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ABSTRACT: The e xtent to which vatlous symmetries oí source terms in

General Rclativity impose isometries is oí interest. Several

linearized cases oí malter symmeuies are shown to give rise

to isometries. 1I0wever several types of fluid and null eiectrovac

symmeuies in the full theory are shown not to be equivalent

to isometries.

l. INTRODUCTlON

It is of interest in General Relativity the extcnt to which various
symmctcies of source tcrms impose symmetries on the gravitational f¡eId,
isometries on the space-time. The problem was inrcoduced foc a kincric
[heor}' source rerml and rhe name "malter symmetry" is here gcneralized for
other sourccs and different symmctries or collincations2. TIJat this would be
oC interest is evidcnced by, ror example, (he dcgree of isotropy implied on
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spacc.timc by the obscrved isotropy of blackbody radiation and galaxies3.

This iStHropy problcOl, hcsides bcing non trivial, points tn the need for a

lincarizcd treaUIlCn[ of, gcncraIly spcaking, maner symmetries. In Seco Il

w(' [rcae \',uious differenr linearizcd matter ,"yrnmetrics: in Scc. A wc trcar

[hc case of a kincric tlicory mattcr symmetry which in electromagnetic rhcory

imposes a sym1Tlcuy on tiJe elecrromagnctic ficld rensor, mainly in order to
sim¡IarIy trear. in Seco n, [he weak. or lincarizcd, gravitational ficld. In

~ec. e wc sce the isometry imposcu by a symmetry of the stress-energy
tensor. with boundary condition,<,;. all liflcarizcd off an isometric spaec-time.

In S('c. III se s('c various cascs where impositions of rnattcr, or other sym.

mc[ries in [he full flonlincar theory does flO[ givc rise to isornetries 00 space-

timc: SeCo ...\ uscs a con formal tcchniquc lo find cases whcrc the Ricci, s(rcss-

cnCfl'L and othcr tcnsors or ob,"cets are svmmetrie (13 R /3 = O,.c T"f) = 0,~. . ~ a ~ ~
ana ot1Jns) hue flO( so thc mctric (7] Ís 1l0[ Killing and rhcf(' docs flor cxist a

scaling which makes ir Killing). Seco B showsthat in c1eetrovac spaec-timc,

speci(ically when Ilul!. an iSoflletry and a SYllllTlCtry on rhe elcetromagnerie

(icld tCllsor are nor equivalcn[ so (har the (icld is 11tH riJc Iooked for "good"
m,l(tcr SYllllllC[ry. The concIusiorl is prescntcd in Sec. 1\'.

11. L1'JEAJU:;YD ~lATTER SYMMETRIES

;\. Kincric .\L1(rcr SYllltTlcuy in Electrornagllctisrn

Thc disrrihutiotl fUllction I of parricles wid' charge scaled ro 1 anJ

\'<uiable mass produces <ln elccrrie curren[ densiry on (he space-time point
X
U hy. witiJ no ¡.:ra\'iry.

J J a ::I. a .•J = p / (x , p ) d P ,

The currCI1[ dcnsity produces an c!ecrromagncrie (icld ,givcn by Maxwell's
equ,H ion s.

f,aIJ -1,17J
a

,/3

,¡nd

F 'AaIJ - [a,a]

12,,)

(21))
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"n.l "-47TJ (4 )

anJ then. lJsing tbe f<:UfdcJ GfCCIl'S funClion

'" A J. (1 I I I .1.] I,1 (\,) = J (x . 1) 11 tI.\
IR

wh efe

1I=lx-x'[

and

t + l'

('i" )

( 'ih)

('iel

ami wilere we shall wfia' x inslcad of x. "1"11<:hehayiof of I is ~on:rned by
(!le Liollvillc eqllatitlll-4, fOf a colli."'iinnlc."'is fluid witll no cOffclations,

U. (,)

and a matlcr SYIlHllC(ry is gi\"Cll hy CT}u is a n:('(Of field wllicll translates ro

the spacc limc poin( wllcfC thc ohsef\"ed lis ullcbanged. ami A.a.j3 rota(cs rhe

"'pact' time axis a( dl;u poin[ . .sCt' Ref. ) flH a ri~orous dcfinitlon.)

o, '\a¡l) = U (7)

\\'c will sllOw tbar (7) implies, witiJ f<.:stfiClions 011 Aa/3 <IUt' ro thc fael lIJar

we wOfk in flal spac(' time (S('(' lalcr), rha!

