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AIlSTHACT: U'jchin the spiril of Ihe standard m('an-ficld, van der U'aals

equlllion of S(;11 e Iheory, asymplolically t'xacc fOl low densi-

des and hi¡.:h lemperalurcs (when realistic po[entials are used).

w{' ,lti\.e an ,,:l:ac-t extension 10 aH u'mpf"fatures in t('rms of coo-

fiu<'ol hyper,ltcometric funclions as wcll as a pa,t;al extension,

comin¡.t froro Ihe rcpulsive portion of the inleraction, to hi¡.:her

densities, for the Sutherland pOlential.

In (he usual1 "mcan- ficld" dcrivation of Ihe van der Waals equation of
st<lte for fluid s of N particles in a volume V interacting via <lo infinitcly-re-
puls:vc core of diam('(cr a plus sorne attractivc tail va,,(r). one starts with the
independem partic1c partition funnion

N "Z = ~ IN!. ~ = ,\-J(V_Nb) exp(-UI2H). A -(277/r'lmH), (1)
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where tlle "cxc1uded \,tdurn<.' per partici,," b
cons(anr 21iu3lJ, .\11.1 rhe "me,11I il[tr,lCtiv("

with (I), is

00

U=I¡77fJ(drr2vaJl(r) -2pa,
r
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is tak<:n by van der Waals a ..• tht.
ficld", cakulated self-consi!>t<':lltlr

(2)

where rh" COlIstallts a ami b ,lrl' itHh'pendenr burh of dt:nsir}' ,o and temp<'ra-
tuf(' T. Thc rt"\ari(lnS for Ilelmhohz free (:lI('r~y ,.. and pre ...•...•ure P

P/4T ~ p/(I-bp) - (a/n )P' --_p + [b-a/4T] p' t b'p' + b'p' + •••
bp« I (,1)

where dll' ias( nH:mll('r ('xplicidy display ..• rhe associared "itial expansion, tlll'
quanrity in ~rack('t. •• b(.in~ rhe predictcd second "itial codficient.

IIowt."n.'r, t1H' exact such l'oefficit:nr is [{.ally

00

""7" - 27! r J,,' {¡"xp(-vall(,)/4n]-I}
"

amI r(,duces tu dI(' prt:dic(('d qUilntiry only if JtT» I"au(r'!. ¡Ience, rhe "con-
venrional" van dcr \tlaals ,hcurr. wilh "reali~dc" po(:nrial, is ('xeJct for
i) ~mall dl'nsitie~ aud ii) hi,gh (emperatorl''''', In "'pill' of ,hi ...•apparnH resuic.
tiveness, til(' standard equariop (,1) nor unl)' 11tISSl....•Sc:S the "Ioops" dl<lr<H"ll'r.
istic of rhe gas-liquid philse transitiun bclllW a criric¡ll t(:mper,lture Te alld
Ptl°SSlHC Pe' bur also ~ives valucs for rhe critical quantities ~, \~, 1~in rou,gh
a~rel'ml1H wirh eXperil1ll'nt.2 The qualiry of a~r('ement, wh('n comparl'd with
thar uf typical '(noll" j aud "hole"" theoriess of liquid ..•is, in 1':(:neral,00' WllrSl'.

TIll' que ...•(iotl ari,('s whl,thl't olle can rclax [('s,rinions O) ami (ii) abll\"c,
while maintainin~ [h(. (m('an-fidd) spirir uf the van <fl'r Waals theorr, ltl (lly

tain, e.g., an impro\'cd localion oí ,he cri,ical poinr, alhcit not, of course,
ie..•detai/ed behaviour. Sorne ¡nitial result5 wward.'" answcring this qucsrioo,
for rhe Sunherland pou:ntia!, arto ,given in lids rapl'r hy lifdn~ (ii) compkrely
hut (i) only partially.

l. F.xl"nsir)1J 10 a// lemperalures. Rclaxin~ the high- temperalure re"

~/riclion in,"uln:s l"valu<l,ing ,he full cootriburion from [he exponential in (5),

which ¡('ads to a t<:mperarure-dependent coefficient. For concreteness, we
take for the óluractin' tail



(,>a; E>0). (ú)

Then, dI(" integral in (5), as far as W(' know, prt'viously nnl}' cxprcssihle ao,; a
slowly-col1n'r~cm infinirc serie.s, can he done i.lnaly£ically by pans, .•ince

- 271 r d, " {[exp (E/_n (a /r)'] -1 }
~

= " 71a' ([exp (E/U)] - 2(E/U) /; (~;• '/, ; c/U)} (7 )

wherc 11~ is (he confiucfl( hyper~eulll{'[ric function.l'.> Using well-known recursion
relaliuns,6 lIll' ('X<-lcr second "irial codficicm fllr (he (Sutherland) porcnrial
reductos (o

/l (n -, 71a' l' (-' '1' E/U) "'b-a(T)/U2 1 1 1 2 '2 •

---'-b- a/41' + () [(E/41')'] •
,/I,r < < I

(8)

wh<:re w(, llote thal contribuúOllS fWIIl infiniu: order pcrrurhation theory 7 are
illclud<:d. Substituling che van der \,l;/olals CllIlS(.lllt a in (4) by aen, amI s{"(.'king
rhe highes[ 'f =.t~ for which dP /?;p = 0, Ulle obwins, if x =: p/pow~l('re AJ"=J2/a3
(cJOS('- packin~ density) amI a == 2 Ji" TI/3,

(y)

rhe soiutillll of which glves

F (-', "E/H') = - IY/8 ----'- Hj' = 0.17053811 2'2' r ---;!".

