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ABSTRACT: The non-trivial zeros oí the (6-j) symbal are tabulated far

arguments ~ 37/2. The signiíicance oí non-trivial zeras is
discussed.

l. INTROnUCTION

Thc Raeah coefficient, W(abcd;ef), or as it is a1so eaIled che (6-j)
1 Ja bet (l)a+b+c+d f dI'symbo , ld e If = - W(abcd;e/), play s a un amenta role In the

quantum theory of angular momentum; there is accordingly a detailed and
cxtensive literature conccrning applications as diverse as the experimental
analysis of angular eorrelations in nuclear radiatian, to unitary symmetry

t Supportcd 10 pan by the National Science Foundation.
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in particle physics. On(' aspect of (his subjecr has, howcvcr, hardly be<"fl

s[udied at all: [his Concerns rhe (non-trivial*) Z{'U1S uf rhe Racah coefficient,
rheir discribution and implicarions. As we shall ¡Ilustrare belo\\', one can ex-
pec( such a study ro he quite difficulr; Que aim in rhe pres('or note is hellce
rati}('r lirnited. \'('c wish only (O gi\'c (he caw material foc initiating such a
study. a listing of rhe non-trivial zeros. greatly extcnding results hirheno
il\il.ilablc in (he l¡[emture.

'1'0 motivare an ¡nrcees( in thcse non-trivial u'ros w(' discuss in Secrion 2
rhe implications of two cxamples foc which inrerprerarions are known.

Sccrion 3 contains rhe tabulation. an explanation of the notatian employed
in the tables, and a brief discussion of rhe merhod of calcularian.

2. \!OT!V¡\TI:-IG EX¡\\IPLES

:\0 intuitive undersranding of any quantum rncchanical strucrurc. such
as rhe R.acah coefficient, almost always involvcs examining the semi-elassical
limir. (rerms up to order 15, but neglecting (1)2). This is the r('gime of large
quanrurn numbers -that is. large angular momenra- and h(.nce of asymptotic
forms for the Racah function.I,2 Representing the Racah functinn by aterra.
hedroll. one asymptotic form results from taking on(' of the four vertices ro
approach infiniry, Geomerrically it is clear thar wc ontain a rriangle orienred
with respcct to rhe dircction along which the \'ert('x \Ven( to infinity; in angular
momcntum terms the result is a C3j-m) function (\"ector addition or \t;'igner
co(.fficicnr) -a function dt'fined 00 a trianglc ("3j") and oriented in space
("m dependent"). :\ furthcr limit, taking one v{'rtex of the triangle to infiniry.
y ¡("Id s til(" Lq~endrc (or more gctlerally J acobi) function- in angu lar mom("n tum
terms a \'ector oriented with r('sp('ct [O twa directions. a Uj-mm') symbol.

Alternately the two ¡imits mar be taken tngcth<:r, yiclding fOf examplc
Hacah's asymptotic result:

:;, b ~ ~
[(2a+I) (2b+I)] 2 W(abed;ad) ~(-I) Pb(a. d). (1)

Th~, Racah function involves six angular momenta, which may (in general) be reprc-
sen({"d as the six edges of a tetrahcdron; each of (he four faces invol\'es a criangie-
of [hrce angular momen(a. A trivial :tf'ro of che R acah cOl'ffici("nt expresses (he
{;In [hat (he six argumeou. do no! obey the ,geomc(rical cons(rainrs implicd by (h(,
exi ...•,cncc: of a tc[rahedron. Exprt'ssed differcntly, but cquiva!ent!y. onf" or more of
the four "trian,gle conditions" is \"iola(ed.
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Our discussion is, of course, quite heurisric, hur ir should suffic<.' ro
indicare rhat the Racah coefficienrs are a geflera1ir:ation 01 jacobi po/ynomia/s
to argumefl/s that are a lorm 01 discretized (11lgle space.1

Let liS illustrare this view. Consider the Racah function:

W(a2cd;ad) = (2a-2)!
(2a+3)'

(2d-2)!);; x

(2d+3) !
(2)

whcre:

x 2 [3(.,-) (x+[) - 4a(a+!) d(d+l)] •

\' "' c(c+[) - a(a+l) - d(d+l) .

ror large \'alues of a, e ,d (which fonn a trianglc) we have rhe asymptotic
reiati()n:

