 BA.0 17.0 17.0 16.0 11.0 6.0 15.0
17.0 12.0 8.0 4.0 A.0 11.0 17.5 11.0 A5 5.5 10.0 9.5
17.0 12.0 8.0 6.5 10.5 10.5 17.5 12.5 1.0 7.0 12.0 12.5
17.0 12.0 6.0 7.0 12.0 H.0 17.5 12.5 12.0 7.0 7.0 12.5
17.0 12,0 8,0 7.0 12.0 6.0 17.5 13.0 10.5 3.0 12.% 13.0
17.0 12.0 9.0 6.0 9.0 9.0 17.5 13.0 12,5 3.0 10.% 13.0
17.0 12,5 6.5 6.0 7.5 10.% 165 13,5 4.0 2.5, 9.% 13.0
§7.0 12.5 10.5 7.5 9.0 9,0 17.5 13.% A.0 9.9 12.% 13.0
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J1 42 J3 Ll L2 L3 J1 42 Js (ST I |
17.5 14.0 8.5 1.5 7.0 13.5 1R, 0 15.% 8.8 7.5 11.0 9.0
L7.5 14.0 &.5 4.0 9.5 13.0 LA.0 15.5 8.5 8.0 10.% 10.5
17.% 14,0 6.5 T.0 12.> 13.0 18,0 15.5 RS 11.0 12.% 7.5
1T.5 14.0 7.5 4.5 11.0 13.5 IR0 15.5% 10.% Ga 1.5 15.9%
17.5 14.0 8,5 2.5 9.0 12.% IR.0 15.5 12.5 6,0 12.5% 10.%
17.5 14.0 11.5 3.0 11.5 12.0 VR0 1%.5 12.5 Ya0 13.% 7.5
17.5 14.5 9.0 2.0 10.0 14.5 LAL0 15.5 15,9 11.0 12.5 7.5
17.5 14.5 10.0 2.0 9.0 1IA,0 15.5 15.% 11.5 14.0 6.0
17.5 14.5 14.0 2.5 5 17,0 1%.5 15.5 13.5 15.0 #.0
£7.5 15.0 7.5 4.0 16.0 6.0 3.0 10.5 12.5 12.%
17.5 15.0 9.5 2.0 9.5 1.0 17.0 16.0 5.0 2.5 8.5 1%.5
17.5 15.0 9.5 7.0 9.5 10.0 18,0 16.0 5.0 6.5 10.5 15.%
17.5 15.0 9.5 10.5 14.0 6.5 LR.0 18.0 5.0 9.0 13.0 1.0
17.% 15.0 13.5 7«5 13,0 13.% 1R.0 16.0 T.0 3.0 9.0 1&.0
17.5 15.0 13.% 5.% 13.0 10,% 17,0 16.0 9.0 3.0 7.0 16.0
17.% 15.0 13,5 B.0 13.5 8.0 LR.0 16.0 9.0 8.5 11.5% 8.3
17.% 15.0 13,5 Sa5 leon b.5 1R.0 16.0 13.0 2.5 11.5 15.5
17.5 15.0 13,5 10.0 14,5 9.0 14.0 16.0 13.0 6.5 7.5 15.5
17.5 15.0 14,5 10.0 10.% 9.0 1R.0 16.0 13.0 9.0 5.0 16.0
17.5 15.5 6.0 5.5 Y.3 13.0 1.0 16.0 13,0 10.0 15.0 6.0
17.5 15.5 9.0 6.5 9.5 12,0 1R.0 16.0 15.0 5,0 14.0 12.0
17.5 15.5 10.0 5.5 10.5 11.0 LB.0 16.0 15.0 6.0 16.0 11.0
17.5 15.5 13.0 5.5 12.5 11.0 1R.0 16,0 15.0 7.5 12.5 10.5%
17.5 15.5 14.0 10.0 10.0 9.5 18,0 16.0 15.0 7.5 15.5 10.5
17.5 15.5 15.0 4.0 12.0 14.5 1.0 16.0 15.0 10.0 13.0 #A.0