(10)

(Il)

(12 )

Ihe last re:->uh f()llowin~ hum (10), (11) and Pc/fb./cJ~=3/8. The iacu.'r value
dcpcnds ollly ()fl (he dCllsit)' dept.'mknce of dH' et.{uariun uf stau, which 1J('in~
unaltercd wÍth rcspect tu (he "collvcnriunal" equatiOfl, remains the sam<.'. :\

markt.'d improvcment in hu(h critical (('11I IX: r<lWH.'and pressure is apprccia(cd
in Table 1, ov(;'r the cUlIH'otiunal re:-.ult-<¡.
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TAIlLE

Critical observables (pressure ~, density Pe and temperawrt' ~) of ~as-liquid
systcm reduccd in terms of Sutherland plHential depth £ anJ hard-core raJius
a (adjusted tu experimental secund virial cocfficiend. Experimemal values
represent average for Ar, Kr and Xc. I.ast two rows refer (O Lennard- Jones
6-12 potemial and (O experimental quantities rehued (O Ar.

['(73/£ (1]0-3)-1 kT /E 1~/pck'/~e e e

Experimental. HcL 2 0.027 5.022 0.471 0.291

.Com:entiolla 1"
van der Waals 0.018 6.283 0.296 0.375 %
Extension (O all T. Seco 1 0.028 6.283 0.471 0.375 %
Plus partial cxtcnsioll tu

higher p'S, Seco 3 0.049 4.023 0,5'; I 00359

Experimental, HeC. 12 0.117 3.165 1.26 0.293

Yirial with firsr fiyc
cocfficienrs of L- J
6-12 potemial, HeC. 14 0.119 3.829 1.291 0.352

2. /leal copocily. The re ...•ulting heat capacity Cv(7') for T>I~ no IUllg('r
cquals the ideal gas value (% )Nk, as prcdicted by tht, convclltional theory,
hut is now s('("n from (8) lO givc, fur p = Pe,

Cl,/Nk - '1, ~ (PeT /k) (o'a(T)/oT')V ~ \; axe(E/kT)' l; ('1" '1,; E/U)

(I3)

where serveral other recursion relatioos6 have beeo employed ro simplify rhe
las[ srep. The rcsul[ (13) i5 posirivt, and monotonic-decrcasing wi[h T.8 "111C
appearallce of a utail" in CV(T) for T>"'c can be imcrprered as cominR frum a
non-consranl pair-distribution funcrion fur ,>a, i.e., as the reesence of somc
CI short-ran~t' on.ler".
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3. Partia/ extension lo hizhf!r densities. lllis is accomplished b}'usin~
a density-dependcnt b(p)-cocfficicnt which will rcproduct, coerced}' sorne
higher-ordcr vicial coefficients Cm rhe rcpu/sive part of the potcntia I un Ir.
The equ.Hion oC s(atc is then

11(X):; PlpiT, x = pipo'

11(X) = 11h (x) - a (1- F (-V", v,,; ElkT)] x'.•• 1 I

where the hard-spherc equation is

11hs(X) = (x+x'b'(x))/(I-xb(x)), xb(x) =pb(p)

and, if B:~is [he nth hard-spherc vicial coefficicnt,

(14)

(15 )

(16)

The f¡rsr equality is an eXOcl relationship and the last mcmber conrains a
[3,3] Padé representation bascd on the f¡esr six hard- ."iphere vicial cocf-
ficienrs,9 rhe numerical coefficients coincidin~ with rhose in Ref. 10. The
7Ths(X) resulting froro (I5) is rhen

11hs(X) = x +ax' (( 1- 0.656078 x + 0.172328 x' - 0.103207 x' + 0.014918 x.) X

X (1- 2.507279 x + 2.296 418x' - 0.908646 x' + 0.131336 X. )-1] • (17)

The hard-sphcre representations (16) and (17) reproduce quite well the com.
puter equation of state for the harJ- sphere fluid, as wclI as accura(e1y prc.
dic(ll che fluid-solid (ranshion paramercrs. The leh hand side of (9) is now
replaced by 11hs(X)/x, whieh is also found w havc onc and only one minimum
at Xc = 0.17575, which in tuen gives (he critical (emperature and pressure listt.-d
in Table l. As expcned, density and compressibi1i(y talio ha ve improved, but
at the COS( of pressure and (emperaturc agreement previously had, the recupcr.
arion of which may require including auraeüons, via higher virial cocf(icien(s
(to our knowledge not ye( available foc (he in(eraedon used here, wi(h (he ex.
ception of (he third one 13), in (he extension w hi~her densides discussed h~'rc,
and will be reponed later.

A suggcstion of the kind of aweement whieh may be cxpected then is
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.,>("("nin (he.' last [\\0 r~lWS tl( Tabk 1, where f('sUI[Sl" b,IS(,d on lhe (ir.;;( fi\'e

\'iria1 co(,fficien(s of ,h(, Lennard-Jonc.s 6-12 POll'llti,11 ,lre ~i\"{'lh

\l,(, dMfl" 'la.'\. Brody fllr pro\'iding [he ...•uh-roufine lO e\'a1uate the
t~'....
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RE51J.\IE:-i

nentro del m,lrco ~('n('ral de la rco[ia de campo-m(.dio de \',ln dc[ \\'aal ••
para la ecu;lciún de ('srado de un fluido, tcoria quc e ..•aSitH0ticamell[(" exacta
para haj<ls densidades y alta.s temperatura ••(cuand{l se empl('an potenciale."
realistas), d,lmos una ('x[('n.-;it'm exacta para tod,l temperatura, ('n u:rminos d(,
funcioncs hiper,lZ:eométricas confluentcs, así como una ex«'nsiún p.Hcial. pro-
venientc de la parte f(°pulsiva d(' la interacción, rara densi{bdes mayor('s, todo
para d potencial de SutlH:r1and.




