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ABSTRACT: Using canonicai uansform (echniques, we f¡nd (he unitary

irreducibl<." represcnla(ion mauix ('!<.'menls.or imegral kernels,
for fini(e SIA2,R) rransformations when rhe generalor uf the

dia~onal subRroup is any of th<.' on<.'-param{"(er inequival('nl
subgroups 50(2), 50(1,1) or E(2). Thl' m{'lhod reduces lh<.'
prohlem (o dl{' solutiun of a singl{' int{',&;:raland the resuhs
are Riv<"1lin l<.'rms of hyper¡;:eolll<"lric funnjons. The mixed
hasi .•.•repu'.'\iefl(alion mal rices are aho ~ivcll.

lo INTRODUCTION

The mosr direcr approach in findin~ rhe reprcsen(arion macrtx eiemcms
o( f¡nite rrans(ormations

g = (~ ~) E SI. (2,R), ad-be = 1.



32 Boyee and Wolf

is as follows. First one chonscs a lIilbert space Ji. oC funccions I oC x in sorne
space X where the acdon of SI. (2,R) is well defined and 00(0

(1.1)

Then one builds;¡ complete orthonormal hasis {\/I~),(A.EACR, rhe real f¡cld)
foc U,generallzed eigcnfunctions of an {'Iemene fa. oí the Lie algebra s/(2,R)

oC SL(2,R)"whose spcctrum is 1\ and which bclongs ro a given irreducible re-
presentacion DI. oC s/(2,R).1 Finally. (loe computes

ao'XIc (~ ~) " (</'A" ~(~ ~) </',\1= J d¡dx HA' h)' [~(£~)'/IA](X),
X

(1.2 )

where df-l (x) is rhe appropiau> m(.a ...•urc o\'er X.
In rc ••.icwing rhe literauH(" "\'{' S('(' thar a numbcr uf papers1 have implc-

mented this rncrhod fOf dl(' principal2,3 and discrctc2 •.•. serics. A somewhat
differcnt approach calls foc finding the 11.{J A~Afuncrions (1.2) for one-parameter
subgroups as solutions of diffc[('nrial equations u:ith boundary conditions im-
posed by 8(1) = 1 for the group id<:rHity.3•.• All thesc resuhs are well known
for the case when the diagonal ci('mcnt of [he algehra is [he generator of the
SO (2) suhgroup of SL (2.R). \'(.'hen the operawr c!lOscn diaJ.:onal is [he generator
of a non-compact suhgroup, [he results are not so ('i.l~'Y tu obtain",s due mainly
to difficulties in evaluating (1.2). Tlle simplesc _",upponing space X for che
principal series is [he circle and dl(' lIiloert space is .c2("7r, 77). For the
"discrete" series, however, most of [he literaturc concerns itself wich the
unic disk, 1.6.7 che integracion (1.2) being performed aver a [wo-dimensional
manifold. The laner is more difficul[ when dIe diagn:ml llperator is non-compacto

It has come to our 3uention [ha[ the tcchniques of canonical [ransforms
uf Hefereoccs 6 and B considerably simplify the (,,,,,,luarinn of (I .2) since one
realizes rhe acrion (1.1) 01 SI. (2,R) as unirary mappin~s 01 f:'(R+) through a
n,-ln-Iocal (Of integral [ransfonn) action,6-9 as

[~J(~~)/] (r) = !dr' [exp(-i 71b)Jb-1 (rr'J' X
O

X exp[(i/2b)(ar"+dr')]J,4_¡(rr'/b)/(r'). (1.3a)

U1henb ....•.0, we see from che asymptotie properties of the Bessel funetion that
0.3a) beeomes the geometrie aetion.
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o .3b)

This can also be secn £rol11 (he diren exponcntiarion of the operators. It should
be mentioned rhar {oc 2.4:noo-integcr, (1.3) yields a ray repres{'ntantion of

SL (2,R) which can be extended ro a (eue (('presentation of che universal cov-

er¡ng group SI. (2,R) as will be given belo\\'o This corresponds ro the expo.
nendarion oí [he second-order d¡Herencial operator realization of the sI (2,R)
algebra given by

J, = (/4) [-(d'ldr') + (1" Ir') - r']

J, =-(i/4)[r(dldr) + (dldr) r],

J 3 = (/4) [- ( d' 1dr' ) + (Ji Ir') + r'] ,

(1.4a)

(1.4b)

(1.4c)

which belong to (he "d¡serete" series D Z oí representations oí sl(2,R), where

1" = (2~-I)' - (/4) (1.4d)

and the va lue of [he Casimir invarian' J; - J~ - J; is ~ O - ~).
The associauon oí one-paramerer subgroups generated by (1.4a-c) and

group elements g == (: ~) is given by

(

eo9. ¡"
exp (ia.J ):

1 •• si.rid a.