17.5 15.5 15.0 11.5 14.5 7.0 1.0 16.0 j15.0 11.0 15.0 s.0
17.5 15.5 15.0 14.5 14.5 5.0 IR.0 16.0 16.0 13.0 10.0 9.0
17.5 16.0 4.5 7.0 10.5 16.0 1R.0 16.5 2.5 12.5 14.0 14.0
17.5 16.0 8,5 5.5 9.0 12.5 1R.0 6.5 3.5 T.0 9.5 15.5
17.5 16.0 8.5 10.5 13.0 7.5 LR.0 16.5 3.5 15.0 15.5 15.%
17.5 16.0 10.5 T«0 4.5 16.0 18.0 16.5% 5.5 2.5 6.0 15.0
17.5 16.0 10.5 7.0 15.5 16.0 IA.0 16.5 5.5 4.5 7.0 13.0
17.5 16.0 11.5 65,0 15.5 16.0 1R.0 16.5 5.5 8.0 9.5 9.5
17.5% 16.0 12.5 TaS 6.0 15.5 1.0 16.% 7.5 5.0 8.5 12.5
17.5 16.0 15.5 6,0 11.5 16.0 1R.0 16.5 12.5 2.5 12.0 15.0
17.5 16.0 15.5 7.0 10.5 16.0 18,0 16.5 13.5 10.5 14«.0 T.0
17.5 16.0 15.5 7.5 12.0 15.5 1R.0 16.5 14.5 5.0 13.5 12.5
17.5 16.0 15.5 10.5 13.0 7.5 18.0 16,95 14.5 7.5 12.0 11.0
17.5 16.0 15.5 13.0 15.5 4,0 1R.0 16.5 15.5 13.0 9.5 9.%
17.5 16.5 5.0 2.0 6.0 16.5 1a,0 17.0 2.0 16.0 17.0 17.0
17.5 16.5 6.0 2.0 5.0 l1s.5 1A.0 17.0 3.0 9.0 11.0 17.0
17.5 16.5 9.0 7.0 10.0 10.5 18,0 17.0 &.0 5.0 8,0 17.0
17.5 16.5 13.0 6.0 BA.0 15.5 1A.0 17.0 8.0 3.0 8.0 15.0
17.5 16.5 14.0 1.5 13.5 16.0 1A.0 17.0 A.0 5.0 4.0 17.0
17.5 16.5 14.0 4.0 13.0 13.5 1R.0 17.0 #.0 6.0 9.0 12.0
17.5 16.5 1s.0 7.0 13.0 10.5 IR.0 17.0 9.0 4.0 9.0 14.0
17.5 16.5 1%.0 9.0 6.0 15.5 18.0 17.0 11.0 9.0 3.0 17.0
17.5 16.5 L4.0 9.5 13.5 8.0 1A.0 17.0 11.0 9.0 12.0 9.0
17.5 16.5 14.0 11.0 1%.0 6.5 18.0 17.0 13.0 14.0 7.0 l%.0
17.5 16.5 16.0 15.0 8.0 11.5 18,0 6.0 13.0 12.0
17.5% 17.0 3.5 14.5 16.0 15.5 1R.0 6,5 11.5% 15.5
17.% 17.0 5.5 2.0 5.5 16.0 18.0 .9.0 1.0 9.0
17.5 17.0 11.5 8.0 11.5% 10.0 1.0 13.5 15.5 &.5
17.5 17.0 11.5 10.0 12.5 11.0 18.0 14.5 12.5% 6.5
17.% 17.5 11.0 T.0 5.0 16.5 1A.0 16.0 17.0 2.0
17.5 17.5 14.0 13.5 7.5 14.0 1.0 11.0 9.5 9.5
£7.5 17.5 15.0 11.5 4.5 16.0 1R.0 12.0 9.5 9.5
1A.0 10.0 9.0 4.0 10.0 10.0 1.0 13.5 6.0 14.0
1A.0 10.0 10.0 4.0 10.0 9.0 1R, 0 9.5 15.0 10.0
LR.0 10.5 9.5 .0 9.5 9.5 LR.0 17.5 17.5 12.5 14.0 7.0
18.0 11.0 11.0 6.0 10.0 9.0 18.0 1R.0 2.0 15.5 15.5 15.5
