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ABSTRAer: As a consequence of forrner work 00 caoonical transforms, Wt.'

collen a ser of forrnulae which gi\'e alternate forms (O known
intq~ral transforms (Fourier, bila(eral Laplace, lIankcl and
Bar~mann) as infinite-order differen(ial operarors. \l'e comment

upon (he relevance of Lie algebras of second-order differenrial
opt.'rators in group {heory and in {he time evolurion of quan(um
mechanica! systems.

TransfornlS such as (he ones associated wi(h the names of Fourier,
Laplace, Hankel, 13argmann and Barut-Girardello are usually presen(ed as
mappings between Itilbcf[ spaces realized through Lebesgue in(egration with
a (ransform kern!'I. le is in(eresting to nociee tha( parallel mappings ean al50
be achieved (hrough (he action of hyperdifferential operators (operators v.ilich
involve arbitrarily high oreJer derivatives), which, moreover, are sometimes
more transparcnt for (he proof of cef[ain properties. This fact has come to
our attenrion in studying a general class of such transforms, canonical
translorms, which are associated wirh the formularion of complex canonicat
transformations in Quantum Mechanics. (See Refs. 1,2.) These also admit 3.1
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hyperdifkrefltial operator realization3 on spaces of infinite!y differcnti.\hle
functions ('CIJ.

A. Th" Fouri"r Irarlslorm,'of l(x)EJ.~Cennr'(R). (['(R) i, ,he 'paee of
1.d)(...•gtlt' s<.juare-intquahle funcrions on rhe real li!le), is

enf d,,'/("') exp(-ixx').
_en

(1)

and its ill\'l'fse follows rhe fonn (I) but has exp(ixx')for irs kernel. "111<'trans.
form (J) call also b<.'implemenred as

11'(,,) = np(i7T/4) exp {(~ i7T) [(ti' Id,,') -,']} 1(.'),

and rhe invl'fse call be likewise consrrucreJ. The proof of (his fact re,'-.[s in
noricing thar the operaror exponent conrains rhe orle-dimensional quantum
harmonic os('illator IIamilroflian5 whosc cigenfuncriofls are f1!1,,(X)}:=o wirh
eigen\'alues n+~. \\-'hen acring on 1j1n(X), E<.j.(2) yield ...,.\/~.(x) = (-rr'/In(x).

As (he ser {\/~(x)}:=o is a complete basts for~, tht" equi\'alence of (1) aod
(2) follow .••• Tll(- restriction 011 ~ here and below. secm" ro he unnect'ssarily
stringellt.

B. The Bilateral I.aplace transjorm can be obtaincd from (I )-(2) through a
change of variable ami normalization so that. for funClions j(x) in l rm which
the integral exi.";;[s,

IL(,,) = l d,,'/("')exp(-xx')
_en

IL(,,) = i(211 )~i exp {(-~ 11) [(d'/d,,') t ,,']} I(x). (4 )

('fhe full proof of rhe equivalcnce of (3) and (4) ami tlleir inversl'S requlrcs
(he resul!. •• uf I{(-f. J.)

C. 'rhe Jla1Jltel trarJsjorm, dcfined as the radial pan uf rhe 'l-dimellsiona\
,,{'rsino of (I >. of a function F(x) = ¡(x)Y¡ (O ) wh{.u.' "1 (O ) transforms as an~ x ~ .\,
S()(n)-irrcducihk. l{'nsor2, is

11 _ , "foo, , ,~" ,I (,,) ~ np(-i77L/Z) x' d" I(x)x 1¡.+L_¡lxx).
O

(5)
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where Jv is the Bessel function, can be similarly realized, out of (2), as
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///(x) = exp(ín11/4) exp {n 11 [(d2/dx2) +(n-I)/x)(d/dx)-

- 1. (1. +n_2)/x2_x2]) /(x) (6)

D. The Bargmarm transjorm6 maps unitarily ,C2(R) onro the Hilbert spaee of
enrire analytie funetions of growth (2,1/2). In its integral version, it reads

