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A IlSTRACT: We analy?(' Ihe prohlem of a radiatill~ harmonic oscillalor in
interaetion wilh Ihe random 7.('ro-poinl radiarion field. 'l'e ob.

tain a solution uf Ihe equarion uf motioo by takin~ into accounr
C'xpliciliy rhe faet rhat (he partiek modifies the fil'ld. This

Solulion go('s asymplorically into a stationary statl', rhe sta •.

tistical properlies of which are precis{'ly those of rhe ~round

srat(' of a quanlum-meehanical oscillator. 're show furthermore,
lIsing Ihe formalism of sroehasric quantum mechanics, rhat rhe

sralis[iea! hehaviour of the harmunic oscillator in equilibrium
",irh rhe radiarion fi{'ld is exacrly described by the Schr;;dinger

equation. :\ similar trearment lIsin.': rhe blaek"hod}' radiation
field at lemperalun's T>O yields the exeired Slales of Ihe
SySI('m, which u,l.:ain coinciJ(, wirh [h(, quantum-meehanical
results. U'e concludt.. thar the harmunic oscillator in th(' random

.
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electromagnetic field is nol a classical system -as is usually
assumed _ buI a model oC the quantum-mechanical oscillator.

and in het a more detailed,model Ihan (he usual one, since

rhe approach (O equilibrium is also described. From rhe so-

lurion oC rhe equarion oC motion we obtain in a suai1o:htfotward

way a non •.divergent expression foc (he Lamb shift of rhe

harmonic oscillator; rhe resub coincides with [he usual quantum-

elecrrodynamic result when a te!arivisric cut-off frequenc)'

W == mc2/-6 is used. U'ith the same cut-oH frequency, we
e

also obtain che mas s r("normalizarion oC ,he electron, again

without ao}' divergencesj Ihis correcrion is pf'oportional ro

[he fine- srtucture constant.

I. INTRODUCTlON

In the course of the last years there have appeared varlOus attempts
to reformulate quantum mechanics (QM), motivated mainly by the need for a
deeper understanding oC the physical principIes underlying this tlteor)',
Perhaps the most widely accepted view among the slowly growing circ!{" of
dissenters from the traditional views is that the physical content of QM is a
stochastic process, whose nature remains as yet unknown. Two main streams
of tltought share this point of dew: On one hand, several authors1•2•3 have
shown that it is possible to derive the fundamental laws of QM by a.<>signing
a stochastic cltaracter to the dynamical variables of the partic1es. Although
rhis Jescription, which we call stochastic quantum mechanics (5Q;\0, is
strongly reminiscent of Brownian motion, there are obvious differences that
must b{. taken into account. This requires in particular the introduction of
specific dynamical postulares wltose only justificarion (ar tltis time) i .••prag-
matic, inasmuch, as rhey allow us tu derive Schr(;dinger's equarion.

On the orhcr hand, t!Jere e)Cisr several ólttcmpts to derive quanrum-
mechanical resuhs by studying the mOlion of a harmonically bound particle
with radiation n"action, which reach{"s a stat(. of equilibrium through irs ¡oter"
acrion with the stochasric zero.point radiation ficld4 .•7• In this description,
which we call stDchastic electrodynamics(SEO),the dynamical postulares
are clear; what is nor ar all clear, however, is that rhe fe\\" rcsults ohtained
up (() now after considerable eHart (c.~., thc <-'tH'rgy and lhe Lamb shift fur
rh{, gruund srale of rhe harmonic oscillator) C('presenr quanlum-mecltanical
results, and nO[ merel)' results thar could be predicred for a Brownian motion.
rype (i. e., classical) system. (The objection rhat onl)' very .<>impleproblems
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are tractable with this method simply stresses a teehnieal, but not conceptual,
difficulty.)

These two approaches are not mutually'exelusive. On the eontrary:
an appropriate combination of them results in a dcher theory whose basie
postulates are elcar and whose results are justified. In fact, SED gives us
the answer to the basic' question of SQM about the nature of rhe stochasrie
force responsible for the quanrum-mechanical behaviour of the elecrron, and
at the same time, SQ~1 provides us with the necessary tools to demonstrate
that the system describcd by SED is indeed quanrum-mechanieal, As a re-
sult we~obtain a physically wellfounded and consistent picture of tbe quanrum-
mechanical system.

In this paper we justify this proposition using the example of rhe
harmonic oscillator. First we solve rhe.problem oí rhe oscillaror in its
ground srate using the basic postulares of SED (Seetion ID; the treatment
we use can be extended to yield the excited states as well (Section I1I).
Once we ha ve ohrained this solution, we show that it is consisrent with rhe
desctiption of the quanturn-mechanical oscillator as provided by SQM(Sectioo fV).
In other words, we show that by starting rrom a Langevin- type equation for
rhe harmonic oscillator coupled to a stochastic electromagnetic field whose
spectral energy density is given by Planek's law, we may derive the corre-
sponding Schrodinger equatioo as a statisticallaw deseribing the equilibrium
state of the sys.tem.

