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ABSTRACT: The flow problem of a thin laycr of liquid f10wins over a rotating

disk is formulated. Two regions have becn considercd, corre-

sponding to the limiting cases where the viscous forces are

much larger than the centrifugal or convecrive forces, respec-

tivel}'. The first (center region), extends from the center up to

a radius 'e and the second (external region)from a radius ~ up to

infinit}'. The center region leads ró a boundary layer {'1'oblem.

Thc layer rhickness varies as ,2 and the radial vclocity as ,-3.

Thc external region has been solved throush an as}'mptotic series

expansion in a small parameter ~ which re{'1'csents approximately

the ratio berwcen convective and viscous forces. Solutions are

obtained up to first order in I!" and results show that rhe layer

thickness decreases as ,-% and rhe radial ve:ocity as ,-~. A

numerical estimate shows thar 'e can be rather smalJ f(Y arca-

sonable set of parameters, from the point of view of the appli-
cations of this work. In the region Iying betwecn 'e and 'e a

patching solution is proposed based on the c(.'nter and external
¡¡miting cases.
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II\'THOlJlJCTION

Fraidenraich

Thc prnhlcm which motivaren this work is rclatco to rhe pf(lciuction oC
spray s hy mean.'" oC spinnin,g-disk type sprayers. Finely controllt'd spray." may
be ohtained when I¡quid is fed into rhe centcr oC a f()tatin,g disk and cenrrifu,ged
off rhe edgc.1 ~1ore recendy (his m('[hoJ ha .•••been used (O produce dcctfOstatic
atomizalion through (he action oC dcctric forces ae rhe edg<" oC tlH.' disk.2 In
all rhe ...•e cases ir is of ¡nterest to know che flow conditions at rhe ed,ce oCcile
rowring disk wherct duough (he cnrnhincd actinn oC m('Ch,lnical ano elcctric
forres. rhe liquid bccorncs unsrahlc and divides joto a fine spray oC £iny drops.

The preseot \Vork considcrs (he sleaoy axisymmetric fle,\\' oCa (hin ¡ayer
of fluid over a roraring disk. The liquid is fed from a poinr source ar a con-
stant nHC Q ar rhe ccntcr of rhe disk. Tlle radius of rhe disk is considcrcJ
infinitcly large. The existencc of the free surfacc at a consrant pressurc alJows
u,o;;(O llc,e:leet rhe pressure ,e:radienrs rhroughout rhe rhin layer of fluid, as rhe)'

are verl' small compared with [he othcr force s presento
The f10w analysis con:-.idcrs tWO regions, corresponding (O rhc limiting

cases in which viscous forces are much largcr than the centrifu}!al and rhe ra-
dial component of rhe inertial forces (convcctive forces), respectively. Cnr"
respondin,gly, rwn radii re and Te may he defined which determine the outer and
inncr limits of rhe ceuter amI external rep:ions. respectively.

¡\ rhird, in({'rmediate rcp:ion. where rhe inertial and convective forces
are equally impnrtant. may be con<;;idcrPd- Iwtwccn Te and Te' This intermediare
region is the must difficult ro analyze, as thc complete prohlt"m must he solved
there; noly rhe tWO extreme cases have hecn sol ved herc wherc a f'Hching so-

lution is propn<;;ed in this regioo.
The flow in rhe ccnter is govcrned hy the radial componenr of rhe

Navicr-~tokcs equarions amI the coupling with rhe azimudHll comp<,ooent1S very
weak. As will he shown later. rhe cqu3tion in this c~~e turo out ro be of the

boundary layer type.
In the external re~ioo rhe flo\\' is mainly d('termined by the int('rplay of

viscou .•••and centrifugal forces. Thus rhe radial and azimuthal componcnts are
stron~ly coup1cd and an asymptotic cxpansion procedure is dcveloped in a small

functional parameter defined as

where Q is the volumetric flow carried by the thin layer of thickness o and Q,..
is the fIow carried bv one side of an immer.<;;cddisk of rodius T and boundary laycr; %
of thickness Ó rorating with angular snPcd ({J. Ó is cqua1 ro (v./w) 2, v is the

,.. .. ' 1- ,..
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kinematic ,,¡scosir}" of the 1¡(IUid ami <u> is an <lvcm,Ce o\'('r Z.3 The flow in
rhis ea"c corr('sponds 10 the .S(I (',dled cr('<:'pin,g morioll and rhe se'cond pan
of (ili" work i." devored ro finclin,C rhe solution ro [hi .••prnhlem.