18.0 11.5 10,5 6.0 9.5 9.5 1B.0 18.0 11.0 8.0 6.0 17.0
18.0 12.0 7.0 3.5 9.5 9.5 1.0 18.0 11.0 13.0 10.0 10.0
18.0 12.0 7.0 A.0 12.0 12.0 18,0 1A.0 t2.0 9.0 4.0 17.0
18.0 12.0 12.0 A.0 12.0 7.0 1A.0 1R.0 13.0 11.0 10.0 10.0
18.0 12.5 12.5 8.5 11.0 8.0 18.0 18.0 13.0 13.5 7.5 12.5
18.0 13.5 5.5 5.5 10.0 10.0 18,0 1R.0 14.0 12.0 3.0 17.0
18.0 13.5 6.5 7.5 13.0 11.0 1A.0 1R.0 14.0 12.5 6.5 14.5
18:0°13.5 1.5 3.0 9.5 12.5 1R.0 1H.0 16.0 10.0 7.0 16,0
18.0 14.0 5.0 2.0 7.0 13.0 16.0 18,0 1R.0 15.5 11.5 7.5
18.0 14.0 6.0 5.5 9.9 9.5 18.0 18.0 1B.0 16.0 14.0 5.0
18.0 14.0 6.0 7.0 8.0 14.0 18.5 12.5 H.0 4.0 11.0 10.5
1R.0 1&.0 7.0 8.0 12.0 12.0 1A.5 13.0 6.5 35 9.0 10:%
1A.0 14.0 8.0 3.0 9.0 12.0 IR.5 13.0 6.5 5.0 8.5 13.0
LA.0 14.0 A.0 7.0 ,6.0 14.0 1.5 13,0 6.5 7.5 13.0 8.5
1R.0 1%.0 11.0 1.0 11.0 14.0 1A.5 13.0 &.5 A0 11.5 13.0
18.0 14.0 11.0 8.5 9.5 9.5 19.5 13.0 6.5 8.0 12,5 11.0
1A.0 14.0 11.0 8.5 13.5 4.5 1A.5 13.0 RA.5 4.0 10.% 10.0
18,0 14.0 14.0 10.5 10.% 8.5 1R.% 13.0 A.5 5.0 6.5 13.0
18.0 14.0 14,0 11.0 13.0 6.0 18.% 13.0 8.5 7.5 13.0. &.%
LA.0 14.5 9.5 8.0 9.5 9.5 1A.5 13.0 11.5 8.0 £.5 13.0
18,0 14,5 9.5 11.0 1335 6.5 18,5 13.5 6.0 2.5 4.5 13.0
1R.0 14.5 14.5 13.0 13.% 6.5 1A.5 13,5 11.0 9.0 13.0 6.5
LA.0 15.0 4,0 8,0 11.0 11.0 1H.5 14,0 6.9 6.5 12.0 11.5
1#.0 15.0 6.0 5.0 10.0 14.0 1R.5 1&.0 7.5 5.0 1.5 12,0
1.0 15.0 8.0 6.0 11.0 1%.0 th.S 14.0 7.5 T.5 12.0 T.5
19.0 15.0 7.0 7.0 7.0 13.0 1H.% 14,0 13.5 4.0 13,% 11.0
1R.0 15.0 13.0 6.0 13.0 10.0 TH.S 16,0 19.5 10.5 13.0 4.5
1A.0 15.0 13.0 10.5 9.5 9.9 19,5 14,0 13,5 11.0 13.% 9.0
LHaft 1%.0 15.0 12.0 12.0 7.0 IR.S5 1425 kan B.0 10,0 14,5
18,0 15.0 15.0 12.0 1.0 7.0 1H.G 165 A0 S.b HW5 13.0
1A,0 15.5 4.5 4.5 H.0 14.0 1.5 la,% h.0 Toh L2.5 1240
1A.0 15.5 7.5 4,0 10.% 15,9 1R.5 1a.5% 10.0 Aol el 4.5
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Jr 42 1 Ltk L2 L3 JLooJz2 93 LY 2 13