U, IH)
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and [bis will imply
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.c r
~ af3 0,

0, (IO)

and frofll (6) Orle 1ll,IY gcr char,ge conscn',Hion

(I ¡)

a. ':1.' a ,1
,,"o\\',J i.<; a function,ofx'andt.] willbe usedtodello[cj (xl,t+R)

a ,1 a. a.I "/ '1whieh is jusI ¡ (x' "R)' ¡ .• ",ill mean a¡ (x' "R)/ax' "hile ¡a .,
" t ., IR

will 1ll('¡Ul Oja(xi', tR)(axi'l \\,11(,f(, I me<lIlS "wirh fixed IR"), so rhar remember-
JR 'R

Ing Eq. ('5b) olle will obtain

,
a¡ .•

"
a' I a'., / a''"¡. = (a¡ I,h') +«(J¡ la'R) R .•
, , I t , ,

R
( 12a)

ami

, .
a a I¡ .'"¡ .• , .1 t ( 12b)

so. olle has

,• ., I a
(Jla /dx' ) 'R = l.;

and rilen

•a+1.,, (Ile)

;\:J.. .

"

l I 2d )
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so that

= J(Cl¡a'/Clxi'>1, R-1d'x' ,
R

(3)
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a
where we have integrated by parts and assumed J to vanish sufficicntly

fast at spatiaI infinity. Also, c1early,

lntegrating (lO) we ohtain

, , ., 'J , /3'
J[(Cl¡alClxi)1 r¡' (¡R)+(Cl¡a/CltR)r¡°(¡R)]R-ld'x'=JAC1/3'¡ Ro1d'"

'R
(I )

,
so that if A~,:::Aa.B (chus, if the Aa13are constand and if

( 16)

we get

We now sllow dlat (16) does
Lorent7. group (ILG) wltere the Aa/3

( 17)

follow for 111(' liftS of lhe inhomo¡.!;encous
are constant. For (he lLG,

and

O, r¡i

a a A
r¡ = € 13""'

for space translations in rhe i axis,

(or time transla(ions,

for spacc~time cotations,

(1 H)

with Ea{3constant and antisymmctric. Thus A
Q

¡.'3 = Ea./3oc O, and always
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A:l3~ TJ~/3 and dll"n (J7) gi\'{'S7.8,

Tu silo\\" (J6) we consider rhree cases:

l. Translarions in space-ril1lc: since 1]Q ~ constant, (16) holds •
. I . . . I

2. Space h)[ariolls: T)1 - 1]1 ~ E'¡(x' - xi) and 1]0:;: o.
TIJCIl from eyu;'Hions (12),

., .
J. I ¡ .1 Q

= E','(x -x)R (-¡ R.'
,IR ,1

a'+¡ .•,1
)ix.

.1 . 1
=J{E..(x' -x')RO

l'

a' .1 . 1
[-¡ (x'-xl)Ro]

, 'R

J '. I . 1 a' .'. "" I • 3 a' .3
= [-E'.(x' -x')RO ¡ (x' -x')-E .. (x' -x')(x

'
-x¡)RO f ]d x'=O,

I , 'R 1 I

where agatn we llave integrated hy pans and whcre €¡;ix; =: O slncc €o(i;) = O.

3. Boosrs: for simpliciry we do ir along rhe % axis. Wirh 2, dlis mal' be
d . d' . .", x o o '( . Irotare In any treCrlOn. len,T) =: x .1] =: %, E01:;: W([ 1 slgna-

tuce -2), anJ (16) mal' be wriuen as

where we have used (I2a) and inregrated by pans.
Finalll', if L7]A

a
=: O, w(' mal' commu[(."£"7 with covariant derivation7

to gel
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as announced in (19). The conclusion is that an electrornagnetic ma[ter
syrnmetry (7) which is [he lift of the ILG gives rise [O an elec[romagnetic
(¡cId symmetry (9). As before, for a N ew[onian matter syrnmeuy 1, it was
necessary to impose tha[ W be [he lift of rhe syrnmetry group of space.tirne.
This new result could, (or instancc, be applied ~o a dHure plasma where it
would assert that a .syrnmetric" charge distribution implies [he existence o(
[he same "symmetry" in [he electromagnetic field.