(x/2ar/) ~ [(c'-if-d')/2ad] - co, O=a.d. (4)

One recognizes rhar (he rcrm in brackets, [ ... ] In eq. (2) is ¡usr Ihe
Lcgendrc polynomial P2(cOS OL

Ir is clear therefore rhar rhe Racah funclion is ao oscilIaring function
of irs argumenls and ncccssarily approximarcs aH of Ihe zcros of tll(' Legcm1re
(jacobi) functions. \\'hcrher or no( ao exact zero is achievcd (ami ho\l,' "o([('n".
i.e .., (he disrrihurion) is basically a number-rheorcrlc quesrion, which to our
kno\\'ledge has nevCt bcen considercd .•

¡l) Firsr Example:

From rhe rabies, olle .'ices that the coefficicnt K-'e~ 2 3~ 2; 3~ 2)
IS (non-(ri\'ially) zero. This has the physical implication thar quadrupole
radiatiofJ jrom mi aligfJed sta/e hat'iTig j="i lo a grotmd slate j=3~ is isotropic.
dc--.:pirc the faer that rriangle rules would permit a non-isouopic angular distri-
bUlion. For this particular ca."iC liJe brackct [ ... ] in cq. (3), above. is casily
scen ro he cxacrly zero.

Olle can ~ive an "explanalion" of lhis z(.'ro from the qua .••ispin mode) .
Con--.:idcr [\\'0 fermions in a j=3;; ..••hel!. The imcrac[ioll cncrgy of a quad~upnlar
one-hody potelltial in rile rwo-particle state having J -2 rIlen has the form:

A similar numher-chl'orclic qUl"stion for the \ri,l;nl't coefficil"nts. (oc a physically
mori\-at{.d problem. was considered in reL (3).
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Uk~' I (';)' ,'~2 J~2 .11> .
l'

('í)

2 "'=2
-(IJere rhe one-hodv potential is :S=l U . wirh k=2 dcrl(lcill,g a quadrupok

. . l'
ill(c,:raetion; 1,=2 designares (he ~tat(' as Iw\'ing selliority 2.)

Usin,c rhe concept of quasi-spin". lhe same matrix ('lement may he
\"¡('\n,ti in a [orally different way: [he ('ven Illultipolar intcracrions rransform <l.'"

\'('ctorial quasi-spin oper.\tors. For lhe particular case ,gi\'('n in ('q. (5) lhe
¡Ilirial (amI final) stat<; belongs lo <Iuasi-spin S=(2j+l/4) - (1'/2) = O.
Sz- (2j+I/4) - ('l/2) - O. Thus Ihe matn'x e/emerlt ['anishes becQuse the "tricl1lgle
ru/e" is d%~~led (0+1--0), ~o(e rilar ir is lhe triangk rule ror quasi-spi1l which
is violated; fOf dH....I{acah ClH.'fficient all dH.' trianglt. rules are: indeed satis.
fil'd ,"'0 chat the Zl'W is non-trivial.

Thi ..• l'xplanation for the \'anishin~ of We~ 2 3;i 2; 3ti 2) stem ...•
from de ~halit ami Talmi,5 who basl'd their ft'sult 011 explicit seniority ealcu.
lations, The qua.<;i-spin interpretar ion greatly simplifies tlJ(' argumeflt.

h) S(:cond Fxampk:

:\0 ex.lmple of quite a different sort -ami considerably deep<.'r- is providl'd
by rhe zero WC)'53'5;Y)). Tltis zero is r<:!atl-d to the embedding in rhe rotatioll
group R

7
(in Cartan's notation H3) of (he excl'ptional group G2•

This comes abour in (he following way_ Tia: j?:enerawr. ..•of R may he
• ...• ..• 7

ft:alized a ..• (he tensor operators L 1,3.'5 acting in (he se\"ell dimensional
spact: carried by j=1¡. Thu ...•we take the geflerators of R, to he:

L ~ 1:

or;

((,)

L~5: 1: .\1
• 3 .(7)

L='): \" .\f _(~]53,
. 5 }L\f~ (ti )
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This realization of the R
7
generators has the ad\'antage tha[ [he commu.

tallon relations can be gi\'en explicitly in [erms of [he Hacah coefficients:

