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ABSTRACT: In many as(Cophysical and geophysical problems, the invariance

of magnetic minors is conect only to first order. Their slow

variations are important for maintaining radiation belts. They

could be determined by a method inspired by the c1assical

surface of section. The conditions for the existence of a

double surface of section are generally fulfilled in the motion

of charged particles in an axial magnetic field. Ir is then

only necessary to determine the trajectories for the Eioite

interval oE time between two successive crossings of the

surface of sec[ion and to inEer the law of transforma[ion of

the surface oi section. The slow variatíon of adiabatic invari.

ants as well as [he charac[eristics oi [he general motion can
[hen be deduced. The dipole case and [he method for detenni.
ning the secular variatioos oi the magnetic mirrors are studied
especially.
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Sorne 35 ycars ago, Prof('ssor \'allarra accepted me as a fesearch

kilo\\" in !lis dcparrment i.H .\tlT. Under his dynamic leadership. I studicd
rhe lIIociofl of cosmic-radiarioll parricles in die vicinity of the ('aflIJ, I was
lucky also [() discuss rhe problelll o{ the rIlotion of charged particles in rhe

{¡<-"Idof llIa~n('(jc dipolc with Professor C. Birkhoff. From borh [hese in.''ipi-

ration." carne rhe idea rhar rhe magncric equi1tor of (ile earth was a surface

of ...•('nion. Thc war broke out and rhis \\'ork was never puhlished. Af[('r-

wards engaged in Odlt'f activiries. I was unahle (O continue (he slUdy of [he

prop('rríes of rhe surfaC(: of st:'crion and in panicular. rhe dctcrminarion of

(he sint:ular periodic arhies. lIappily. I communicated my resulrs ro Professor

H. de \'o~elaere, he [Ook over1, refined my proofs and sho\\'cd ho\\' uscful
[his llledlOd c(luId be in cile S[¡;rll1er problcm. 1 [houghr ir suirable m dlis solemn

oceasion [o silo\\' my grati[ude ro Profcssor \'allana by scoding a paper eon~
eernin,g [hc same subjec[ for a more gencral [ype of dynamical problem.

1. ~IAe;NETlC FIELlJ WITII AXIAL SYMMETRY

For s[udyiog rhe dynamics of charged parricles 10 ao axially sym-
meUlC f¡eld, we wrire rhe Itamihonian of rhe morioo:

2/1 -p' +p'+[P1> -A]' = 1
R % R 1> (1)

The mas s of rhe charged panicle has been pur equal ro l. R, %, ejJ
are [he usual cylindrical coordinares and p ,p , p dleir conjugare momenra.

R % 1>.
A~ ' the unl}' component of rhe vec[()r poten[ial dlfferenr from zero, inro

which the el('etric charge of rhe particlc is absorbed, is a funccion of R and
% hu! no! ,-p.

The Hamilronian does nar depcnd on time; we choase I[S consran[
value ro he 1- \Vith rhis choice of units, time inrervals are num('rieallr
equal to are ¡engrhs along [he rrajecwri{'s.

\l'hen [he morion in rhe meridian plafl(' R, % is known, rhe ignorable
variable cP can he derermined hy rhe 4uadra[ure of rhe equation

U(R. %) (2 )
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Each lifle uf force will lie in a meridian

V "'" con,""r01nt and rp =- constant. Tile square of
meridian plafll' will obey [he reiarion:

plane and be defined hy
the parricle's speed in rhe
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'rhe second member of (3), l1e\'('r negari\'c. limits rhe morions ro an allowed
region uf t!le R, z plane d{'fined hy

IU[</I (4)

Ler us suppose {!lar in rhat domain, excepr possibly at some points on rhe
axis R ~ 0. U is twice cOf}{inuous!y diffef{'fHiable.

The motion in rhe meridian plane will he derermined by the equarions:

u O [u]-RdRR (5 )

.\torions of charged particlcs in a magncric field can be decomposed ioto:

1) a gyralion about a guiding centre

2) a slnw drift of tbis centre.

For t!Ji ...•purpose. we lTlusr dctennill{' rhe curvarure ccntre of t!le rr01-

jecrory. By defining cart('siall coordinates. x ". R cos rP, y - R sin eP. 1[ IS

possible ro evaluare their s{Ocond deri,oari,oes wirh respeet (O are lengrh as

funetions of x,y.x from th(' equ<lrions (2) and ('5). From rhe Frene[ rela .•
[¡ons, [he \'alue uf the Cun',Hure' is:

1
P

(6 )

rhe coordinares of rhe centre uf curvature are:
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The centre oC curvature al a point will flor necessarily lie in rhe meridian
plane of chis poioto Introducing ¡nsecad oC X, Y , Z, rhe cy lindrical coordi ..
nates Ro' %0' <Po one gets from (5) and (6)

~ __ 1 1 [ouJ 2 + [ouJ 2/ • R sin (<P - <P. ) 2

p2 R2 dR 0% í O o
1 dU
R dS

• (7)

(8)

In place oC R, % ir i5 somcrimes convenient to use as coordinares Hnes V ~ constant.
'fhen by definirion:

(9)