(

eos ¡y
exp(iYJ ) :

3 sin" 'Y

-s¡nh ¡,,) ,
co~d-a (

exP( - ¡,8)
exp (if3J,) : O

(1.5a,b)

O .5e)

O .5d,e)

[he representarion (1.3) can be extended to Sl~ (2,R) through the application
of exp(-21TiI3) ==: exp(-21TiJt), extcndin~ thus (t.5c) to the fully-line.

The integral kernel in (1.3) is thus a óD function of the kind (1.2) in the
generalized basis f;' (r) = ó(r- r'), " r' ER+, which is complete and ortho-
normal for f;2(R+). Our task is ro find the corresponding expressions in terms
of eigenbas("s of other operators of the algebra (I.4). Of particular interest are

the eigenbases of /lh =: 21] (quantum harmonic oscillatCf" plus centrifugal
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potcntial) given in Section 11 which ha\'c bct'o obtaitH'd in a different way by
Moshinsky ami Qu{'snc. Q The ('i~enba .••es uf 11':-: 2J1(repuisiV(' oscillator plus

centrifugal porcntiai) ¡U{' ~i\'('n in S(,ction III~ 'X'e devo[{' proportiona{('ly more

space [() them since these expressions af<.', ro OUT J..:nowled,£c, nev.:. Fue
I/I=Jl + 1

3
(pure centrifugal potential Of, wia'n /1 = O. the Schrodinger frt'(. f\u.

riele) we dcvclop Section 1\'. ~1ix('d-hasis elcmeflts ar{' gi\'{'n in Secriofl V.
We concentrare on dl{' space £2(R+) r41thcr rhan !~(R) since dI(: ,>0 and r< O

subspaces are lcft ¡n"ariant undee dJ(' grnup ;l:efler;:l[ed by (l.4), 'nu' marching

of til(' [WO \\:ilI be maJe in S("ction \'1 where w(' also ('xamin(~ the two reprc'"

sentation.<; n; and nZ [O which (1.4) b{,long, namel}', fur
1 ,

~
0
1
= j(1 + [1' + hJ '>. o, = ¡(I - [¡i + h] \ (1.6 )

\'('{' would liL.:e to str(.~~ (hat the novelt}' of our medlOd hin~es 011 the

faer rha( the .1crioo O .3a) of tll{' ~r()up can he ,gi\'{'fl eo(irely in ({'uns of ~{'o.

menic (fansforms (1.3b) ami (he appropia(c onc-param(.'tcr subFrl)Up (I.S)
geoerated by rhe chusco diagonal opcrawr.10 This mCafl~ lilat the intcg:radon
(1.3a) can be enria,ly circumv{'nt{,d (fOf ei~t'nfunctions of Ifh.llr and 111) and
thar the ('valua[ion of O .2) r('ducc~ to a ~ingle intcgral which can be fqund
in tables such as R{,ferenc(' 11. and da' result {.xprc ...•s(.d in tcrms of a hyper.

geomecric func[ion.

11. TlIE IltlHW)~I( ()~CILLtlT()H BtI~[S

The eigenfunctions of

/lh = 2J, = I [-(d'ldr') t (¡dr') f r'J

for 1-'- > - ! are well known [O b(,

1 ,~t(r) = [(2n!)/rtn +20)J r'.- exp(- Ir2) L~2.-I) (r2),

wi[h e¡gen valucs

A = 2(n + o), n = 0,1,2, •••

and 4>0/2) is rela[ed t0l-'- (hrough (l.4d)-(1.6). Now, W(' can wri(e

(
a b ) = (~ _ :,) (c~s O - sin O)
e d e a sm 8 cos 8

(2.1 )

(2.2a)

(2.2b)

(2.3a)



Representation Matrices 01 DZ Series ...

and find, solving fm a, e and o ,

% -~tan B = - b/a, 7i = (a' + b')' > O, e = (ae +bd)(a' + b') 2

35

(2.3b)
The decomposition (2.3) can always he made since it is just the Iwasawa de-
composition into the compact (t'xp [2i fJ1

3
]) ¡Uld solvable (gelnletric) subgroups.