18.5 14.5 10.0 7.5 8.5 13.0 18,5 1A.0 2.5 5.0 6.5 1H.0
1A.5 15.0 4.5 3.0 6.5 13.0 18.% 1K, 0 &6.5 5.0 2.5 18,0
18.5 15.0 4.5 5.0 7.5 14.0 18,5 1.0 7.5 Mol 6.5 13,0
1A.5 15.0 6.5 6.5 H.0 12.5 18.5 14,0 9.5 3.5 1.0 17.%
18.5 15.0 7.5 2.5 9.0 14.5 18,5 1H.0 10,5 10,0 6.5 13.0
18.5 15.0 8.5 6.5 6.0 13.5 18,5 1A.0 11.5 .5 1420 12.5
1A.5 15,0 A.S 8.0 10.5 9.0 18.5 1R.0 11.5 10.5 12.0 10.5
18.5 15.0 B.% 10.0 13.5 6.0 18.5 1R.0 11.5% 1120 1.3 18,0
18.5 15.0 10.5% 1.0 10.5 15.0 1R.5 18,0 11.5 12.0 10.5 9.0
18,5 15,0 12.5 4.0 12.5 12.0 18.5 18.0 13.5 12.5 3.0 16,5
1A.5 15.0 12.5 9.0 12.5 8.0 18,5 1#.0 13.5 12.5 9.0 10.5
18.5% 15.0 12.5 9.6 13.5 9.0 18.5 1A, 0 13.5 13.5 12.0 7.5
18,5 15.5 5.0 6.0 10.0 13.5 18,5 18,0 13.5 14,0 9.5 11.0
18.5 15.5 5.0 10.0 14.0 13.5 18.5 18.0 15.5 6.0 11.5 15.0
1.5 15.5 1.0 .5 9.% 15.0 18.5 18.0 15.5 A.0 11.5 1%.0
18.5 15.5 7.0 4,5 10.5 15.0
18,5 15,5 7.0 8.0 14.0 15.5
18.5 15.5 B.0 2.5 8.5 14.0
1.5 15.5 8.0 6.5 6.5 13.0
18.5 15.5 8.0 6.5 10.5 10.0
18.5 15.5 A.0 10.0 13.0 6.5
18.5 15.5 9.0 T.5 T.5 12.0
18.5 15.5 9.0 8.0 9.0 10.5
18.5 15.5 9.0 9.0 11.0 8.5
18.5 15.5 9.0 11.0 14.0 5.5
18.5 15.5 13.0 7.5 13.5 9.0
18.5 15.5 14.0 3.5 11.5 15.0
1.5 15.5 14.0 4.5 10.5 15.0
18.5 15.5 14.0 6,0 15.0 11.5
18.5 15.5 14.0 8.0 7.0 15.5
18,5 15.5 14.0 10.5 14.5 8.0
18.5 15.5 14.0 12.0 13.0 6.5
18.5 15.5 15.0 10.5 12.% 8.0
18.5 16.0 3.5 7.5 9.0 15.5
18.5 16.0 5.5 5.0 6.5 13.0
18.5 16,0 9.5 8.0 4.5 15.0
18.5 16.0 9.5 8.0 15.5 15.0
18.5 16.0 9.5 8.0 15.% 15.0
1A.5 16,0 11.5 9.0 11.5 9.0
18.5 16.0 11.5 9.0 12.5 10.0
18.5 15.0 11.5 11.0 11.5 11.0
18.5 16,0 14.5 9.0 14.5 A.0
18.5 16,0 14.5 12.0 6.5 13.0
18,5 16.0 15.5 12.5 9.0 10.5
1R.5 16.5 4.0 3.0 6.0 15.5
18.5 16.5 4.0 6.5 9.5 15.0
18.5 16.5 4.0 7.5 10.5 15.0
18.5 18.5 4.0 11.0 14.0 15.%
18.5 16.5 6.0 6.0 11.0 16.5
18.5 16.5 8.0 1.0 8.0 16.5
18.5 16.5 8.0 3.5 A.5 14.0
18.5 16.5 8.0 6.0 H.0 12.5
1.5 16.5 8.0 7.5 10.5 10.0
18.5 16.5 8.0 11.0 13.0 6.5