Consider now rhe diff('rcnrial relatlons

dI' + [O%J du
U ou V

dR -

d%

[ORJ dI' + [OR 1 dU
dV U dilJv

[~~J
Multiplying the

byaddi(ioo:

firs' one by [~JV. the second one by [~~Jone obtains
V

[~~JV dR + [~~Jd%
V

dUo

Bere, rhe onhogonality reJar¡an (9) has beco taken inro aeCoun(. From chis
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equarion, we gec

[~J.- [~J/ ¡[~J: + [~J:¡
and
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and finally % = % _ U ["%l
o "üJ v

(10)

If we expand R(U,V) and %(U,V) in power series of U and write R(O), %(0)

for rhe coordinares of rhe lines U. O, we ger, up [o second order in U:

Ro = R(O) - ~[,,' RJ
2 "U' \.',0

+ ... , %0 = %(0) -~ [,,'.1
2 "u'J \.',0

+

( 1 1 )

Following Srormer, we call rhis line2 rhe borrom of rhe valle)' or
ClrhaIweg". Aloog tbe rhalweg there is aIso a lioe uf force, particles aod
meridian projecrions of rhcir cenues of curvarure coincidc. For gyrarions
for which U remaios small (U2 negligible) rhe rhalweg can he cunsidered as
rhe guiding cenrre.

1'0 avoid rhe consideradon, as ccn[re uf gyrarion, of a poior ourside
rhe meridian plane of rhe parricle, ir is advanrageous ro ahandon rhe srricr
magnewdynamical puinr of view. We shall rake maximum advanrage of rhe
rigorous inregral of angular momenrum. Insread of considering rhe circula-
ror)' motion of Larmor, lcr liS envisage an oscillarory morion in rhe meriJian
plane following rhe parriclc ando as a guiding centre, a mean of rhe meridian
projecrions of [he [rue guiding cenue, [har is rhe poinrs of coordinares Ro' %0

whic!t generally differ liule fram R(O), z (O). Then ler us takc [he [halweg
(lJ = O) as a line of referencc for rhe positions of rhe panicles. '\10r('ov('r,
ler us restriet our choice of A4> so rhat along the axis of symmetr)'. one can
c!touse an origin such rhar z ae; O is also aplane of synunetry: (f( + %) - U(- z).
We can then define an even periodie function g()') b)' rneans of

R(O) - eg(y) co, y, %(0) - eg(y) sIn y (12)
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where y is rhe larirude of rhe point (R(O),z(O) on rhe rhalweg.
From an}' poinr P(R, z)(fig. 1) in rhe allowed region of motion,let us

draw the normal ro rhe secrion of rhe rhalweg Iying in rhe same hemisphere,
supposed ro be unique. The straight line joining rhe crossing of rhe rhalweg
T to rhe origin will form an angle v wirh the normal and angle y with the
equatorial axis.

Ler u be rhe distance TP; sin ce rhe angle uf TP with the R axis is
(v +y), one can express rhe coordinares R,z:

R eg(y) eos y tu eos (y t v), z = eg(y) sin y tu sIn (y t v).

(13)

From dle onhogonality of PT wirb the thalweg, one gers

d(eg(y) eos y) eos (y t v) t d(eC(y) sin y) sin (y t v) = O, glvlng a defi.
nition of u in analytic forro:

ran u :2 _ (14)

u is t!len an odd function of y such that V ::= O for y ""'1: O.. Eliminating u and
v from (13) and (14), we ge,

(R siny - z eosy) = dg [(R eos y + % sin y) - eg(y)]
dy

(15)

When lhe lhalweg is defined (g(y) given) for values of R and %, y ean
be de'ermined from (15) and u from (13).

For evaluaring the }acobian of the transformation let us notlce thar

The relalion (14) eould be used 10 eliminare dg/dy

[ORJ =-sin(ytV)~~+U[I+dVJl
oy " leos v dy í

Performing the other parrial derivation amI noricing thar
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we get finally

Godart

J =
cos v

+ u [1 - d'g en,' vJ. (16)
dy'

The singular poines whcre J = O will have tu be specially discussed.
In the following developments. ir is sometimes interesting to change

che scales of length and time in arder to dccrease the numher of physical
parameters.

Foe example, in rhe case where ,1,p i5 proJX>ftional ro an homogeneous

function of R and Z of arder -n,

which is rhe case of rhe d¡pole ficld (n = 2). let tlS change rhe scale of
length thro~gh R::::- R'P<:j) E, z = %'Pq;;E. and rhe scale of time rhrough
ds = dtp4J ~ where the constant angular momentum PcP and rhe f1cw cons(unt

€ are related ro rhe physical constant e by:

Tite Hamiltonian (I) can titen take rhe form

2H'. p' + p', +Q'(R' .r') = £'
R' %

(18)

(19)

In rhese cases, rhe chalweg defined by Q!! l/R' - F-n (R', r') - O will be the
same for any constant of motion appearing explicitly only in the new constant
energy £2. When possible, we shall consider the flamiltonian (9), dropping,
further on, the primes.