B. Kinetic Matter Symmetry in Weak Gravitation

With gaf3 = 7Ja/3+ Eha/3' defining ha/3 = ha/3 - ~7Jad' and choosing the

harmonic gauge ¡;a{3 == 0, the field equations are
9
,,a

SO lhat

(21)

W¡ = hete impliest

(22)

which IS

if W is [he lift of [he lLG. We [hen procecd as before, uSlOg

(24)

and in[cgra[ing,
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J ro aI3' o' , ,o = Ü-'7J T ) (x • IR) R d -' =

tt IIII tll 13

= J[Taj3 rr¡'Y - Ta 'Y .r¡j3 ,_ T'Y j3 T)a ,] RO d-,'
,'Y .1' .'Y t

R

= J RO' [OTa'j3'/aXi'/ T)i'UR) + (OTa'j3'/OIR)T)°'UR
)] d'x' +

'R

sincc 7J~J3 is constant; hence we may proceed as in Seco A to condude

~ ¡;aj3 = O
7J

aj3
and since h "= h 7)0./3'

(2';)

~ haj3 = O (26)7J

TI~is result. as in Seco A. is not gauge invariant. With a gauge rransformatiofl
XU ;:; xo- EUa

and one gets8

Since j is of order E. from (7) ir may be secn rhar r¡u is only defined ro
zero order so rhar one may add to ir any vector f¡cld qo.,

ami then, choosing qa by
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a
- [7),0-]

one obtains, using(29), J::117)a,B' and (28),

(30)
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(3])

Tilus, the first order tcrms of 7]a may he used to eliminate a gauge transfor-
mation, and Viceversa. ~!e can again condude that a matter syrnmetry implies
an isometry if W is, tu zero ordcr, the lift of the ILG. Although it is not cIear
it secms to us that witl:out t1'e restriction to the ILG the result would not

follo\\' .

C. Linearized Hicci Collineation Off Non-fiat Space-time

Using the Green's fUfl'Ctional technique of Gilman and Sciama
10
•
1l

we
shall sce that a linearizcd T¡.Lv symmetry will give rise, if we impose sorne
boundary conditions, to an isometry. The Green' s functional technique is
particularly appropriate for the treatmcnt of perturbations, that ¡s, linea'"
rizations of possihly mm-flat space-time, unlike A and B where the base
space was Minkowsky. They ha ve g a/3 = ga/3 + Sga/3 3íld a gauge such that,

raising and lowering witll gafJ

v¡.LV Cf'T
".,. g

= _ kTfLV ,

with

(34)

and

TI' + ST"
v v '

(3';)
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Tu firsr order rhe operator D has an elemenrary solurion
pendenr on ga[3 unIy, and inregrarion rhen yields

The equarion is of course linear so thar one obtains

, ,
+ f gPff [Fa{3 Sgl'-V_
->O, ~ ILV;P

(38)

wirh

SKI'-V = y, [gl'- A (STv A - Y,STa aSVA) + gV A (STI'- A - Y, STa a) SI'- A] .

(39)

Ir is immediarely clear rhar if the perrurbarion is localized (rhere 15 sorne
closed hypersurface 'Or where ogILV and (ogILV);p are zero) non-marter (O'l1-LJ) = O)
perturbations cannot exisL If fur examplc W(' rake dr ro be a rube nounded
at J = Jo' t = 00 and ar sparial infiniry, and assuming thar perturbarions
vanish ar infiniries fasr enough, we simply have an initial value resulr for
non"'ffiatter perrurbarions; that is, if we Jo not ha ve rhe geometry percurbed
ar one rime, and if we may as sume rhat whatever perturbarion rhere may be
will die off fasr enough at future infinity as well as spatial infinity, t.hen
rhere will nor exist any non-matter perturbacions of the space time geometry.
In Sachs and Wolfe's paper3, with A=B =B" constant so as to eliminate d(>tlsity
perturbations, if Cp.' D¡.L'V and its derivatives are zero at one time, then they
will always remaio zero.