The forfTler only multiplies (2.2a) hy a facwr exp(i f\. e) ~tlile the latter is given
by (l.3b). Hence, we can write

UJ(~~)'I't](r) = [expUAB)]7i-'i exp[Uc/2a)r'h'tra-'r)
~

= [(2n!)/r(n+H)]' exp[2j(n+~) arg(a-ib)] x (2.4)

x (a' + b')-" r'''-' exp[(-r'/2)(d- ie)/ (a+ ib)] /2"-1 (r'/[a' + b']) •
o

Taking the scalar product of (2.2a) with (2.4) gives rise ro a single integral
(Ref. 11, Eq. 7.414.4) and wc ob,ain

ho:.o (~ ~) "(yt •• 8 (~~) yt) = 2'" r (n' + n + 2~) [n'!n! nn'+2kJr(n+2k)] \:

x ([ d - a] -¡[ b + el )0' ([" - d] -¡[ b +el)O ([ a + d] + ¡[ b _ el) - o' -o - ," x

x ,F,(-n'.-n;-n'-n-2~+I; [a'+b'+e'+d'+I]/[a'+b'+e'+d'_I).

(2.5 )
The hypergeometric funetion is a polynominal of degree min (n',n). We can check
that hD:'n(1) = Sn'n' as ir should, and thar unitariry is mainfest, i. e.,

hD". (a b) = [hD". (d -b)]. (2.6)'In cd n" -ca

(Compare with rhe result of Moshinsky and Quesne.9)

. The hD funcrions (2.5) rakc a somewhal simpler form if we redefine th.e
matrix elements as

(2.7)

We can lhen rewrirc (2.5), using 1\. as in (2.2b), as
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hU", (a b)
""cd
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--¡
=exp(¡ 77 [H! {Á +X}])r( J[Á+ X]) [f< j X-. n> X+Il )r'(!~.)r(!M.)] X

(2.8)

11I. TillO REPlJLSIVE OSClLLATOH BASIS

\tle can con_~ider rhe ~eneralized eigenbases o( 1/';::::: 2J 1 or of lid == 21
2
,

generators of SO 0,1) subgrnups. Thes<-' are relared through12

1/'= exp(d771,) /Id exp(-i j "1,)

= ¡ [(-ó'/d,'. +(flh').,'J = [cxp(i1771,)] X

X {-li/2) [dd/dr) + (d/á,),]) cxp (-d771,),

and correspondingly, rhe eig<-'nfunctions a,""

The easier basis (O consider is thar of Ud:

O.la)

O.lb)

0.2 )

with coigenvalue AER, whose orthonormality and completelless is giv{'n by rhe
theory of Mellin transforms, (mm which we can (¡nd rhe eigcnhasis of /1' through
(1.3) and 0.2) as

o ..la)

where

(3.3b)
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M,uv being rhe Whiuaker funcrion.1I TlJe choice of phase of ~is a conse-
quence of rhe simpler choice af phase for\/;~ as (3.3). Since me laner is easier,
we shall use ir in order ro calculare rhe dD~'_ funcrions.

We can wrire

-sinh e) (1112) (,
cosh e 1

(a b) (a' b') (, _')
cd = c'd' 0/12) "

(
a O) (COSh e

= e (1-1 .sinh e

with tanh O = -b' /a',

"exp e = [(a'-b')/(a'+b')]',

-,')
(3.4a)

(3,4b)

(3.5)

and, in arder to avaid extra rhase problems, we consider first the case
Ja'l > Ib'l. so ,ha, a>O. Eqs. (1,3b), (I.5a), (3.lb) and (3.4) lhen imply

w( ~~)f~](,) = (a'+b,)-.-dA. (a'_b,)-hdA. x

x exp[(i/2) (c'a'-b'd')/(a"'-b"'),'] ',">..[r/(a"'-b"')1] •

The construnion of the matrix element 0.2) thus involves a sin81e integratien
(Ref. 11, Eq. 7.621,1) which yields

which is va lid for ad>1 O.e. bc<O),13 but whose analytic continuation to me
whole ad- plane appears to present no problem. The limit e -o (od-I) is
well defined,'4 indeed
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:\ tl ,1he rn;l ti \'e e xpre s si on for (3.6) can h{, <:011stmeted u ",iuf. b = (ad- 1)/e
and an identity for the hyperf.eom('lric fUllction ~H("f. 1 l. Fqa Y.131.lc) as

().H)

().9)

In CLH) tlll" limit h ajJ (ad al) is manife.st:14

d. (" 0)[Ji~\ _}
r "

Tlle bdlaviour of dll' d[J~~\(g) functions as g-.J provides ,1 check on

till' H"diza(ioll (j.())- U.Y). This can be done throu,gh the ollc-pararnetcr sub.
f.wups e .0 in (.L(j) or b 'U in (j.7). For this \\T hav{' to t,,,,l!u,lt(" (He£' 11.