Changing the variables R and r into u and y with the canonical transfor-

malino p dR + p dr - p du + P dyR % U )'
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and using

]p%

= P d% _ P d%" ay y du

= P dR _ P dR
y dU " dy

we get the new Hamiltonian

2 2 2 2 2
2H = P. + p /] + Q = €

" Y
(20)

Q will then become a íUllction oí u and an even periodic function oí y. A

consequence oí the parity oí º is the existence oí a solution in the equatorial

plane % = O or its equivalent y = O. In íact rfz/dtn [computed by succesive

differentiations oí the equations oí motion deduced from (19)] can be ex.

prcssed as polynomials oí d%/dt such that the indepcndent term is ao odd

function of z. They will be all zcro when

% = d%/dl = O •

\\oreget the equatorial orbit by integrating

(21)

(R,%=O) (22)

Ho",'ever, the thalweg is not lO general a solution oí the dynamical problem

(20). In faet,

dp
"

dI

2
_Od{{ + py d]
- du ]' du

(23)

If the firs( term is nil on the thalweg, lO annul dle second for u ~ du/dt - O we
must have dJ /dU = 1 + dv/dy ,.,.O because, in that case, we get from the

Iiamiltonian p~ := e?J2 ? O. This will happen ooly in the very special case
where g(y) == -log(cosy/Ro) which defines the straight line R 31: Ro as

thalweg.
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2. TIIE APPROXIMATE PROBLEM AND [TS SURfACE 01' SECTION

Lec liS considcr the dynamical system dcfined by (9) whcrc Q(R,z)

¡.s any funecino twice diffcrentiable oC R and % even in %, such {har che
transformarion (13) js permissible, cxpressing rhe dynamical sysrem in che
form (20). Recalling rhar rhe allowed regioll for rhe movcment will be defined
by -€ < º < + €, rhe extcnt oC the "valle}'" around the rhalwcg will ¡ncrease
wirh €. For rhe case uf high angular moment, where € is very small, (he
limiting solucions are poiots oC cquilibrium on lhe rhalweg, and Pu' Py and R
are small quantitics oí (he ordcr €. As º ¡5 nil on rhe thalweg, its power
expanslOn is

Q = uúJ(y) + 8(u').

Then u wiII be a1so oí the order oC € and

(24)

[~J=úJ(y)+o(€)
y

From (he relatinos

[
oQJ = udúJ +o(€)
oy dy

"

cos (v +y)-¡ sin (v+y) ~

(25)

oQ sin(v+y)+¡d; cos(v+y)oQ
oy

and noting rhar oQ/oy ".. O on rhe thalweg, wc gel

úJ (y) -

computed at º ".,U == O.
In the case ofaxially symmetric problems, º will possess a terro in

R-
1
, and úJ(y) tends to infinity for y tending towards ~1T. As

dy / dI - Py /¡' - O + o(€). equations (23) become d'u/dl' - _ uúJ' (y) + o(€')
and we oDtain an harmonic oscillation of frequency w(y). This suggests a
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tran sformation:

x
" = [2,o,!6J(y)] > sin '1, x

.0*= [2,o,6J(y)] > cos '1, (26)
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whcrc'l, =6J(y)t+Q(€)and,o, = constant+Q(E2). Nowy appeats in Ibis
transformarion; lO make it canonical, it is convenient to change y and Jl

y
by

introducing an odd funcrion of y

(27)

The conjugate canonical momentum is titen

.o = roO e'"&'(Y) cos V-h sin 2'1J6J16J-'
s t y rl ds]

Weget for me transfonned lIamiltonian

(28)

To an approximation of £3, /J is a constant and die motioo iDs. or its equiva-
lent y, can be detennined by me eliminarion of /Js aod dI £romme lIamiltonian
and the equation of motion in s:

(29)

If we call GtJome minimum of ú1(y), mere eIÍst possible vaJues of the square
01 me gyration amplirude such mat 0< 2,. < El/CUo• To avoid complicated
structures, we shall suppose thá'.t t.here is only one such minimum; ir must
meo be neccssarily me equalor .•y =- O, as w(y) is aD eveo fUDction ol y
reaching infinity for y - t: ~".. We are men able lo find a -mirror-latitude-
y. solution of the equation £2 -1'1 ú1(y)..

The charged parricles will oscillate between latitudes y. and -y.
following the differential equation
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(30)

In[cgrating in s (rom O ro s". we gel 2/" oC [he number k(ym) gyrations
during a completl' oscillation in latitude. This number depends 00 y and'"
also 011 f? and ir bccomes infinite when €: rcod .••to O.

Except for the equarorial orbit, all trajectories will eros", rhe equator

bctwecn [wo consl'curive mirror points ami witl do ir indefinitdy.
From {'aeh regular point oC rhe surfacc in [hree dimension.'i dcfincd

by 2/1 - €2(cq. (20» thefe begins one and only 011(' orbit. Choosing rhe three-
dim('nsional sr.lCe u/f., pulE, y in tbe approximate prohlem, orbits widl a

given mirror latitudc)' will cover f¡flite [wo.dimcllsional .suTf.lees wirh rhe
'"three planes of coordinares as planes oC symmetry.