Taking Lie derivatives with respect ro 7] on equarion (33), if L7jl:atJ = O,
we get
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SO dIa(, Slncc it has the same form as (13), the solution is

(40)
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+ r gfXT [Fa'{J' r ogl'V _ Fa'f3' (l:: ogl'V) ] r.:Pg dS (41)
Ja, . ,Uv;p Ji} • p.V i} ;P u

Then, with a linearized malter symmetry of (he form

o (42 )

we must ha ve to zero order

so that the sufficiency (hut not the necessity) of 1) ~)('inga zero ordcr ¡sumetry
is exhihited, and to first order,

lIowever, L
Ó
'71 yJ.L v is a source solution 10 a gauge transformation 12 LÓ7] g 0./3

so that if.c. SgjJ.V +.c.t gJ-LV and its covariant derivatives are zero on 01,
11 07)

then they are zero on T. Ilence a localizcd malter symmetry will, after
gauge terros are transformed away, give an isomete)' .

.c g'0f3 = O
7) •

(44)

A relatcd problem, the initial values on L'71ga/3 necessar)' and suf-
ficient lO assuec us of an isometey, foc r¡ non-lightlikc, foc analytic non-linear
empty space-time, has heen solved13• If sorne such boundary oe initial' con-
ditioos are not lmposed in the full theory, a symmctcy of TJ-Lv or 1'0./3 or a
Ricci collincation will flot generally imply an ¡sometey.
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III. NON-LINEAR EXAMPLES WIIERE MATTER SYMMETRY

IS NOT EQUIVALENT TO ISOMETRY

A. Fluid Examplcs with Con formal Techniques

We will find space-times with 7] oot Killing and with

and

[;T =07J ¡LV (45a)

(45b)

From the Einstein equations we must then have in (he space-time a conformal
motion, so ,har wi,h R" R(g)" Ro.a(g'Y/3) we will bave

(46)

Then, froro wcll known conformal equations 14,

with

, 1 2-1a = - "2 n R, exp a = R ,

(47)

(48)

1'1 a" a a ha/3 = '"1 , a. ,/3 .•

and

(49)

where metric operations are taken with respect to ha.j3 , and

(50)

(51)
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Taking Lie derivatives on (47), with2 £:'1T;;(h) = £:'1Ra.I3(b) = O,
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(52)

We notice rhar a particularly simple way for ~1JRaJ3 (g) ro be zero,
with £:'1a* O, is fot £:'10;a. to be zero, TItis will, by d,e way, make £:') T;;(g)
al so zero since ir is homogeneous15 in a a. In a local coordinare sysrem

a.a..a. ,.,',.,
adapred ro 1) ,TJ = o, ' and since L a a. = (L a) a. we have7] , 7],

cr = consrant

so normalizing,

and

One musr only be surc rhar, with

¡-lb ;)g¡Lv=exp(-2t) ¡LV (x

R(g) should egual exp (-20-). From (47) and with'<

(53)

(54)

('i 5 )

exp (-2a) = R(g) = cxp (-20-)[R(b) +6(620-+6,a)] , ('56)

If 'fa./3(h) is duc ro a perfeer fluid we rben !lave
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T~/l(g) = [(p - 262,-, - I'.,a) + (p + 21'. ,a + LIla)] exp (-2a) x

x (exp(a)!la(h»)(exp(a)!l/l(h») + [(P+26,a+6,a) exp(-2a)]gaiJ -2aa/l(h)

('í8)
wi[h a constrOlined hy (56)(if i[ is no[, (45a) will nn' hold bu[ (<15b) will),

Tllar a dass o( soiurions exists is dcmonstrated by taking, [or h /l'
a a a

(he..t :;; O Robcrlson-\\'alker mecric. If we taker¡a:;; °
1
,= 0x so R(g)::;:: exp(2x),

and wirh}La ::;::- S: (here signo + 2) wc have

. • 00and wlth a a ::;::- S ami 6. a ::;::h we gcr• , a. I
p(t)/P{t) [o Olvoid confusion)