The maio results of our treatment are che following:

a) The harmonically bound partide of SED follows ,he rules of QM once ,he
system has reached the stare of equilibrium; rhus we eonclude that QM is ao
asymptotic theory'. Clearly, wherher our solutioo holds al50 for smaller
times is a question rhar requires furrher iove5tigation.

b) The joint aetion of the electromagnetie forces upon rhe particle produces
a Lamb shifr, whose nonrelativistie value coincides wirh thar predieted by
nonrelativistic elecrrodynamies with a cut-off frequency CLJc _ mc21b. 9 Moreover,
a convergent result is obtained even before introducing any cut-off.

e) The trearmenr can be applied in particular ro che free puticle, to ea1culate
the mass renormalization due to ¡ts eoupling with rhe zero-point radiarion
field. Again the result obtained is convergent (though too large) even befare
introducing relacivistic considerations

Introducíog once more me relarivistic cut-off frequeney CeJe' we obtaio
rhe result Sm - am/61T.(a - e2/1fe), which confirms the assumption usualIy
made in quantum elecrrodynamics that the mass renormalizadon is of order
a.
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II. T1IE STOCIIASTIC IIARMONIC OSCILLATOR IN ITS GROUND STATE

l. Sratement of rhe problem.

We ser out te study rhe motion of a charged harmonic oscillator in
Dne dimension, following rhe Hnes af SE Iy" • .5.7 • According (O this rheory,
rhe osciJlator is acred DO both by a random, stationary elecrromagnctic force

and by rhe radiadve reacciono In a non-relativistic trcatment ir suffices [O

wrir(' rhe Lorentz force simply as eF., rhe electric field f! being a stochastic
(unceian of time only. lIence rhe equation of modon reads

(1)

wheTe Wo is rhe natural frequency of rhe oscillator and.,. - 2e2/3mc3•
Far p{t) ro represent rhe zero.point radiation ficld, we muse ¡ropase

011 ir the following conditions: i) ir is a srationary Gaussian proce.'ls with
zero mean; ii) ltS Fourier transform, defined throu,gh

HU) - (I/,!21;)J~ !(w) exp(iwl) dw

wirh

•!(-w) -! (w).

has a eorrelation4 • .5.11

< !(w) ¡"(w'» - (U/3c') Iw ¡'S(w-w') •

(2)

(4)

Eq. (4) implies [ha, [he spectral ene'gy densi,y 01 ,he lield i.-$w'/2rr'c'.
lIaving specified the field rhrough irs sratistical properties only, we

are foreed ro make a statistical description ol the system. The ensemble
averages are raken over rhe ser ol aU possible !(w).

Next we go over to che solution of Eq. (1). We impose on it more

srringent requirem~nrs man earlier rreallnenrs. First ol aH we demand chat
the solution be causal. which in chis instarlce means chat x is [O be computed
as ao integral extending from O ro 1 to take into account only the retarded
effecrs of B(I). Secondly we pay a([~brion to the eHects of che radiarion-
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reaction force. As is well known, [he'charac[eristic equation associated
wi[h Eq. (I) is usually wriuen as an algebraic equation of third degree, oc,e
of i[s roo[s being spurious and giving rise [O !"ID-awaysolutions. We merefore
propase a solution which a priori is rela[ed only [O [he physically legitimate
roo[s of [he charac[eris[ic equa[ion, namely,

I

x - ~ E•• (t') exp [-a (t -1')1 [a sen w, (t -l') + b cos w, (t -I'~ ál'

(5)
wi[h (T > O. The parame[ers a,b,a and úJ. are determined by introducing
Eq. (5) inlO Eqo (1). Aher selecring a and b in lhe form

a - dI + 'Ta)/mw, b - e'T/m • (6)

we are leh with [wo algebraic equa[ions for a and úJ
1

:

w~+ (1 + 'Ta)(a' - w~) - 2'Taw?- O (7)

2a (1 + 'Ta) + ,.(a'- w') - O (8),
and a differential equation for 8"., [he field as modified by its interactior.
with [he radiating pauicle:

o. ,
-rE +[(1+,.a) +rW,'lE -E(l)o (9)•• ••

Since E(t) canno[ be disconnected, we do no[ ¡nelude [he general saludon of
[he homogeneous equation. To solve Eq. (9), we [ake its Fourier [ransform
and use Eqo (2). chus oblaining:

where

E••(1) - (I/Yi';)J~(/(w)/6,) exp(iwl)áw-~ (10)