The secrions wirh y ::!II constant, existing onl", for -y < '/ < '\.' , are
1 _ '" • -'",

ellipses of axis

amI
-1

(w(y) w(y ))
'"

The arca of these s{'ctions remains constant: iT/w(y",). As ydúJ/dy < O they

wilI fir inside one another, the surfaces having higher mirrof l.uituJes being

inside of d:ose having smaller ones. The equatorial-orhir (Y", =- O) collapsed

limiting surface surrounds all the others (fig. 2). '111(' limiüng surface when

)'m tends to iT/2 is a ¡ine: the y axis where PI =: O. Thus the infinite number

of rrajec[Ories on this surface differing from Orle another by thcir rhase q will

collapse to a line of non-gyration: the thalweg solution of the dynamical

problem [O Ihis approximation Q(£3) unly. lt might be useful here [O recaH what
is meant by a surface of section.3 If a dynamical prohlem ¡s represented by

n independent autonomous equations~of the firsr order, its solurion can be
represcntcd by the stcady mo£ion of an n-dimensional fluid, of which the
moving point has the dependent variables as coordinares. Now, sup-

pose thar a c10sed (n-l) -dimensional anal)'tic surface S can be construcred
in tbis manifold of starcs of motion in such a way that, within an)' sufficient-
Iy large intcrval of rime, ever)' stream cut s S at kast once and always in the

same sense. Then S is ealled a .surface of sccrion".
In this approximatiot1 tO the dynamical problcm, the equatorial plan e is

a surfacc of senion. Ir cuts aH the surfaces wirh a givcn mirror latitude y,"
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Fig.2. Perspective ol (he minor surlaC('s for y :=:: cf, 30. and 45-. The envelope
ol those surfaces has heen drawn in bró1en lines.



52 Godart

¡¡long •.hat we shall call minor curves. 111e equatorial orbit ene loses aH of

Ihero, límiring lhe allowed region; as rhe mirrar 100ritude ¡ncreases continu'"
ously (roro O to 71/2, rhe corresponding miTror curve will shrink continuously
up [O dlf' central limir poior for Y", = 11/2, filling in thar way Ihe whole sudace
of section. 1'0 a poinr of rhose curves whidt do llar cross eaeh orher, could
be assigned a uDique value ol a parameter, such as a pllase oí gyrarion, in
such a way as (O define sorne kind of polar coordinare sys(cm. lIowever
[he canonical variables Uf p have the advanrage of gíving a mappíng of dIe•
surface ol seclion' whích preserves (he area fOf (he solutit.1f1 of rhe dynamical
system. Their expressíons of rhe nth crossing of .he equator by a (fajec(ory

(q••• y.) are given by :

sin ['1' •• + (n - \) 4 {y•• ) ro]

(JI),
p~- j{O)¡"'í{y •• ) cos ['1' •• + (n - \)4{y •• )rr]

lf "(y.) is nor a racional number, tite phase angles will he all distinct when
n ¡ncreases índefínitely. BUl in rhe amer case, (he munber oC distinct phases
will be fíolee and che trajectory períodíc. Far each oC [he corresponding
values ol [he miTrar lalÍrude Y", we shall ger, in rhe approximare problem, 3n

¡n(¡nice number of ordinary períodíc orhits coveríng [he corresponding mírror
surface in space y, u, Pu' 00 lhe surface of seclÍon, when Y", varíes (rom O
(O 'T7/2, rhe dense ser of mirror curves wiU cantaín 30 ¡nHoíte denumerable
suhset of continuous curves formed of periodíc points only.

To lix me choice of (he paramcrcr [O be used as coordinare, ler us
consíder me segment of 3n orhit in rhe R, % plane between (wo successive
crossings of the equator, Iying thus completely in one hemisphere. Because
it could be followed in both senses, it will define two trajectoríes with inicial
point.s in the equatorial plane VA. ' P" and Va' Pa • In [he [hree-dimensional
space u, Y"" Pu mat segment with ItS two boundary poln[s A, B will be called
a semi-orbit. It ",ill ha ve a mirror latitude Y",' But if one HajeCtory. le[
uS say me one starting from A. has a mirror phase q",. the other, starting
from B, will have a mirroring phase 17-'1.,' The operatíon of passíng from
one trajectory of the semi-orbít (o me other wíll be called che mappíng ,\f. In
particular. we have M(A) - B, M(B) - A. The operator l\f is symmeulcd l:
M2

" .•• L Ir produces símply a change of '1", to íf - q,.,. in [he equations (31)
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for n :0:0: O. The elimination of q", between these equatlons gives the law of
mapping:

PA
eos 1Tk()' ) + __ sin 1Tk()' )

m '" (O) m

(32)

On each of the mirror curves there wiII be two invariant points for M:

such [ha[

v'A
p'
A

_¡_lan
",(O)

!¡1Tk()' ) .
m

These POifI[S will corrcspond tu the mirroring phases qm - 77/2 and 377/2,
where borh speeds du/dt = Pu and dy/dt are nil; they will dH'n be on the ¡ines
Q = :i: E, the boundary of [he allowed regioo, and will appear in [he R, % or
u, y plane as self-rcversing orbi[s.

As "(Ym) varies from one mirror [O another, these invariant points
will be aligned un Som(' kind of twis[ed radii of the surface of section,
dividing i[ in tW(}pauso As the mapping 1S con[inuous, rhe represcn[ative
points wi[h intermediare rhases will movc from ooe segmen[ to [he other.
The prolongation into dIe other h('misphere of rhe rrajcctory starting a[ A
wiIl be 00 aoorher scmi-orhir of thar hemisphere, wi[h a staning poinr ar the
same loca[ion, bur wi(h an opposire direcrion from 13:

~ -P
B

B' will play (he same role as A for this oew semi"orbit, which will ha ve
anocher boundary poinc A'. Because of rhe syrnme(ry of [he problem, (he
mapping opera[ion will h(, (he same M(B') - A'. The equu[or is (hen a
surface of sectioo in (he sense of Poincaré- Birkhoff3 and A' is the ca'"
nonical mapping of A. In facr, [he surface of sec[ion is double bccause [he,
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rrajecrories cross the cquatorial planc in borh scnses. '1'0 pass from (lne

surface of section (o rhe other, ir is sufficient to apply (he rcflcction opee-

a{Or R, which effeets a change oC the sign oC rhe coordinare P. Because of

symmetry, rhe (\\'0 will coincide and could be considcred as one surface oC

scccion always eros sed in rhe same scnse, and the cannnical mapping wilI

consist oC [wo identical transformarions T of rhe surface of section ooto

itsclf, each one dccomposed into [wo operations:

T(A) - R.Il(A) - B' .