B a ro %
/ (x) = 11 J dx'/(x') exp [- Hx2 + x'2) + 2' xx']. - (7)

_'"
and maps the harmonic osciIlator stares lfln(x) onto the funetions (n 0-1/2 x".
Ir can be realized on l in hyperdiffceentiaI form as

/B(X) = (211V' exp{11/S [(d2/dx2) + x2]) /(x)

=11~ exp [Hd2/dx2)] exp(x2/4) f(rY,x). (S)

The peoof of this faet líes in the use of the Baker-Camphell-lIausdorff relarion

exp{-í8. [d2/dx2) + x2]} = exp [-d tanh 8(d2/dx2}] x

x exp O In eosh 8 [x(d/dx} + (d/dx) xl} x

x exp( -í. tanh 8x2) (9)

for e~í11/4, actinj( on ,he basis {,I, (x)} ~oof ;l¡. The last factor cancels the'fJ,. n-
exp(_x2/2) of l/J. (x), the middle (ae.'tor rescales the x argument, while the" .first, rhrough rhe litrJe-known relation I

x" = 2-"exp [A (d2/dx2)]1I (x)
"

(lO)

yields (n!)-'/2." for.¡J;(x). The hyperdifferential fonn (6) tells us, in partic-
ular, thar the Bargmann transform of the repulsive harmonic oscillaror (general-
ized) eigenfunctions are mulriples of themselves. This is true in spite of the
faer that mey lie outside .l.

The radial pan of an n-dimensional version of (7)-(10) yields che &n1t-
GirardeIlo transform,2.8 but we shall not enter into this. Eq. (lO) is interesring in
irs own right. Its ¡nverse gives an expression foc (he Hennite polynomials as

H.(x) = exp [- A(d2/d,,2}] (2x'/'. (11)
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Tite radí,ll-pan treatrnenl of (7)- (11) yields.2.7 fOf Laj.:uerre polynomials,

/.1<1-1) (-x)~(n,)-I oxp [x (d'/dx') + a (d/dx)]
"

"x (\ 2)

which can be independenriy \"(.'rificd ro hold by series. ¡\ ,!.:{'llcr<llized Vl'ISIOIl

uf Eq. (12) appears in Hef. 2. (Can similar forms oe written (or )acobi poly"

nomials?)

E. The lime evo/u/ion op('Talor lar quanlum systems obcyin~ a Schrodingef
cquation with a Hamilronian IJ is exp [itl¡] • This form of des("ribing time

evoluüon of ,1 ."ys{cm .1Iso holds for classical systems.
Q

F. The lime evo/ulion 01 soJu/ions o{ the hl'at equa/ion 10 (Ox"V = o/u) can he
describ(.d as (oilows: if "o(x) ~ ero is rhe ¡Ilirial temperarufe distrihution in
a ofl(,-dim{'nsional conduetin¡:!: rod of unir diffusivity, (he temperature distri .•
bution u(x.O at any ¡arer rime I is descrihcd by

(3)

where Q.(X,/) is rhe s}'stl'm's Gr('en's fUllcrion and *' is the convolution opera-
toro Equival{'ntly, the solution can be writtcn as

(14)

which can be seen formaIl}' tu satisfy rhe hear ('quation. Ir also yiclds infor-
mation on the kind of tempera tu re distriburioll which can IH' regressed in time
and rhe amounr of regression.11 (Can a similar description be made for the
wa\'e equation?)

G. Group translormations. Physicists dealing with group (heory are familiar
wi(h rhe hypcrdiffcrcnrial operarors obtained whcn exponenriarinp; the first"-'ort1er
opeators constituring the Lic algcbra. !lere W(' have been exponentiaring
sccond-ordt.'r opcrators. Thcsc also stcm fro;n Lie algehras. The correspond.
ing intq~rared group anion, however, is of rhe non-loca/ kind 12

K
/(x) -./K(x) ~ Jdx' K C.,x') /(x').

K
(15 )

and secms tu have be en relarively liule lIs{,d Hl investigarin,g rhe symmetries
of a sysrcm until recently.12

Ir rhus seems. rhar hyperdifferenrial operators can yicld a hosr of spccial
function re!ariolls and new mathemarical insight. applicabl(' in rhe srudy of
integral transforms and rhe dcscription of physical systcms.