,M M' _,~
[X/,XI,J-rr"~ . M L

2CLL'L"~!ltM' ,"\1"
1 \1"

[7(21:' + 1) JI, W(3L 31:; ,>L") XI," .
(9 )

wh{'re /." is odd.
Consider now [he commu[a[ion reladon for [X5,X5]. Because the

Racah coelficie1lt W(3535; 33) is zero, we see from eq. (9) [ha[ [he opcra[or
X
3
does 'lOt f?'lter. Since [X'~ ,X'~'] ex/., i[ folloW5 that [he subse[ L\ .x51

ciases u7lder commutatjon; [his is the wcll-known example (due [O Racah ami
to Jalln) which elucida[es [he embedding R, :)G2•

It would b<.'of considerable interest ro discuss rhe remaining exceptional
groups by similar explicit resu1ts. This problem seems to be surprisingly
difficult, howc\'er .•

Our exampl{'s considered only t\\'o of the roughly 900 zeros gi\'cn in th{'
tables. Judo', in his lectures on Atomjc Theory at Canterbury University, has
discussed two additional cxamples of non-trivial zero('s of the Racah coef.
ficient, both \'anishings bcing directly related tú \'anishings uf fractional
parenlage coefficienrs in the atomic g sh{'11. (No such sysrcmatic relationship
exists in general, however, since Judd points out that a third fractional parcnt-
age coefficient vanishes in the same shell, but is oot directly connected with
an)" non-trivial (6-;) zero.)

lt is hopeo that these tables \\'i11 stimulate further cxplanallons and/or
impl ications, which arc aH too fe\\' at the presen£.

3. EXI'LANATIO" OF TABLES

. {i, i2 i,}The non-lrivial zeros of the (6-/) symbol 1 1 i have b('el1 calculated
12'

for arguments ji' /i~ 18.5, j:::ol.2,3. Using the symmetrie ..•.of the (6-j) s)"mbol W('

ha ve ordered the arguments 11,12,13,'1,'2' and ''!> in a .••pecdometric fashion
\Virh JI [he slowest varying, amI '3 the most rapidly changing, variable. In this
table we ha ve i > j ~ i and j ~ (f " " ).

1 2' I 1 2 , {' . '}
An entry in a given row. signifies litar the ((,-j) symbol ~l ~2 ~3 , where

1 2 ,

• For F4, [hect:' are sorne parcial cesules (11. Frt'udenthal, privare communica[ion).

\l,'adzinski (reL ú) has discussed [h(. embeddin~ U ::) F .
26 •
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I~.~ 1~.'1 ... ... '.' 1'1.0 18.'1 1".0 I".~ -.. 11.'> n.o
u.'> 1'1.'1 ,. o ... 10.'> .1~.O
'A.~ 1'1.'1 .., ... ¡".O I~.S
1".'1 I~.S ... ,.. '.. 1".0
111." 1'1." ... ... ... U.O
I 11. ~ I~. '1 > •• ... 10.'> 10.0
1 ••••• 1'1.'1 ... 10.0 Il.O 1>.'>
\8. '> 1'>.'> ,.. U ,.. 11.0
1R." 1••••• ,.. ... ... lO."
18." 1".'> ... ... 11.0 ...
1"." 1 ••••• ,.. 11.0 1••• 0 ...
1R. ~ 1'>.'> n. O ... !l. ~ ...
1/1." 1 ••••• 100.0 ... 11.'> I~.O
111. ~ 1'>." 1". o '.. lO. ~ 1~.O
18." 1'1.'1 1••• 0 ... 1'>.0 11."
111.'1 1'>.'1 1••• 0 ... ... 1'1. ~
III.~ 1'1." 100.0 10. ~ I".~...
18 ••• l'I." 1••• 0 1.1. O lJ.O ...
IR.'> 1'1." 1'>.0 10.'1 !l." ...
1'.'1 l/>. o ... .., ... 1'>. ~
1/1." 11>.0 ... ... ... 1).0
IR. ~ 1/>.0 ,.. ... '.' '''.0
1ft ••• '/>.0 ,.. ... 1••••• I~.O
Ift.~ 11>.0 ,.. ... 1'>.'> 1 '>.0
1R.'> 1 ••• 0 II.~ ... 11.'> ...
1".'> "".0 11. '> ... 11 ••• 10. O
1"." 16.0 II.~ 11.0 11.'> 11.0
11. ~ '/>.0 1 ••••• ,.. 1". ~ ...
IR." 1".0 \ ..... !l.0 ... n.o
1••••• a.o 1'1.'> 11 ••• '.' 10."
III.~ 11>.'> o., ••• .., 1'1.'1
\8." 1/>.'1 ... ... ,.. 1~.O