The mirror curves )'m 1<2 consto arc invariant undee rhe operator.\f. In

rhe approximarc problem rhe mirror curves are symmetric with respect (() (he
axis U, and so rhey will also be invarianr undee R and t1~llS undee T. which
will maintain invarian( die mirror ¡atirnde.

Along (he elliprical mirror curve. rhe angular parame(ric coordinare

of rhe boundary point will increase by rhe consranr angle 1TÁ':(ym).

3. TIIE GENERAL PROALEM

Coming back lO rhe general dynamical problem where ~ is not negli .•

gibly small, a condirion sufficienr for rhe maxima in y (O lie in the upper

hemisphere and rhe minima in rhe lower, is thar

> O (33 )

for rhe allowed re~ion ourside rhe thalweg. Ir is quite easy to see rhar for

dy/dt - O, d'y/dt = -l¡ClQ'/Cly. If ,he condi,ion (33) is fulCilled, y and irs
second derivative will have opposire sign, and rhe eqU:Hor will still be crossed
by all rhe orbi(s; the condition (34) ¡neludes rhe relarion (21) which is tia'
condition for die existcnce of a surface of section for sufficiently small €.

For the extrema 00 the thalweg, Q - O, d
2
y /d12 ,. O.

The calculatioo of higher derivarives of y, taking ioto account the
value of du/dl ,. Pu • €, and d2u/dl2 - O, gives:

.Iy _

dt'
(34)
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_ 10
2
W ( ) dw- y-¡2 dy . (35)
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From the condicion (21), d4.y/dt4 also wiIl have a sign opposite to y, and the
extrema on the thalweg will not be an exception. Two situations may arise:
the allowed region of motion (u,y) may be f¡nite or infinite; the equatorial
section is fillcd by the boundary points of the scmi.orbits in the first case
but not when the alIowed are a is infinite. In fact, the trajectories coming
from infinity, after reaching their first extremum in y, wiII cross the equator
at a point that is flot the boundary of a semi.orbit. We shall not deal with
this case in the present papero

As in the approximate problem, the boundary points of the semi"'orbits
having the same mirror latitude will define the mirror curves which, in the
same way, fit on each other. However, their limiting point for Ym =- 71/2, the
crossing of the equator by the singular orbit, now distinct from the thalweg
(see (23)), wiII not nece~sarily be at the origino l1lis implies that the mirror
curves are Ilot necessarily symmetric with respcct to dIe axis U. As a Conse-
quencc, although the mapping M of A wiII still change the phase qm to -qm '
the rencctlon R wiII not necessarily carry the boundary point on to the same
mirror curve Y", (see fig. 3), and the mirror latitude will generalIy change
from one crossing to the other. Moreover, the variant mirror surfaces, in rhe
space u, Pu' y, wiII no longer existo Even so, certain trajectories will have
a limited number n of distinct mirror points; they are rhose for which
T" (A) ~ A and T"' (A) t A for m < n. These poin's will be ealled periodie
points of class n. Their determination is important for following the general
dispersion of the mirror latitudes.

In the application of the last geometrical theorem of Poincaré4. near
the periodic mirror curves of the approximate problems where k is a rational
number, there will stiH exist periodic singular points. A theorem of Kolmogorov5

also proves the analytic continuation of almost aU the quasi.periodic solutions
of the approximate problem to the general problem. As the ratio of the frequen.
cies of the quasi.periodicities changes continuously, isolated cases of com.
mensurability will give rise to periodic motion.

In the general problcm, the self-reversing semi.orbits (q - 71/2, 371/2)••continue to exist: their boundary points still form an invariant curve for the
mapping M, which we shall call m¡. Applying the transformation Y to this
curve n times, we obtain a resulting curve which we cal! m . It is easy 10

2"
see that it is formed of points invariant under the transformadon Ry2n+1
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Let us notice (ha( (he axis P = O is invarian( under (he operarion R.
U/e shall call i( tno• If we apply T lO dlOse poin(s n rimes, \\le gel a curve
rr~2n which is invarian( under (he (ransformation RT2n

~Ioreover, le( Us no(ice (ha( all (he periodic orbi(s symme(dc with
respec( to (he equation will havc a( leas( one poin( 011 rno; we shall discover
all the differen( symme(ric pcriodic orbits of class r by considering (he
crossings ofrrL, with tno with (he coodi(ion that ffik(k < r) does nn( include
(he same poin(. To determines 'rrL ,ami ffi + ' we have (o calcula(e a

2n 2n 1
dnuble infini(y of trajectories up to n + I crossings of [he equator. This is
usually done by numcrical in(cgration, in which dIe precision decreases w¡(h
lncreaslng n.