()9)

(wi[h z, usuOllly R(I)/R{t) he[e

wirh

p = (p+l) exp (h), ; = (p-I) exp (2x), !la = S~ exp (-x),

1'0 ger th is ioto a proper form 17 including recognizabJe heae conducrion wc
define a tracc{rec stress tensor 170./3 and heae conduction tensor qa. by

(61)

Olnd

(62)

and redefine

(63)
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One then has
get for (56)

-<1
trace íT = O, íTaj3J.L

<1-O, and q fJ-<1 ~ O.
" ,

Wlth exp / ~ P (1) we

31" + /" ~ R(h) _ 6hxX ~ -(6/P'(t») = 6 exp (- f) . (64)

One may solve (64) for P and then find p and p from the fieId equarions for
the Robertson-Walker metric18• For a proper initial choice of P(t), from
(63) p will be positive, and from (60) p ~ 3p if P ~ 3p (,,1,;eh ean be assured

• - 2 2 -/' " "by ehoosing P(to) sueh rbar 3(P/P) ~ (6/P ) - 5(P P) , allln a nelghborhood
of 'o' lt is not hard ro cbeck rhat there does nor exist a scalar r(x) such
rhar ,(x) 7) is Killing so thar scaling 7) will nor help.

',};.rehave constructed a space-rime where locaIly we ha ve a non-
perfeer fluid whieh obeys [;71 T;; ~ [;71 R/'v ~ [;71 T/'v ~ O bur whieh does nor
ohey, even scaling 7] by a factor, L7]gaj3 = O. A similar technique has been
used by Szekeres19 to obtain what he calls "local fluid s" in a Petro\' type N
space-tirne.

B. Other Examples

<1
If in Robertson-Walker we choose 7]a = 0e we will have

bur'8 [; R/'" = O and [; yI' ~ O. We also obtain rhen [;'lP ~ [;'lP
"T/V T/V
LT/fJ-<1 ~ O.

We sec that, in the non-linear rheory, a vector field symmetry on srress
energy tensor s, Ricci tensors, or macroscopic fluid properties, will nor ncccs-
sarily imply thar rhe veetor-ficld is an isometry.

C. NuIl Electrovac Symmetry

Recently, Woolley2o has found that if T¡ is Killing then L F is
zero or a duality rotarion in rhe non-null case. AIso recently21, 7w~vdiHer-
enr neutrino fields have been found possible in tbe same space-time. Not
so recently Witten22 consrructed a family of null elecrromagnetic ficId tensor s
i!} the same space-time starting from a solution by Peces 23. In his noration,
wILV = wf.L

lI exp (in (% -O) describes a Juality rotation, and sincc F = Re (;; )
" "11d d "¡W /'Vlt Wl epen on %-1 j however g does nor.

/'v
A more general case ¡s5

ds'~ - dx'- dy' - 2dudv + I/(x,y,u) du' (65)
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where r¡a. = S; 3 so. is Ki lling, covariant constant, and oulI, and
V

BerezdiviJ¡l

with

(66)

For a nuJl electrovac f¡eld

(67)

and ir rá.j3 = g [kag/l - kj1g al (whieh is Faj3 up ro a dualiey [Oeacion22). w¡eh
.4:0. = r¡a hefe and gaJea. ~ 0, g dg a """- 1, dIe Einstein cquations reduce [Q

'V'II ~ g'(x,y,u).

The Maxwell equations [(.duce tu solving, with ggU == hU,

(68)

(69)

",ieh h = (h"h,) = h(x,y.u). h' a
O. amI g go. := -1 glves

1 ' ,
(h) + (h 2 )

,
=g (70)

One may check rhar ,..a[3 ¡s illlit-pcndcnt of h3 anJ so pa./3 = FaS (x. )',u). If
WC, Iwwcycr, perCoTma Juality rO{¡uiOll rhrough a(v), keeping the sOlme metric,
and changing coordinares to t' = Z -/, \\'c see rhar a I - a = O, so th~t a(v)
preserves lhe Maxwcll equations as in Witten22• F¡..LV~1/ould'rhen depend on v
and rhe mctric would noto Wittcn's cxample is a spccial case with

g'= 4A' eos'k(z + 1), h' = h' = ,,"1,1 eos kYLu .
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lt is perhaps noreworrhy rhar Liouville' s equarion here requires the
marter distribution I ro be independenr of v. For, with

5

-.l ' 3 . "":\ r.:::..(i,¡,Ic) i 3 and unequal. Bur T33 = O for rhe merrtc aboye so rhar OSI uV :: O.