(11)
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After inrroducing Eq. (lO) into'Eq. (5) and performing rhe time inte-

grarion, we obrain:

x ~ (e/mlbT) f~({(ÚJ)/6., 6.,) { exp (jwt) [ 1 + 2'rCT+ jTW] +
-~

+ exp(-at) [(TW - (1 + Ta)(CT + jW)/w ) sen W t -(1 + 2TCT+ jTW) co, w,t]}etv, "

(12)

where

(13)

For times long cllmparcd wirh a-1, the insranraneous }Xlsirionof rhe particle

is givcfl by

x = (e/mlbT) r ({(W)/6., 6.,)(1 + 2TCT+ jTW) exp(jwt) dw
-00

,
Hence we se," rhar rhe oscillaror gradually rcaches a stationary sta te, 10

which it is in stochastic equilibrium with the vacuum ficld.

2. The energy of rhe sys(em; rhe Lamb shift.

\t'c are no~' in a posirion to calculate rhe average energy of the oscil-

lator from rhe usual formula

I -2 2 2 4'ím<x +wx > (1),
A word o( cau(ioll is requircd hcrc, however. By deriving Eq. (12) with re-
spccr (() rime and (aking I - O, we ob(ain:

; (O) - (eT/mlfii) J~({(,,)/6.,) dw = (eT/m) " •• (O) •
-00

Ilcnce, rhe inicial vc¡oci(y (which IS a stochastic variable as well) is d¡Her-
("nt (rom zcro and contrihu(c." ro the ¡nidal energy an amount
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. ,
(e'7'/47Tm)<Ij(¡("')/l\)d",I >-~ (15)

7

What we are interested in is rhe energy e(t) the particle has acquired Slnce
/ = O; rhis is obtained by Subtri.lcting (15) froro (14). We calculare it after
rhe transient has disappeared, i. e., for /» a-l. Using Eq. (4) ro pedorm
rhe averagcs. we fina!ly ger

where

A. = 21; /3c'

, ,
,\1 = ",' (J + 27a) - 7' (",'+a')

1 1 1

M, = (J + ha)' + 7' (3"': - 2a')

(17)

(18)

(19)

The inregral in Eq. (16) is clearly convergent. Two facrs have combined ro
produce lhis convergen' resulr: i) Eqs.(I4) and (15) ho,h conlain a logari'hmi
cally divergent inregral which cancels our when we rake their difference to
ge' Eq. (16); ii) R•• differs from R in ,hal i, cunlains <he denominaror 6,("'),
which eliminares a quadraric divergence. Ilence ir is clear rhar rhe intro"
duction of B". is crucial, and rhar a perrurbative approximation to ir would
desrroy rhe convergence of Eq. (16l.

For the calculations rllar follow ir is convenient to inrroduce a set
of dimensionless paramctcrs defined by

qTJ = ha (20)

and a dimensionless variable defined by

In 'e'ms of lhese, Eq. (16) ,eads:

(21)
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(22)

In cerros of rhese oc\\' variables, 6
1

becomes

,
(1 + q7J) + u •

(23)

(24 )

(25)

(26)

Notice chat the cnergy as gi\'cn hy Eq. (22) has a value differenr from zera
even foc úJo = O (i. e., q = O); this value is

£0 = (;"','/47TmT')J(du/(l+u)') (27)
O

and represents rhe cflcrgy acquired by a free panicle due to its ¡nteranioo

with rhe vacuum. The nec coergy of the oscillawf is dterefore the diffcrence
between E and Eo' which we call 6 E::

(28)

fhe integration may be carried out exactly, hUI rhe algebra ¡nvolved lS quite
complicated. We thercfore rre(er ro introduce sorne approximations rhar simpli-
fy rhe expressions: we ohserve (irsr dmc fOf a nonrelativistic oscillator,
q = T2úJ~ « 1, ami hence conclud{' from Eqs. (7) and (8) th.:u dle values of
J.1. and TI are close to unity. Pcrforming all the calculations ro f¡rst order in
q (¡he zeroth ordcr tcrms cancel oud. wc ob(ain:

6£ - (;"','/47TmT') [27Tvq - 2q - 3q In q]
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or 10 terros of the physical parameters:

(29)

9

This result, which rcprcscnts rhe (average) total equilibrium cnergy of rhe
oscillator, mal' be divided inlO two parts: in d'e first place. da're is the t('Cm
~5w which coincides wi{h the energy of thc corrcspondin,g mode of {he vacuumo
with which ir is in equilibrium; the sccond conuiburion represents {he 1.01mb
shift of the oscillator due ro its self.interaction via rhe vacuum ficld. Th(,
resült obtained for the Lamb shift, which can be approximated as