18.5 16.5 10.0 8.5 15.5 14.0
18.5 16,5 11.0 6.0 6.0 16.5
18.5 16.5 11.0 9.5 6.5 13.0
18.5 16.5 11.0 10.5 13.5 7.0
18.5 16,5 12.0 7.5 12.5 10.0
18.5 16.5 13.0 3.5 12.5 14.0
1R.5 16.5 13.0 6.0 14.0 12.5
18.5 16,5 15.0 6.0 10.0 15.5
18.5 16.5 15.0 12.5 1.5 12.0
18.5 16,5 15.0 12.5 9.5 10.0
1R.5 16.5 15.0 14.0 A.0 12.5
18,5 16,5 15.0 14,0 15.0 4.5
1A.5 17.0 2.5 15.0 16.5 15.0
18,5 17,0 3.5 10.5 13.0 16.5
1.5 17.0 4.5 3.0 5.5 15.0
18.5 17.0 6.5 6.0 8.5 12.0
18,5 17.0 8.5 4,5 9.0 13.5
18.5 17.0 10.5 9.5 3.0 16.5
18.5 17.0 10.5 9.5 1.0 12.5
18.5 17.0 10.5 10.5 10.0 9.5
1.5 17,0 10.5 10.5 13.0 7.5
18.5 17.0 10.5 13.5 15.0 4.5
18,5 17.0 12.5 4.5 12.0 13.5
18.5 '17.0 12.5 12.0 14.5 6.0
18.5 17.0 14.5 12.5 6.0 13.5
18.5 17.0 16.5 3.0 15.5 15.0
1A.5 17.0 1&.5 6.5 1900 115
18.5 17.0 16.5 7.5 15.0 10.5
1R.5 17.0 16.5 11.0 15%.5 7.0
1R.5 17.0 16.5 14.0 5.5 13.0
1R.5 1T.0 16.5 14.0 16.% &.0
18.5 17.5 2.0 B.0 9.0 15.5
1.5 17.5 2.0 14.0 15.0 16.5
18.5 17,5 11.0 10.0 6.0 13.5
18,5 17,5 13.0 10.5 10,5 10.0
18.5 17.5 13.0 13.0 7.0 13.5
1R.5 17.5 14.0 12.5 4.5 15.0
1A.S 17.5 17.0 13.0 7.0 13.5
1A.S 1A.0 1.5 11.0 11.5 1h.0
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arguments are the entries in the table, for example, is the non-trivial zero
2 2

%y ;2/; discussed as our first example.
The vanishing values of the (6j) symbols were calculated by a computer
program which did its calculations with an arithmetic working only with powers
of primes; that is, each number was decomposed into products of prime factors
before being manipulated by the computer.
The program will be submitted to Computer Physics Communications

(North Holland) so that extension of the tables may be made as required.
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RESUMEN

Se tabulan los ceros no triviales del simbolo (6

-j) para argumentos
€£37/2. Se discute el significado de los ceros no trivia

les.