In rhe firsr p;Ht of r!Ji.s papn, the Navi('r-Sroke:,,; equation are simplified
hy makin.c u."'e of rhe faet rhar rhe' rhickness uf rhe fluid layer is much smaller
rhan lhe raoial coordinate r.

rORIIIIL.\T10r\ nI' TlIE PROI\LE..\f Ar\n

IllllJNn ..\HY CONnlTIONS

Tlle flo\\' will he r('fe((ed 10 a ."{'r of cylindrical coordinares (r,rp,z).

Sinee rht.' fluid forms a rhin !ayer 0\"(.'( rhe rowrin.c di ••k, r1H' followin~ appwxi-
ma[ion ha", oeen made

','Clr»"d/cr, 11' < < ti, U'« t', (1)

whn<:' ti, f) and u' <He [he radial, azimuthal and axial compnnents of me ve1ocity.
Takin¡;.! inw ;lCCOlllll [he inrqualities (I) as well as (otarional symmetry.

[h<.' .\'¡l"j{'f-Srokes illld cOllrinuiry <.'quation.", for rhe ea'\(' of ao incompres"ible
fluid ¡na~ he wrirten as

(2)
tl (r1u ¡,ar)- (,,2 Ir) + 11' ((ltI;' (~%) = _ (J Ip)(?Jp/ a,.) + 1J(a2u/a r2)

u «1", / Or) + Ir( il" / Ci,¡ ~ - (1/ p) (dp/a,) + v(a'", /,,,') (4)

o

w!l('re fI and D afe rhe fluid pfessure aod dcnsiry. In wfitin¡: Eqs. (2)-(4) terros
of th(' order (ÓIT)2 han' been ne¡:Iccted.

Th<.' boundary condiriolls on rhe disk surfac{' i.lf{'

u -
,! = 00'" }
rl =

ü. (6a-<: )

On t1l(' free surfaec, rhe fnlIowin¡: felarions musr he satisfied":
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e.In. = O
" 1 1
p- 2jJ.eiirl¡nj

al % = (3 •

Fraidenraich

(7a,b)

ni and ti are rhe componcnts of lhe normal and tangcnlial vcc[{)rs ro the free
surface and Po is [he uniform pr<:ssurc ovcr it. e .. is dcfincd as

'1

e .. ~ ! [(du./dX.) + (du./dX.)] • (8)
l' • 1 1 1

Equarions (7a, b) follow from equating the strcsscs on bodl sides of the interface
al (he free surface. Th(' surface tensioo has beco ne~lt'ncd in writin~ Eqo (7b).
The solutions [O be found will sho\\' this approximadon tu be valido \\1wn Eq.
(8) is introduced in (7a), its two components lcad ro [he following conditions:

duldz = O
dvldz = O } al z = oS, (9a,b)

where inequalities (1) ha •.'(' beco used, implyin~ .\Iso that (8/,)2«1.
\1.'ith identical approximations, equatioo (7b) transforms [O

(10)

Taking (he derivativc of (lO) and through the use uf the continuiry equation,

we obtain

-(l/p)(dpld') ; 2 v(dld,) [(duld') + (ul,») , (1 I)

The right hand side is much smaller than v(<J2u/ih2), and dlUS at the free sur.

face op/dr may be taken cqual tu zero:

dpld' = O al % :::; Ó. ( (2)

Making a series {'xpansion uf -aplor around the poinr % == S and using Eq. (12)

wc can wrirc (llp)(dpld').<; as

(l/p)(apld').<; = (I/p)(d/dd(dp/dz),=; S••

From Eq. (4) it can be secn that (I/p)(op/oz) is of the order of V(02W/Ot:
2
)

which, through the use uf lile continuity equation, can be shown ro be of the
ordcr of (Ó/T) V «(12u/d.r2). Thcreforc, the tcrm (llp)(-ap/or) can be ncglccted

throughout the Huid in the approximation (ó/r)2« l. Thus Eq. (2), without dlC
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term Olp) (op/ar), and Eqs. (3) and (5) [Ogedler with the boundary eonditions
(6 a-e) and (9 a,h) bccome the system of equations lO be solved.