(30)

is quitc gratifying, since it is of the right order of magnitude and its compu.
tadon did not involve divergent intcgrals. Its numerical value mal' still be
improved by raking into accounr relati\'istic effects. such as the uncoupling
of the particle from the ficld and its incrcascd radiation at high frcquencies.
The siroplest way of dning this is by cutting off the integral in Eq. (28) .l( a
frequency Wc of order mc2 /5. Introducing this cut-off we ohtain fm til(' Lamh
shift:

(31 )

This rcsuir ('oincides exacdy with rhe value given hy nonrelativistic quantum
elecrrodynamics foc rli{' ground stare of the harmonic o...•cillator. wIJen the same
cut- off fr{'qllency is introduced lO make the result conv('fgent.12

Hesults similar lO ours, hut based on a som{'wliar differcnt approach,
have bt'('n ohrained previously by Marshall4 (or rhe ground stare {'nergy and by
Braffort er. al. 5 and San ros 7 for rhe Lamb shift of the harrnonic oscillator.

3. Th{, mass corr('ctioll.

As 0111important by.product of our trcarment of the iJarnlOnic oscillaror,
we obtained in th{. prl'vious s{'crion an exprcssion for rhe ('nl'rgy acquir('d by
a free particl(' in the vacuum field (see Eq. 27). From lhis expression we
may calculate the mass correcrion by carrying out rhe indicateo integrarion;
we obtain

&. 2 O/Sna) m (32)
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This r('suh, dlOU~h finite, i.'" c\'idently [00 large. To gel a better esrimare,

we introduce rhe feLuivi.'qic cut-off fr('quency wc' whose value we mal' con"

sidec [O be determined by dIt. prcvious caIculation oC rhe Lamb ••hifl oC rhe
harmonic oscillawr; this amounts to introducing ao additional (ac{Oc (2a./3}2
in (32):

Óm=(a/6rr)m. (33)

Thus ir is pl)ssible to ootain from elementar)" calculations the renormalized

mass of ao eleclron in interaC(ion with [he elecrromagnetic vacuurn13; this

rcsuh justifies lhe usual assumpdon oC quantum electrodynamics [har Óm ""o.m.
~otice rilar the numerical coefficient in U3} is sensitive ro the selected cut'"
off.

111. EXCITEn STATES 01' '1'11E IIARMONIC OSCILLATOR

1. Calculation oC the energy.

As rhe tcmpcraturt' oC the heat bath rises, (he oscillators of the ensemble
become excited, i. t' •• they go over (O higher .energy states. In this Section

we study an enscmbl{, of oscillators in equilibrium with (he random electro.

magnetic fieId at (cmperaturcs T> O. whose spec(ral energy density is given
by Planck's law:

(34)

,
wbere lo - 21ílwl/3c'. € - exp(-~w) and /3"1 - kT. We ¡berdore wrice
¡nstead of Eq. (4):

. ,
<f(w)f (w » -I(w)~(w -w') (35)

wbere I(w) is given by Eq. (34).
Now we propose to write (he Fourier componen[ j(úJ) of [he electric

field as a power series in £:

(36)
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It is easily sccn frum Eqs. <,)4) ami (35) tltat thc c(Hf(,lation of the l. has

tbe form

Usin~ this ami Eq. (36). W{' may rewrite Eq. n5) as follow.s:

< / (w ) / ' (w • ) :-

SinCl' tia' fe ¡He n + 1 difíerellt combillatitlns of intcgers k and k' such that

k + k' "'" n and n c~Jmbinations for which k + k' + 1 ~ n, the above result can be
writ({'n also in the fmm:

N

< / (w) /' (w' )> : (I - E) lo Ó ('v - (v' ) "~o (2" + I ) E" (38)

~O\\' we inrroducl' [his ioto thl' ('xpr( ....•sions of Sectinn 11 and follow the same

procedure to calcula[(' rhe enef~y of the ellsemble of {'xcit(,d oscillatof.s. In

performing the integrations. W(' obS('rVl' that tlll'rl' is a strong resonanc(' at

w ~ wo' due to [he dellorninator /12; hl'IlCl' \H' can mah' an approximate ('valu.
a[ino of the iott:grals by taking the facwLs E'1'l:lQ; ('xp(-n~úJ) out oC the inte-

grand and wfiting them as exp(- rJ{3!fúJo) - the price \Io'C pay for this simplifi-
cation i." tbat we can no lon,g<:f (,<llculatl' the Lamb shift fm the excitl,d states.
\l'ith this approximatioll. \\Oe arri\'(, .H tlll' .••imple result:

where

!¡~ú!o(2"+ 1) £" Q (I - E) ,-
nEO "=0

t -1iw (n + ~) .
" O

(39)