Jiyperdi/ler('nlial operalors ...

REFERE~CES

59

1. K.B. Wolf, J. Marh. !'hys. 15 (1974) 1295.
2. K.B. Wolf, J. ~lalh. !'hp. 15 (974) 2102.

3. F. Treves, Bul!. Soco Marh. Frailee 97 (969) 193;
M. Mil!er alld S. Sleill herg, Cornmuo. Malh. !'hy s. 24 (971) 40.

4. H. Dym and 11. P. McKean. Fourier Series and Integrals
(Aeadcmie Prcss, Ncw York, 1972).

5. A . .\fessiah, Quantum .'rlechanics (North lIolland, Amstcrdam, 1964)
Chaprer Xl!.

G. V. Bar,gmann, Comrnun. Pure Appl. Math. 14 (I96I) ]87;
20 (967) 1.

7. C.M. King, ~f. Se. thcsis, Auburn LJniversity, Alabama (963),
unpublishcd.

8. A. O. Ilarul alld L. Girardel!o. Cornrnull. ~larh. !'hys. 21 (971) 41.
9. A. Katz, Classical ,\i('chanjcs, Quantum /tf('chanics, Field 1'heoTY

(Acadt'mic Press N<.'w York, 19(5).
10. II.S. Carslaw and }.C. }aegcr, Conduc/ion oll1('a/ in Solids

(Oxford Uni\". Prcss, London, 1959).
11. F. Tricorni, Malh. Z. 40(963) 720; G. Doetsch, Marh. Z. 41 (1936) 283;

P. Hartmann and A. Wintner, Amer.}. Math. 72 (950) 367; J. Blackman,
Duke ~lalh. J. 19(952) 671; D. \'. Widder, Ann. Mar. !'ura Appl.
42(950) 279; !'. G. Roolley, Canad. J. ~larh. 9 (957) 459;
ihid, ]0(958) 613; P.c. Ro.<>enhloom and n. \'. \l'iddcr, 'hansa Amer.
Marh. SOCo92 (959) 220; G.G. Ililodeau, Callad. J. Malh. 13 (961) 593;,
D. \'. Widd('r, Duke ,\lal. J. 29 (1962) 497; !'.G. Rooney, Calladiall Malh.
Bul! 6 (1963) 45; D. \'. \\'idd('r, J. Austral. Malh. Soco 4 (964) 1.

12 .. \1. ~loshinsky and C. Quesne, J. ~larh. !'h)'S. 12 (971) 1772;
M. Moshinsky, T.II. Seligman and K.B. \l/oU, J. Matll. Phys.
13(972) 901; M. Moshillsky. SIAM J. Appl. Marh. 25 (1973) 193; c.!'.
Boycr alld K.B. Wolf, J. ~lalh. !'hys.)1\ (1975) 1493; E.G. Kalnills alld
\l'. Millcr Jr., J. Marh. !'hys. 15(975) 1025, 1263. 1728; c:. P. Boyer.
E. G. Kal"ins and W. Mil!cr Jr., J. Marh. Phys. 16 (975) 499,512;
C. P. Boycr, Comunicaciones Técnicas CIMAS '5B, No. 77 (974) to
appear in SIAM J. Malh. Anal; K. B. Wolf, Comunicaciones Técnicas
CIMAS 61l, No. 93 (1'175), lO appear in J. Marh. Phys. (June 1976).



60

RESUMEN
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Como una cons{'cu(."ncia de nuestro trabajo con uansformadas canónl'"

cas, presentamos un conjunto de fórmulas que dan representaciones alterna-
tivas de transformadas in«'grales conocidas (FourieT, Laplace bilateral,

Ilankel y Bargmann) como operadores diferenciales de orden infinito. Comen-
tamos sobre la relevancia de las álgebras de Lie de operadores diferenciales
de segundo orden en rcorla de grupos y en la evolución en el tiempo de siste-
mas cuánticos.