IV. CONCLUSION

Several well posed linearized maner syrnmetries give rise to isornetries.
There are, however, several types of fluid maner symmetries and null electrovac
symmerries which are not equivalenr ro isometries. Further work is under
way where several types of non-linear marter symmerries are examined.

REFERENCES

1. R. Berezdivin and R. K. Saehs, J. Ma,h. Phys. 14 (1973) 1254.
2. G. H. Ka,zin, J. Levine and W. R. Davis, J. Ma,h. Phys. lO (969) 617.

3. R. K. Saehs and A.M. Wolfe, Les Congres e' Colloques de L'Universi,é
de Liege, Volume 41 (1967); also, J. Ehlers, P. Geren, and
R. K. Saehs, J. Ma,h. Phys. 9 (968) 1344.

4. J. Ehlers, in Re/ativ;tá Genera/e e _Cosm%gia, eourse 47 of rhe
In<. Sehool of Phys. "Enrieo Fermi", od. by R. K. Saehs,
(Aeademie Press, Ncw York 1971).

5. R. Berezdivin and R. K. Sachs, in Reiatiuity, ed. by M. Carmeli,
s. I. Fickler, and L. Witten, (Plcnum Press, New York 1970).

6. R. Berezdivin, Ph. D. Thcsis, Univ. of Calif., Berkelcy (972).
7. K. Yano, The Theory 01 Lie Derivatives and Its App/ications,

(North-llolland, Amsterdam 1955).
8. R. L. Bishop and S.I. Goldbcrg, Tensor A'lOlysis 001 M.anijolds,

(MaeMillan, New York 1968).



382
Berezdivil1

9. C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation,
preliminary versinn, U. of Mary land, College Park (970).

10. D. W. Sciama, P.e. Waylen, and R.e. Gilman, Phys. Rev. 187(969)
1762.

11. R. e. Gilman, Phys. Rev. D2 (970) 1400; D. W. Sciama, ICTP
Preprinr IC/73/94, Miramare-Triesre (973). See also references in 10.

12. S. Weinberg, Gravitation and Cosmology, (Wiley, New York 1972).
13. R. Berezdivin, preprint Univ~ Central de ...V~nezuela, Depro. de Física

(973), ro be submi<ted for publicaríon.
14. A.Z. Petrov, Einstein Spaces, (Pergamon Press, New York 1969).
15. J.L. Synge, Relativity: The General Theory,

(North-llolland, Ams<erdam 1960).
16. Hecc with signaturc + 2 as in 15.
17. 1.M. Stcwart, Non-Equilibn'um Retalivistic Kinetic Theory,

(Springer-Verlag, New York 1971).
lB. R. AdJer, M. Bazin, and M. Schiffer, In/ro. lo General ReJativily,

(McGraw-lIill, New York 1965).
19. P. Szekeres, J. Math. Phys. 7 (966) 751.
20. M. L. Woolley,'Commun. Math. Phys. 31 (973) 75.
21. e.D. Collinson and P.B. Mortis, J. of Phys. A6 (973) 915.
22. L. Witten, Gravitation: An lnlroduction lo Current Research, ed. by

L. Wi<ten,'(Wiley, New York 1962).
23. A. Peres, Phys. Ilev. 118(960) 1105.

RESUMEN

. Es interesante el grado al que varias simetrías de términos fuente en
Relatividad General, imponen isometríasa Se muestra que varios casos linea.
rizados de simetrías de la materia dan Jugar a isometríasa Sin embargo, se
muestra que varios tipos de simetrías de fluido y de eJectrovac nulo en la tea.
ría completa, no son equivalentes a isometríasa