(40)

6€ fepreScnts rhe avcrage eJll'rgy o( the (l',cillators of thc ensemble. Eq. (39)
telIs us that thefe af(' an infiniH' Ilumbef of possible stat('s, contributing with
an energy Ef'J and with statistical w('igbt £". Tile factof in (ront o( the sum
in Eq. (39) is jUS( the in verse o( the panidon function Z:
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anJ rherefore Eq. (39) can he rewriucn In lhe (mm:

( 41)

Thus \\'(' han' ohrain(,d [\\'0 fe,"mlrs of QM. nam{'ly: j) rhe ('nn~y (oc

dlt, n~h ln'l'l of (he harmonic oscillaror. Eg. (40), ami ii) dl(' a\'~ra~(' (,IH'r~y

for a mix('d ,">(ate in t)¡ermodYllamic (.'quilibrium with (be black-hody radiation

'-11[cm¡Wratufe 'f', Eq. (41)"

2. The dCllsiry of parricles.

The fesu!ts ohrain(,d allo\\' us tu Cl!ClILUt' che probahility d('nsiry p
as a fUlletion of x. Let lIS begin. for .••implicity. h\ de('rminin~ Po' (he
density al T:::I: O. To this end \\'e calculare rhe ml',;lI "qU,lrt' uf x{t) (O (¡rsr
order in r. from Eg. (12); rhe fe,sulr is

\\'ith (he same approximation, i[ follows fram Eqs. (7) and (8) rhar

(43)

Sine e Eq. (1) is linear and HU) 15 Gaussian, ic follows chal p(x) is also
Gaussian; we [hcrefore ,R:et

2 -
exp (-:c /2:c;) (44)

Ir can be (.'asily seen from the calculations of I1I.I that the density of the
mixture a[ [cmperature T is Gaussian as .••:ell, i[s variance being
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~foreover. since the ensemble is in equilihrium, we have

Z-l'\' nP -, _p.E .
•

Eqs. (4';) afl(1 (46) together imply the formula

(4'; )

(46)

13

(~/127T :g O + E)] exp [- (x'/Ú;)O - El/O + El] = (l- E)~p.E'
•

from \\'hich we may determine the P,. by i(('r~Hive derivation • .\tarshall has
shown4 (hat (he p. ob(ain(,d with tbis ()eIH'ra[in~ func(ion coincici(' with [he ex-. - ~
pres .••ions of Q.\1 for all n. if x; is (aken as a constant paramc(er of value

(47)

which i, prccisel}" the value givcn by Eq. (42) for [jt» l.
O,her fOlmulae of Q.\1 can h(, derived from (!lis formularion in the asymp-

totic limil of lill~(" times. FOI ins(ance. (he mean square of p{t):-: m;{t) at
(CmpCLltUre T = U is

Pn2 = !<ffm tl, . n

fm al» 1; ffOITlthis ami Eq. (.17) w(, ohtain dw IIcisenherg rcla(ion

(48 )

(49)

{pr lhc f:rlllllld S{,lle. To dCli\'(' ¡lll ;lll;lII),l.:01l", Icl.Hioll flll rile ('xci(ed S!a(('S

\\l' \\.11('

"ud llilllsfocm [his ('qu,Hion usinJ,: Eq. (.í')). {¡l ~(,l
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£rom which

In a similar way we obtain

From Eq. (50) and (S]) i, follows tha,"

de la Peña and Ceno

(50)

(5 1)

(52)

Within chis context, dlC m('aning llf the lIeisenberg relatioos is precise:

rhey relate che dispersions of a pair of dynamical variables and hcnce can

only be' inrerprered in rhe statistical sense.

IV. Tll E SClIRODlNGER EQUA TI O:"

]. Swchastic quanrum mechanics.

We have shown thar (he solurions tu [he dynamical problem defined by
Eqs. (1-4) Uf [heir generalization (1,2,34-36) coincide formally in rhe asymp.
(Otie ¡¡mit with [he corresponding results of QM. To confirro OUT basic propo.
sition. namely, tha¡ what we are dealing wirh is a quantum.mechanical system,

w(' should he able ro derive rhe Schr~;din~er equation as an asymptotic equation

of our rheory.
:\ simple way (O achieve thi~ is by using the dynamical description

.'rovid("d hy stochastic quantum nH:chanics. For the sake of complcteness
\\'(' prcs{'nt hcre a brief re\'i,.'v uf till" main results of SQM3

,15 •

Th{, theory gives a statis(ica! dcscripdon of the behaviour of a stochastic
parr ic h.. in configuradon spacc; h~'nc(' i( is valid only aher local equilibrium
has hc('n <luained. T\\'o different local mean velocities are associated with
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lhe .<.;wcliasric lllotion of (l1e p"nicle, n<lIlH'ly. lhe forward and (11<.' baek",'ard
\"C.,locir;"s or altt:fnalin:ly. th(' sys(,IIl<lric (v) ,111<1lhe swdlaSlic (U) velociti{'s.