Eg. H.\ 12.2)

i ,( ,~- " )
1.;,m,I.-i") ['(i; ['_.J)=

h-H)

(),I Ua)

£11(' las( S(('p lH.'inj!. a cons('quellc{' of the completcncs!' of the ~1ellin transfonn

kernel. 11('n('{' W(' can ",tate (hat

I.i.m. d/J~,\(g)- c(/{-A.)
r1

(3.1 Uh)

1-:(1"'.U.h)- (LY) ,!!:ive unirary reprcsclltations, as can})(' dircctiy \'er!"

ficd

d • (el b cxl'(i 77») _ d. (" b) •f),o -[D,,']
" ,~ f\.f\. (' d

('('xp(i '1) a
(3,11 )

in a11 (,;lS('S.

1I is o1ls(1 uf interese w determine the asymp((ltic properties of the repre'.

s('l1t,uwn t?dl)- (.LlJ); in particular frum (l.'5a), giving the b-c1ement a phase

cXI'U"')
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d/l\\(COShJ, -"nhJa)_ f(k-d~W(HiHJ [477f(2A:)f\
A -~inht.x cnsh':l a ...• ro

,W-~)
x [2cxpl-' 77/2)] "'I'(-ka). 0.12)
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which is lIJe expeclnl beha\'iour.15 In comparing wilh the li[{'ra[ure, we can
poim out dJat Heference -1 is in error.16

The case studied so far in 0.4) applies ro la' ¡> lb' 1 [har)s la-b 1)0 Ja+b!
which for g n('¡H to 1 implies h <o. \\'hen b>O. we r('sor[ to rhe following argu'"
mento Consider the d('ClllllpO.",itillll

(

a b)= (b",pr,:-,) ,,) (" ",p(_i-'»)
cd dexp('"":") e I (j

(3.13)

0.15)

. (0 "'1'(-'''») (. ) 1.1' 1 1 JI k ¡;";ow, I O [('pr('seIHs ('XP t TlJ3 W 1IC 1 L"'. up to a P lasco. t le an e

cransform. As exp(i77J3)J2 exp(-t'~rJJ):= -J1 and [he saine for JI' w(' ('xpec[

[~c ",p~-i'" )I~](r) = 11',.\ 'Il~\(r). [<I>•• :I.! = l. 0.14a)

I"deed, di,eel calculation fmm (1.3a) yicld, (Hd. 11. E'l' 6.561.14)

11>,.:1.= exl' i [nH:l.ln 2 +2 a'g f(k +i ,:1.)]. 0.14b)

IICIlC(" in al! cases wiJcre Ja-h 1< la +h I w(' dccompose (3.6) through (3.13)
a",1 0.14) as

d, (ab) d, (""'1'(''') ,,)/I~:I. = <1>,\ /IX _\ '
e d • • dpxp(il1) e

where [he dVJc on [he right does s,uisfy the cOllditiollS for which (3.6) is valido

Now using an idcf1[ity fur [h(' hYPl'r~l'om(,lric function (Hef. ] J. Eq. 9.131.1a)
W(' can s('e that da;, gencral foml (3.6) satisfics (3.15) with the correct phase.
\l'('c1aim [hu s tha[ 0.6)- (3.9) gi\'c the right analytic cOll[inuarioll for aoy g.

Finally. use of 0.1) gi\'('s the rt'iatcd repr('sentation

'¡' (ab)~(,'.' n("b)I'))XA (' d 'r ~'L\ e d 1, JA :=

d'. (,[a-"-C+d] J[,,+b-C-d])= VI
1'.\ J[a-b+c-d] ![a+b+c+d] (3.16)
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in reems of (he repulsivc oscillator cigenfuncrions.