To give an illustra(ion of (he surface of sec(ion, i( is useful to proceed
graphieally (see ligo 3). The point [) is lhe singular poinl (y •• ~ Tr/2). \\'hen
Y", decreases, the mirror curves for)' > Y¡ will not cut (he axis P ~ O and
will ha ve (heir nex( mirror la(i(ude Icss titan y¡ «(ite singular orbi( Ym
wi(h a phase q",); (ite mapping ,\f(O') gives E(-qm) 00 the same mirror
curve. Applying R, we see (ha( the next mirror will be a( a la(i(ude
Y"" ao d s o on.

The difficuIty of representing paramc(rical1y (he surface of sec(ion in
the general case is due to (hc fan tltat rllC orhi( starting from the singular
poiot Y", - íT/2 is no longer the (Italweg hUI a complica(ed curve (hat, in
general, will only be de(erminable by numerical in(egra(ion. Ir seems beuer
for i(s representa(ioo to go back to polar coordina(cs in (he original R, %

plane by puttiog R ~ reos A, % = r sin A. The lIamii(onian will take
(he form

,
2ll ~ P; + P" + Q' (r. Id = €' .

r'

Dne could deduce from (20) the following relations:

(36 )

P, = p. eos p..- (y + v)]
P, .

__ J Sin

J
[(y +v)-r..]

r
PY eos [r..- (y +v)] + p. SIn [(y +v)-r..]
J

(37)

If we coosider a sectioo A of (he manifold of motions, we could represen(
ir 00 a sphcre of radius E:



58

E sin e
r

Q =- € cos e sin (1)

Godart

(38)

wherc e ami el> are [he spherical c()()rdina[( ..•.•• TheTe will be a onc-to-onc

relalion between r, Pr, P,. ¡¡nd O (-rr/2 ""O.;. rr/2) ¡¡nd <P (O~ ,p ~ 2rr). If [he
represenr¡ui\.c poio! of (he tr,ljecrory comin~ from rhc sin~ular point has for

coordinares f3 and X. lc[ us make a doubl(, rotation of coordinares in such a

wa)' thar rhis point is Of) [ite axis of s)'mlllctry of a [le\\' .•••y .•.•(CIll of sphcrical
coordinares p, q .

P, == € cos P cos q Cos X - € cos psi Il q sin X eos f3 + € s in p s in f3 sin X

Q :oc € cos p cos q sin X + E: eos p sin q eos X eos f3 - € sin p cos X sin f3

r

PA -= Ecos p stn q sin f3 + € sin p eo,e;;j3 (39)

For [he different latitudes A, slIch a rransformarion couId b(, envisagcd and
,he Iimi,ing line will be defincd by P = rr/2:

Pr - 2 sinX(A) sin¡'J(A) Q = - € eosX(,\) sin¡'J(,\)

PA = € eos ¡'J('\) (40)
r

00 [he surfacc of section, A:= y == V = X = O and p -= P ; p'\ Ir al p /J ;
O u r 1\ y

R - e
g
( ) + u and Q(R. O) could bt, so1ved for j.L. The surface will (hen be

represented by (he two parame({'rs p and q; q is a phase angle approximately
equa1 to q) and p;oo: conS(an( is ncar1y a mirror curvc. Instead of considering
families of trajcctories ref1cctÍng al a cons(an[ y, Ic[ us consider lhose r('-
flecting a[ a cons(ant A. and defin(' [he phas(' a[ the mirror by pUlting

Q :.= f sin ql", , Pu - € cos ql'" wl1ere (he qlm are ChOS("Jl to allow easy harmonic
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analysis; for exampk, [;lking values of qlm - 1T1c/n where n ami A:are integers,
rhe fir.''l fixcd, the other taking all values from O to 2n - l.

It is then possible (O obrain r fmm thc cxprcssion for Q (r,l--.) and y is
dercrmined by noring rhat (15) can be writt<.'n in rhe forOl

SIn [A. - (v+y)]
T

Finally, using (37) and UY) we can dctC'fmine Pm ami q",.
Ir will then be sufficient to calculare IIOW P and q vary wirh \ ro ob-

tain rhe rwo crossing poinrs of the semi-orhir envisagcd. This can be done
by numerical integration of the differential c<¡uarioos of rhe first order of P
and q obtained by raking rh(. time variarions of (39) and using the lIamiltonian
cquation of motion ro eliminare dPr/dt ami dp,,/dt, and equatiolls (40)
themselves ro eliminare P, ami P)... \1;/eshall then ger the curves of crosslng
points of rhe semi-orhirs reflecring at the saOle laritude t,., differenr frum y
except on the rhalweg.

4. TillO DlPOI.E CASE

To apply rhe rheory of rhe previous sections ro dIe magnctic dipole
case, a suitable choice of coordinates givcs6

with

Q 1
R

(41)

£ _ eM

cp'
1>

(42)

•(e charge of (he panic1e, M magneric moment). Equarions (12) ami (14) hecome

The same angle y has becn used by 1.emaftrc and Bossy7 for rhe study of orbi(s in
the valley. They also used (he variable u wi(h a meaning different from (he one of
(his papero
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2
cos y , tan v := 2 tan y ..