'1'11(: f¡rSI of [bese l'f1('fS iUlO [he ('ollrilluiry equ.uio(l

(O('/O() t IJ. (vpl ~ U

.•nd t1w s('('ont! llll(' is ,gi\'cll h)

u p (IJ o/n) (54)

\\11(,[(' [) st,llld ..• for rhe díffusioll codficil'lll. '1'11('''(' \'('lo('i(i<:, can be lIb-

t.lilll'd hy applyill¡! [{l x tht, lkri\',llin' opnators

;llld

,11 = (%/) + v • V
e

2
~ u • V + pV

(51 )

v~fJx
e u (57)

In d('\cioping ,he dynamic .... w(" [('fn fm ,implicity onl)' (O fhe case

111which lhe l'xtt'mai force is dcrivahlt- frnm a pOlnllia1. Thefe are (\\'{) dy.
lldlllical equ;llitlll"': 011(' {lf dll"m ('xpr(',",s('s liJ(' Ctlll,SCf\';\liPIl of p"nicles and

1I('11('{' i ...equi\,dl'lI{ 10 ,he cOlltilluity ('(IUalillll. ()\). In (an, we Illay deri\"('

ie by t<lkill~ lhe gradienl of 1-:'1' «H) ,tlld r('writing che rt'stdt in terms of lit('

,t11lJ\'(' defilliliolls:

(5~)

'1he "ecolld dyn,llllical ('quatiofl r('\;u('" (he ,lcu,kr.ltiolls lO IIH: ('xt('rnal f(lrn:

F: l' C¡lll 11(' ....110\\11 el1.tl I!J(' IIH1St ~('l1erill liJ.l(,.Ir reLuinllsiJip i ..•

Ñcv-"f),u=F/m (5Y)
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where A is a real paramcter. The sigo of A is crucial in defining the dynamics
of the system. In facr, ir has beco shown thar Eq. (59) applies ro Brownian
morioo when A. 2l: -1 and {Q QM when A - + l. The latter is mase easily
demonstrated as follows: instead uf v and u. take [WO ocw funcrions w+ and
u'_ such thar

(60)

and rewrite the fundamental equations (58) and (59) in ferros of [hem. The

oew equations uncouple and linearize upon the further change of variable

lf1t - exp w::t

In facr, we obtain after a (irsr imegration:

(61)

(62)

where F - -l7v. We see rhal {or" - 1, Eq. (62) indeed reduces ro the SchrOdinger
equation, if [he diffusion coefficient is given rhe value

D -1J!2m

The probabiliry densiry 15 glven in general by

(63)

(64)

•ano fOf A a 1 in particular, t./J+ • ifi_ I as follows {rom Eq. (62). For further
details we refer the reader to the literature.l.J.15.16.17

In the following we apply this description to the harmonic oscillator
of Sections 11 and 111, with the aim of demonstr8ting tha, it obeys dIe SchrOdinger
equation for t» a-l.

2. The identification oC the harmonic oscillator oCSED as a quanrwn"'mechanical
system.

Let us return to the one ...dimensional slOchastic harmonic oscillator
discuss.:d previously. To simplify the calculations, we shall determine the
velocities ti and u for fhe ground state'only. The stochastic velocicy is ob .•
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taineJ fmm Eqs. (44) alld (S4):

- (/J/-;~) x (65)
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<tnd rhe sys(l'maric velocity IS determineJ by integrating the continuity

equation (53):

•v = - (l/pHOI<lI) J pdx
o

- gu (66)

(67)

U'e no\\' ask ollr,('I\.(,s if dl('s{' ve!(I(,i(i( ...• sa(isfy (he fundam{'n(ai cquations

()f SQ~1. Fl/. (SH) is au(oma(ically sa(isfil,d for all (ime .••• since it is cquiva-

(ent (O (he COll(illuity equa(ioll (')3). FlIrtiH'r, w(' use till' ahove r('suirs to

calculatl'

t\ccording to E(p,. (:i2) alld (ú7), this fedllCl ....•to

x , (68)

J9 v-AJ9 ue ~ (69)

fm 1»0-1• This ('xpl"l'ssion is llIe<tningless if we (ake A =f 1; i( would
d('scribe a d}'namicaJ J¡,_.J¡aviour wbich is llei(h('r classical nor (Iuantum-