IV. TillO PURE CENTRIFUGAL BASIS

The eigen functions oí

are, with an appropiate choice of phasc

Hoyer and 'Nolf

(4.1)

(4.2 )

with eigenvalues .f!\.2 , Af.. R+. A simplcr opcralOf on the same orbit12 is

(4.3)

since its eigenfunctions are

(4.4)

with the same eigenvalue L~_, and related to (4.2) through él Ilankel transform

'¡{(r) = [~{: eXP~i"),¡)~1 (r) • (4.5)

The action oC a general transform g on rhe llJ~hasis is unly lhe rransfol-m kernel

of(I.3a) al ,'=1\:

[8(~~)'I{] (r) = [exp (-id) 1b-I (N)~ exp [ (¡/2b )(al\' + d,')] J,~_1 (1\,/b) •

(4.6)
Itcncc, without funhcr computation, W~. f¡ml

Ó ~ (a b)-(,/Ó '1(a b) /Ó)Dx.A. e d = 'fJx.'c c: d IJA =

= [exp (-id)] b-1 (X,\")~ exp [ (¡¡2b )(al\' + d X') J J'~_I (XI\ /b) •

(4.7>
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For lb 1- O, where (4.7) appears indeterminare, we have6•
7

(4.8 )

41

so thar rhe behaviour at [he ()[Iglfl IS rhe appropia[c one. Unitarity in rhe sense
(3.11) also holds for [he °O. funetions which are, aher all, only [he integral

kernels nf (1.2).
For [he eig{'nhasis (4.2) of the pure centrifugal Itamiltonian (4.1), we

have from (4.5)

S,. ( d e CXP(P'l)['1A .
b cxp(-i1T) a

(4.9)

We wish ro stress rhat [he /)-functions associa[ed with the eigenbases of

any operator in [he samc orbi[ as liÓ will be cxpressihle in rerms of rhe
0V-functions as in (4.9), i.eo, as ólJ-funcrions of f(,Lu{,d [ransformarions.

Similar remarks apply, of course, to the othn [WO orbits analyzed in Sections

1I and IIl.

V. \f1XFI1-IlASIS ,'.1ATlOX FLE\IENTS

The mix{,d- hasis mauix de.'IllCIll.,,17 C1I1 now be calcu lated In teTIl1S

uf [he simrlest eigenbasis cOffcsponding 10 pairs of 0pcfators in two orbits.
Fur the Vi basis (4.4), [Le mixed matrix (,Ienl(:n[s wi[h either of the orhers

are trivial 10 compu«'o TI~us tbc centrifllgal-harnwnic rna[rix elements ar('
precisely (2.4) or, wriu('n in terms of conflllCIl[ hyperg{'om('[ric functions (Hef.

11, 1"1.8.972.1),

i -~ Jc 2
x[2f"(n+2k)/n'] (I/I'(2k)X [>?/(a'+b')] cxp{(-X/2)[(d-ic)/(a+ib)]} x

x l' (-TI'2k' ¡('/fa' lb']).
1 1 "

(5.1 )

Similarly, the centrifugal-rcpulsive mauix clemen[s are precisely

(3.5) 01
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¡dlJh(~t) - (: ~.'1(~ t) '.~)~cxp [i 17(. - jj'\ + ")+ I! \ ln(2h / a») x

.-t
x [f(Hi,.\)/f(2.)] (4-,ahf' [¡{' expU '''')/2ab] [expUd/2a») x

Final!y. (mm (2.4) ami (3.3) \\'e find rhe rcpul. ..•ivl'-harmonic matrix
ciernents lile!' 11. E<j. 7.414.7).

dhlJ~(~t) = ('I'~.;](~t)I~ )~ cxp [2j(TI H) arg (a-ib)] x

~ '.' - k-dX
x W(H+TI)/417T1!] W(.-¡¡¡{/r"(2l:)] (a'+b')-'O+i'" [2(atib)/(ti-ic)] x

x 1',(-Tl•• -jj¡{;2.; 2 [a+ib]/[ti-ic]) • (S.) )

Expressiolls for {f.O, ¡r/) and rh[) can easil\, be fOllnd lJ..••in,g rhe abo\'e

formulae and rhe [('I01rion hnw(,cll rhe hase ...•as giH'1l prt'viously in rhe texto
From (5.1)- ('5.3). dlt, complctelless r<:la(ion ...•fm rl1(' hases and group multi-
plication. a IlOs! uf speciai funcrion [('I<1[IOIlS (kpending 011 cht' p,lfamt'tns of
g can be (ound. Tllese tccliniqut's ha ve h(,(,ll used in Hderenn ...•-.12 .1flt! IH.