1••••• 1/>.'1 ... U 10.'> 1'1.0
I".~ 11>. ~ -.. 11.0 1".0 1'>.'>
18." 1"." ... ... 11.0 1tI.'1
1/1.'> 16. ~ ... ••• ... 11>.'>
1/1." 11>." ... ... .., I~.O
111. ~ 1"." ... ... ... !l."
IA.~ 11>." ... ... 10." 10.0
1R." l/>. ~ ... 11. (,1 1).0 ...
111.'> 11>.'> 10.0 ... 1'>." 100.(,1
18. ~ 1"." 11. O ... ... ItI •••
1".'> 1/>." 1l.0 ,.. ... 1).(,1

IR. ~ 1"." 11.0 10." IJ.'1 ,..
111.'> I/>.~ !l.O ... Il.~ 10.0
'A ••• 11>." 11. o ... 11 ••• 100.0

IR." II>.~ 1).0 ... '''.0 !l."
111.'> 11>." l'I. O ... 10.0 1 •••••
111.'> l".~1'>.0 11.'> ,.. 11.0
1/1." l/>. ~ 1".0 'l .•• ,.. 10.0
III.~ 11>." \S. (,1 100.0 - .. \l •••
1/1. ~ l/>. ~ 1'>.0 1".0 1'>.0 o ••
IR.'> '1.0 ,.. 1••• 0 1".'> 1".0
1/1. ~ l/. O ... 10. ~ 1100 ,1>.'1
111.'> 11.0 '.' ... ... 1".0
11I." 11.0 ... ... ... 11.0
1/1. ~ 11.0 ... '.' ,.. IJ.~
1/1." 11.0 10 ••• '.. ... 11>.5
111." 1 J.O 10." ... '.' 11. ~
11I." 11.0 10. ~ 10 ••• 111.0 ,..
111.'> 1J.O 10." 10.5 1 ).0 ,..
11I." U.O 10 ••• 13.~ n.o ...
18.~ \1.0 !l." - .. 11.0 !l."
1/1.'> 17.0 11. '> 11.11 1".'> ...
18.~ 11.0 1••••• 11. '> ... 13."
1".5 11.0 11>." .., 1••• '> 1".0
1".'> 11.0 1"." ... 1'>.0 11."
1'1.'> 11.0 11>.'> ... 1'>.0 10.'1
l •••• P.O 1••••• 11.0 I~ ••• ,.,
111.'> 1J.O 11>.'> 100.11 -.. 1 ).0
1".'> 11.0 1"." I~.O I".~ o ••
111.'> 11. ~ ,., .., ,., 1~•••
111." \1." ,., I~.II 1".0 1/>.'>
111.'> IJ." 11.11 10.0 '.. Il. ~
1".'> \1." 11.0 10." 10." 10.0
1". ~ 11 ••• 11.0 1 ).0 '., 1 l. ~
l •••• 11. ~ 1••• 0 11." o .• 1".0
111.'> P ••• 11.0 1 J.O ,., 1 ~. ~
111.'> 111.0 o., 11.0 11." 1".0



340 Koozekanani and Biedenharn

arguments are [he entries In lhe rabie, {oc examplc, is rhe non-trivial zero

{;¡ ¡;t discussed as OUT firsr example.
12 ;; ~l

111('vanishing values of rhe (6-j) syrnhols were caicuiated by él computer
program which did its calculatiolls with an arithmetic working nol)' with JXlwer.'i

nf primes; that ¡s, each number was decomposed iruo producrs of prime (actoes

befare being manipulated by the computer.

The program will be submi[[cd to Compuler Physics Communicatiotls
(Nonh Holland) so rhar extcnsion of rhe rabies may be made as required.
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HESUMEN

Se tabulan los ceros no triviales del símbolo (6-j) para ar,gumentos
~ 1,7/2. Se discute el significado ti(, los ceros no triviales.