'mechanical. On (he other hand. we sc(' rhar with A = 1 Eq. (69) coincides

with Eq. (59) ir at ,¡'" '",me rime we take n =-ff/2m. Ilecalling from III.l that
Eqs. (58) and (59) 'J.'id, A.= J and D =-Ir/2m are equiva!ent to the SchrOdinger
equarion~ w(' arrivl' d.r lhe conc1usion (ha( (he harmonic osci (la(or of SED is
no( clJ.S~jC"clI. ~).Jt~1J.U1(um-mcchanicaI. It is eas)' to cx(cnd the trea(men(
(o (he (:xcited ..•,~.t('.••and (hus show (ha( the)' aIso satis(y the Schrodinger

t'<.Juatioro •
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'1'11(: rheory of SQ,\l does flor provide' (he mean s for f'valuating [he di(-
fusioll cocfficiellt 1) and hellcc ha.~ admitr(,d Eq. (63) as an empirical formula.

In \'icw of [hi." unsatisfacrory situation •. ">{'veral auemprs have becn made [o

estim¡He lhe valu(' of D (rurn ~('Jl('ral physical argumcnts18• lQ. A."i shown abovc,

a cOlIsi.s(,l1t (rcatme'nf of rhe harmonic o.scillator confinns Eq. (6.). bu( since

ir •.• \"aluc ('vid('ntiy does no( dqwnd un liJe ."'p('cific problem (i. c" 011 (he ex.

{('rnal (orce). w(' may cnnsider (!Jis as a ~('n('ral resulto \1:'(' should like tu
insi ....•,[ h('[(. on tfI(' meaning uf [his resulto nameiy. thar Planc~'.s con"nant

('ntcrs in lo Q.\l precisel)" throu~h lJlanck'.' disrriburion la\\" fm rhe ratiiarion,
ficld (wirh zero6poinr ellergy).

\'. CO:-'¡CLUSIONS

A new picrure of Q,\f ha.s ('lIIer,gcd from rhe presenr [rearm('f}r of [he
harmollic oscil1aror, which can be ('.sM'IHially surnmarizeJ as fol1ows: QM is

a srarisrical theor)' of particles - insoCar as the}' abe y a Langevin.t}'p{'

equation - tha( inrcrac( wirh da.' random e1ectwmagncúc fieId produced by the

resr of the universe. 1'he COlls('quellce of rhis intcracriall is [wofold: i) rhe

e1('crromagn(,tic ficld hecomes modified by [he presence of the material sys({'m

(r('call rhar a field P.". builds up in rhe example of the oscillator coupled to
tia." "acuum ficld H); ii) the particle acquires a stochasric morion with a
starisrical beha\'iour "..hich «,flece •• any regularities, such as the wave.like

properties, rhat rhe field may POSS(',"s. As a result oC dlis murual action, the

S(fuctufe acquired by the ficld as ir adapts irself to the environment (including
slits, bor<!('rs, otiler panicl('s, and ."0 on) becomes manifesr throu,gh rhe sta-

tistical rq:~ularities of the motion of the particle, which aH along its trajectory
receivcs via [he field an intcgral informarioll about the whole sysrcm. This

explains rhc appearance of t}'pically <¡uantal phenomcna: for instance, rhe
elcClron intcrference panero obrained froIU a double slit experimenr can be
(!lou~h( nf a •• a rranscription oí dI<: cOffespunding pattern impress('d upon (he
f¡eld by th(, presence of the sli(s. From (his point of "i( ..w, i( is clear that
intcrferUlce and orher wavelike ph('nonl(.'na in Q.\f can be de(ecred only hy a
lar.'!:e series of experiments. ,"'¡nn:' (hey are preJic(cd for the ensemble. In

fa('(. according tu our theory all rhe t¡uantum6mechanical descriptioo is in rerms
of (h(, ensemble and hence can only yit"ld s(arisrical predictions; t!lis theory
anually serves to "indicate the so.cal1('d s(atisricai imerpreration of QM20•
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As w(' haV(os("(;"n,a furthef consequence of dIe interacrioll he[w('{'n the
particle ..•and Ih(' randol1l ('Icctromagllceic ficId is [he appcarancc of addieional
e{feC[s such as [he Lamb shifr and rhe mass correClion. Tll(' possihiliry of
carryin,g out din'r,gell('('-frcc calculaeions of [hes(' effens could be regardcd
as a nwri\.arion in ir...•elf fm funher rescarch inro rhis more gencral formularion
of <¿.\l . .\lorel)\.cr. we havc s{'en rhar [he quaneum-mechanicai sysrcm aJmits,
at Icast in princip1c, of a lIIore comple[c descriprion rhan the olle provided
by rhe lJ...•ual [heory. since: i) [he prc ..••cnr description is in r{"nns of <4hiJden
variables". su eh ;l .•••[he Flltlrjer amplitudes I(ú}) or rhe position and the
velocity of til(' elemenrs of the ensemble; ji) Q.\f is oh[ained in 01(' asymptotic
limir.-afr{"f the illi[ial rran ...•iellr Itas dicd away. For rhe harnlOn1cally hound
panicle, (he corrcspollding inrcrval is /» a-l = 2/T('()~ t fmm Eq. (43), Uf