\'1. HEPHESE:\TATIO:\S 0:\ ," (R)

Up [O this point \Ve hav(' considered (iJe span' ,;.'2(R+) (111)". ,\ few r(:-
marks are nect'ssary in order tn c1arify rhe exrension [o J'2(R). ( 1(.arlJ". rli(,

operatnr.'i Ji in (1.4) are illvarialH unJt'r the replacem('Il[ r -(expi 11)r aud [he}'
are even in r. Tbe ('ig<-'nfunctions of rhe "llamiltoniall-like" gellC.:rators.

t/;~, t¡"A and \¡{givcll by (2.2), (3.4) and (,1.2) respecrin'ly. helollging ro 01
exhibit a phase as '/J'A(,expi7T) = \/J'I\(r) exp[i7l(2k-,)) and heha\"(' as ,2Jc-t>

wll("n ,-'0. Tiley ,H(' (hus regular for k}.! and irrq~ular hut squ;lre- illt('gra+,!('
fm .4:>0.

i) For JI ~ ~ dIere is a uniquc self-adjoint CX('lflsioll of the op<:ra[llfS
Ji' as rhefe i s 011(" [,2 (R +) so lu t ion for k - & (1 + [jL + !) ¿ ) ~ 1, (h e e ig <-'11fu n c -
tions and spectra afe givcn by (2.2), (3.4) and (4.2). In ordcr lO con.sid('f the
system o\"er [h,' wholc rcalline, wc ha,'c the two degenefar(' eigenstates
\¡t~(r) = {~J.(r) for , ~ O and O fOf r -; O}, ("Irany linear combination of them, since
:\'(' are nm forc(,d tn demand continuity ,)f the functions and iL'i d(.'ri\"arivc
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ar rh(, origln.
ii) Fur ~>JL)-!.JLlo. borh solutions\he .~~A: <1,Á': f. ~ and

{ll +.. 1 1 1.
J}Jt O<k2<~' k2f-~ ar(' L (R ) In a 1lt'I,ghhmhuud of r:::O. thus rhere IS a ooe-
pa1amcrcr famil}' of se1f-adjoin( ext('nsions alld !lile must add a boundary con"

dition [O pick ont' of rllese, In the forq~oin~ W{' cho .••e rhe boundary condi[ion
which ,gi,'es rise lO the eig('nhasis (2.2a). No\\' sinee [he boundary condition
is r(,la(ed to rhe bdlaviour a( rhe ori,gin. one can pick [\\'O different boundary

conditions by choosing either uf (he [wo ."' values given in (1.6). These are
oot [h(" only boundary conditions, ho\\'('\'('r. The proc(,dure for implcmeoting a

general huundary condi(ion is detailcd in Ref, 19. Such ,general conditions are
a-pparelHly re!ateJ to the supplemelltary series of r('prcsellt;,uions of SI.. (2,R)

and we wiIl say no(hing more abOlir rhem. h is not difficult ro see that for
either of [he [wo choices in (l.(» (he spectrum is giv{'n by (2,2b), i. C. it is

bounded from below and (hus belOll,gS ro tll(' discre(e series, namely [) Z aod

Oz. Tlle study of the sYSf('fl1 fm rhe whole real line follows as in (i). 1
2 iii) For J1 :::0, COff('sponding [O [be rwo boundary conditions ~(O) = O

and ~:t (O)::: O \\'e have the (WO reprcsenta(ions [) 1 and D t. liD\\' do \\'e extend• •
lilese (O (ht, en(ire lin('? Sinc(' for r::: O (h('r(' is no longt'r a singulari(y. \\'e

mus( demand thar buth the waye function and its dcrivativ{' be continuous

(here. Furthcrmore, sincc (he w<lvefunetions for [) tare odd and (hose for D!
are ('\'en, \\'e net'd ho(h ro ohtain a comple[e set for

4

r,2(R). Thus the harmoni~

oscillator b(,lon~s ro the reducihle reprt's(.'flt<l(ion [) t lB [) t.
"4 '4

iv) lf the centrifu~al pan is more attractive than J.-i. :::-J.í, (he represen"

tation." arrear to belon~ to the principal series and thc energics are oot bounded

fmm h(,low.
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Usando técnicas de transformadas canónicas, encorHramos los ele-
mentos de matriz de las reprcs{Ontaciones irreducibles wJitarias, o kemels integra-
les, para transformaciones nnims de 5L(2,R) cuando el generador del subgrupo
dia~onal es cualquiera de los subgrupos uniparamétricos no equivalentes
50(2),50(1,1) Ó £(2). El método reduce l') problema a resolver una sola in-
tegral y los resultados se dan en términos d{, funciones hipergeométricas. Se
dan también las matrices de representación en bases mixtas.