Godan

The {'xprcssioll fOT the )acohian (17) is

2J :::1: COS Y
cos v

+ -'U [1 + sin'y J
1 + -' sin'y

(4-')

'1'0 have one-ro •.one correspondan ce oct\\,('('f} R,% ami U,}' as defincd by (13),
raking lnto account rhar sin (y +u) := 3 sin y eos ti, we musr ha\'e

%

Sin }'

2= eos y + )u eos ti > O ..

forro

To guarantec rhar all rlJ(' points on th(' eqU<lwr can be represcntcJ by unir
one value, rhe intcrs{;'etion \\'irh rhe equawr of the normal ro rhe thalweg
must be in (he forbidden zone IQI > €. A.'i ir is given by R

1
= % eos)',

from rhe expression ror Q ir can be fOllud thar rhe maximum value of l is '~.
This is large cnough (O cover most of the C,L"('S of physical inrcrest. As for
t!tis I¡mit on u, [he )acobian a lorlior; will IHH he nil except al the singular
poinr)' =- 7T/2, and rhe uansformarion (I .,) can h{. applied.

From (21), we ~et w(y) ~ (cos\' cos v(l, satisfying the condition
for the exisrence of tbe surface uf secrion in ritc approxima[e prohlcm.

To verify dIc ,general cundition dQ2 fap..2 < 0, let liS compurc it in che

OQ <_1_ >0
Oy Qsiny

~lOW

OQ oQ OR oQ 0% [OQ Oo. J= + -=] cos(v+y)- -sm(v+y)dY dii. dY ~ Oy""d;" dii.

Noting [itar tll(' re}¡uion (15) can be wriucn

% ("os (v+y)

sin y
<:0.'" v (3R-2 cos)')

ami pcrforming [he panial dcrivati\'cs, one ,L:{'[S
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_1 _ d_Q_ = 3J ens v [_1_ + __ I_~
sin y dy R2 (R2 + %2 )'1,

2R ens y J -
(R2 + r' )'1,
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= 3J ens v ~Q + __ 2__ [(R2 + %2)'1, - R ens y 1J ¡
~ R (R2 + %2)2 (R2 + %2 ) Y, í

In ligo 1, lines ha ve been drawn for rwo eypical constanr values of Q,
with rhe dípole problem as ao cxample. Ir is quire clear from dIe definirions
rhat u/Q is always posíríve. Insread of u, a parametric angle X can be used,
beíng defined as the difference of rhe posirion angle of rhe poÍnr P and irs
guiding centre R. From rhe propertics of rhe rriangles OTP, ane deduces:

Then

sin (v-X)

2 2 14
R - (R + %) ens (y + X)

sin (v - X)

(46)

(R2+%2)'I, R =sinXens(y+X-v)

ensy (R2 +%2)'1, sin (v-X)

and finally

_1_ dQ ~ _ 3J ens v ~~ + (!!.J 2 ens (y +X - v) I .
sin y dY Q 1 R Q (R2 + %2)2 ens y í

(47)

Sine e ,he lati'ude nf ,he pa«ic1e ly+xl~ ,,/2 and has ,he same sign as
,he parame,er v and Ivl < ,,/2, we have ,har ,he angle Iy + X - v I< ,,/2 and
rhe second member of (47) is always pOS1t1ve. The equaror separares maxima
and minima ol rhe y larirude of rhe guiding cencer along all rhe orbits. A
real surface of section muse however have a finice exrenC in rhe allowed region
ol morion, and rhis wiU happen for € < 1/~. Thís is che geophysical case for
ehe particles of rhe Van AIlen Bele. In rhe problem of cosmÍc radiarion
~ o( € < ~ ; rhe equaror will still have mose oí rhe characreristics oí a surface
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oC scction. This was studicd by dll' .1tuhor in <ln unpublished papero Part
of rhis work, improved and ('xtendcd by de Vo,gelacre. has bcco published2
The rheorcms oC thar papef could casily he extended [() prov(' [he con<!iriolls
of continuity tacidy assumed in rhe pr{..••eor mOfe ,general case. ¡\ lthllugh

introduced in anothcr way, (he same curves m of rhe last paragraph WCf{'•srmiied in great dctail, and [he mos{ inrcn'sring p('r¡odie orhits wcr(' loea[(,d.
The srudy oC [he geophysical case and in particular of (he variations of rhe
mlrror of laritude is in progre.'is. The approxirnatc prohlcm has 1)('('11 .0<;0Iv('<18•

Ir was found rhar [he ratio of da' numbcr o( gyr<uion of (a[¡cude osci 1_

lations can be expresscd as

k (y )
'" 2:"cos 2'J V::. n . m

€ cos-4)'
.'"n

where Y", is rhe rhalweg
serIes g1Yen in Table I.

mirror latitude and k•

Table 1

r!le coefficicllt of él Fourier

n O
0.802639 -0.312062

2

- 0.017952

3

-0.000970

4

- 0.000154

'5

- 0.000013

The StruCrure of rhe surface of secüons can he dcrermined when the
canonicaI coordinates are expressed for a giv{'n € as a funnion of the parame-
tcrs Y", and q",. This funcrion being periodic in borh param{'ters. ir is suf-
{icienr [O calculare a d¡serete number of scmi-orbits for valu('s of)' • q

'" '"chasen in such a way rhat one can perform an harmonic analysis of rhe resu!ts.
The main difficulties mee with in the numericaI inregration of rhe semi-orbit
are due tO ies strongly oscillaring characrer.