wriuillP E =1ñ(~J 'ZT)mc2and'A =mc2/'ti,I»'A /aTJ2e2. FOrall{'ller-t" o 0- r r
" "1 1" 1" "" I 1" 1" > 10"15 10"lbgcuc p.Hue e t liS llOnre atlvl. •.•tlc ca cu atloll pre{ Ices / ? _ seco

\I.'e would like lO make a final Tcmark ahoUI dw origin of the slochastic
field. In tlti ...•pap('r w(' have maJe frcc usc of £11('hla('k-body radialiofl la\\'.
which \\'as cenainly [iJe first quanlum la\\' cvcr esrablished. From lhi ..••poin[
of view Oll<' could say rhar \\"{' arc obtaining [hc quantizalion of parlick sys[ems
frolll rhe qualllizalion of the ficlJ. JIow('\"('r. il s('cms more appropriarc lO
tah .. a ...•dl(' fundalllenlal postulare lhe \'cry exisr(,flce of rh{, random cicctro-
magn('[ic vaCllUIll. since from this ir is possihle tu derin' borh rhe hlaek- body
raJiation law (a .••BOY{'Thas don(21) and quanrum meehanics (as is done hcre),
wjlhout explicitly itlrroducin,g quafl[Um concep[s. Thc qllcslioll of whcther
lhe zew-poinr radiatioll fieId irself is c1assic01I or quantal is pcrhaps no
more (h.lll [('rminolo~ical; LJoth \'iews can h(- fnund in rhe literaIUr{,22.

Of coursc, .H rhi,,,, primitive .•.•lage our formuiarinll s('('ms {O pose at
ieas[ a ...•many problelIls a ...•ir solves; among rhe questinns ir raises, we are
immediar(-Iy confrnllred with rhe prohlem of demonslraring [he ~eneral validilY
of [he cOllclusiollS which we have drawn here based on our rreafmc'nl of the
harmonic osciIlaror. Ir wi 11be £lIso nccessary lO allalize lhe solu[ion of the
~{'n('ral probJelll for shon lilll('S. Anolher oren que .•.•lion is tlJe lfeatftl{'lll of
neurral partid(,s, a prohlelll which is being studied ar presento The modifi-
ca[ion suffered by rhe eiectromagnetic ficld lhrough ilS in[{'raClion wi[h [he
paniclc [{'quires further study. in panicular for the problcm of lhc mutual
influ('ncc of [wo panicles. Lastly. it should bc notcd rhar while [he presenl
uuack offc-rs cl'rtain t:(.oeralisalions beyond the JX)werof die ..••lochastic [iteory
of quanlum mechanics, [his rheory in several ways goes bcyond [he presenr
results.
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Se analiza el probh:ma de un os('ilador armómco radiante en interac ...
Clon con el campo estocástico del vacío electromagnético. E~ la solución

de la ecuación de movimiento se' toma en cuenta explícitamente el hecho de
que la partícula modifica el campo. La solución tiende asintóticamente a

un estado estacionario, cuyas propiedades estadísticas son precisamente las

del estado base del oscilador cuántico. Se demuestra además, utilizando el

formalismo de la mecánica cuántica estocástica. que el comportamiento ('sta ...
dístico del oscilador en equilibrio con el campo de radiación, está descrito

exactamente por la ecuación de Schr~Xlinger. Un tratamiento similar usando
el campo de radiación de cuerpo negro a temperaturas 7' > O da los estados

excitados del sistema, que también coinciden con los resultados cuánticos.

Se concluye que el oscilador armónico en el campo electromagnético estocás'"
tico no es un sistema clásico -como generalmente se supone- sino un mode-

lo del oscilador cuántico, y de hecho un modelo más detallado que el usual,
dado que también se describe la evolución hacia el equilibrio. De la solu-

ción de la ecuación de movimiento se obtiene en forma directa una expresiÓn
no divergente para el corrimiento Lamb del oscilador armónico; el resultado

coincide con el resultado usual de la electrodinámica cuántica cuando se in-
troduce una frecuencia de Corte relativista úJ - 11IC2/"6. Con la misma fre.e
cuencia de Corte se obtiene la renormalización de la masa del electrón, tam.
bién sin divergencias; esta corrección es proporcional a la constante de es.
tructura fina.