A modifica[ion oC [he classical Ollc-to-onc s{ep m('[hod has bt.'('n iotro-
duced ro correct for the quasi-periodicity in w(y) oC the solution of the primi-
tlve equations

(48 )

BU( when y IS nearn/2. this method requlfes a prohibitive numbcr of S[Cps.
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lIow('\"er. it ought w be noticed that in this verI' narrow valleI' of the
alloweo region in R, % die approximate solution is a very gooo approximation
becau.se the neglecteo terms are of the arder of E cos\'. In that solution,
rhe center of gI'ration is also the trajectory starting from the singular point
)' ~ 11/2 which is not an)' more the thalweg but rather the limit of the locallI'
non-gyrating trajec[ories when the point of non- gyration )'0 tends w 11/2.
An asymptotic expansion of this solution has been calculated by defining,
from the coordinates Ra ano %a of this solution, the relatcd paramctt'rs

., = a= E' C'
4(4-3C)

(49)

U'e can tIJen obtain for r an expansion as a power series in a with Ix)lynomials
in x as coefficients:

••

'/
r=(R'+z')' =e[I+2 2.a'"R (x)],

3m -2
( 50)

where 3m -2 i s the degree of the polynomial. In Table 11 art' listed the integcr
coefficients of these polynomials as wcll as those of the first derivativ('s
express('d in [h(' form:

~(r - C) - 22. a'" P,,"o' (.,) = P
de

(51 )

These series diverge I.lear the equacor hut are certainly valid down 10 4'5o;
here a ::3: E2/I60, x ". %. From tilere, the gyrations being le ...•s rapid, it is
po.o;;sible to procced with numerical in[cgrations down to the t'quaWf.

The two angular functions¡3(~) and X(~) can be cvaluilted from thc
relations

dr drr _- __
dA rde

4 tan A P2 sin A cos A == ::z sin A tan ¡3
1 + R

(52)

Q- _l_(l_~)_
,..,le r

2R ::2 E cosX sin¡3 .
eY,(1 + 2R)

( )3)
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TABLE 11

a) Polynomials R"

Order of 2 3 4 5polynomials

~1

O 3 - 225 81270 -59687685 72810408330
1 3 - 522 281610 - 275252580 418713709050
2 - 324 333774 -483969195 976837762260
3 702 - 505638 458013204 - 420278955156
4 945 -1933470 3745676682 - 8924656265226
5 -1330722 5652939564 - 21316241372130
6 1475658 -1933429338 -6280145858520
7 1818126 -13767970788 61785741068856
8 -9127789317 103025486714022
9 7604933832 -8432824263930
10 8438353605 -162263802551868
11 -100791968025060
12 71261633813274
13 714}4447876386

h) Polynomials Pfl

Order of 2 3 4 5polynomials

~

O 15 - 2025 1056510 -1014690645 1529018574930
1 27 -6570 4673970 - 5670798660 10303857724050
2 18 -8262 8385930 -13324203405 30004115294880
3 4536 - 3083598 448818570 -10426392501350
4 22915 -41970474 88277487606 -233203101554394
5 17010 -64555866 214260910776 -795187994836482
6 - 3899826 108160493454 -809051179343940
7 76205286 -388434179052 1522755936596808
8 54543780 -682537768929 5212025793185454
9 -130872135780 3765009253928958
10 524427966783 -5384356498192960
II 354410851410 -10527214091635980
12 - 2486380549>64838
13 6063114552274098
14 3857460185324844
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As P ami R 3re of rhe orJer of é2• X and f3 are small quantities of (he order
uf é. showing that q ~ q l' ami

"eos p '\l (úJ(ym)1 úJ(y)".

In fig. 4 we show [he crossings of the singular orbit with tite equator
Cl'ntcr uf the surface of sectiun.

\\o'eare proceeding at present ro compute the families of orbits which
parametrlze rhe surface of seetion for € =- 'l.. The results will be puhlisheJ
elsewhere.

C:O:"CLlJSIO:"

As we have seen, a great numher of axi-symmerric dynamical problems
pos.''i{'SS a surface of section. The knowledge of the transformation uf the
sur(acc of section in irself enahks one ro dctermine complete rrajccrories
hy passing from one semi-orbit ro another. Usually ir will be sufficient to
compute a limited numbcr of .••emi-orbits propcrly choscn to dcscribe the
complete prohlem.
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En muchos problemas astrofísicos y geofísicos, la invariación de los
espejos magnédcos es correc[a sólo a primer orden. Sus variaciones 1cmas
son importantes para mantener los anillos de radiación. Se pudieron determi .•
nar por un método inspirado en la superficie de sección clásica. En general,
las condiciones para la existencia de una doble .superficie de sección se curo..
plen para el movimiento de partículas cargadas en un campo magnético axiI.
Entonces sólo se necesita detenninar las trayectorias para el intervalo finito
de tiempo entre dos cortes sucesivos Con la superficie de sección e inferir
la ley de transfonnación de la superficie de sección. Se pueden entonces de-
ducir la variación lenta de los invariantes adiabáticos, así como las carac ..
terísticas del movimiento en general.

Se estudian de modo especial el caso del dipolo y el método para de .•
tenninar las variaciones seculares de los espejos magnéticos.