In order ro integra te this system, it is often eonvcnient to introduce a
strcam function t/J(r,%) defined by

(13a)

(13b)

The equations are now rewriucn in dimensionless form by referring the axial
coordina te % to the layer thiekness $(r) through the expression

(J.i)

and introducing th{' following relations:

h (r;r¡) = rJ/wr.

(15)

(16)

(17)

Whcn changing variables from r, % tu r, T) it follows, using Eq. (l4), that rhe
derivativcs (a/ar) and (a/d%) transform as

(IBa)

(1Bb)

Thus, using Eqs. (13) and (lG), the velocities u and u' can be expressed as

and (19a,b)

where l' stand." fur df/aT]. Introclucing expressions (19a,h) and (17) as well
as jts derivati, ..cs jnto Eqs. (2) and (3) we obtain

(QS/,'v) [2h/' + ,¡'COh/d,)- ,h'(Cl//Cl,») = h" (21 )
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The houndary conditions (h a-e) and (9 a,h) can he 'Afinco as

['=0

\
dI!?), O ae "/) --o O

h = 1

.¡ud

J" == O

~h' O
al T):= 1.

Fraidt'lltail-h

(22a- c)

Th(' prohlem has un\\! hC('1l fl"duC(,d ro solving (':lJso (20) aud (21) wirh ¡.lllt! h

;1•.•unknowns and with boulIdary conditions (22) alld (2j). 'rhe thicknt.'ss 8 of

rhe boundary laY('f i..•abo uuknown bUl, al ¡caSI forlllally, I and b can he oh-
(;lilll"J ;IS a (un<."[ilmoí 0 ami, since me soiutions RlU'.;[ s¡nisfy (he cOll'-.rilrH:Y

oí til<o voiumcrric flow,

Q = <u>rv (2.1)

1

6(r) follows; <u> is ~i\'('1l by lhe integral J ud7]o
Looking al Eqs. (20) and (21) one s8es thar [\\In different rypes of SO"

lutiOllS can he g('IIt.'ralt.'d according ro rhe mit~nilUde oí (he facwrs (ú)2,28
3 /J-'Q)

and (~S/r2 v). In (iJe fir. •.•1 (.".Ise ir OCCOlllc." ohvious thar a rl"giun around the
ct"ntc:r OlU:-.tc:x.i~r wiu:rc: (Ii{"rclatilln be(w<:<:n c:cll1r1fu~al and vi:-cous furl:es.
(-,-)2r283/vQ). is much sm••l1{'r rhan unir)'. In rhis case Et..¡s. (20) and (21) Me
\1it.••lkly couplcd alld Whl"n (he tt:nn cOU(ainln~ h in Et..¡.(20) lS ne¡.:lc:cH..d .•••t:""re
¡eft wirh a boundMY laYl'r typc t:"t..¡u.Hion.A difí{'rellr situiHinn arises w1len rhe
raún bctwcen the (,()Il\'t:"criv{' ami \'iscous íorces (Q6/rlv). js much smaJler dliln
on{". Eqs. (20) ami (21) are stwllgJy coupled illlll in order tu obtain a s",Jution,
<ln asymptotic e);pall~ion prtJ('edure is devc10pcd usin~ dl{' small funcrioll,.1

expansion param{'rer €.

SULU"llUNS FUI{ 'lilE CENTI':H HE(ilO;":

In (his re¡':loll W{' n)llsid<.'r rhat (he cOIl\'cuiv<.' forces are much lcu¡.:er
(han (he centritu~al torces. Thus neglecrin~ d\{' (erm (w2,2'¿3b

2/v"¿) in Eq.
(20) we are leh wi(h a differ{'II(ial eqmHion in J ouly. This equation is ot (he



Flow ofli,"id fil", .•• 75

convenciunal (YP(' appearinR in hOlllldary Iayer (licor)"; Cor che sollltilln." ro be
similar, í.e •• (CJI/vr) = O, i( can be se en (Itar (he following cooditions musc
be satisficd:

(25a)

(25h)

wher<~ A. ami H are constants. Eqllation (2'5a) !e¡¡lIs ro the relati()fl

which aurom;l(ically sati .••fi('s Eq. (25h); chus H i ...•r-qual ro 2.
Th(' differentiaI equ¡uíofl ro he 501\'('d can flOWhe wriucn as

-e/, 2= /'''

where e = 3A, with the following houndary conditiotls:

(26)

(27)

/' O. o (28a)

1" == 0, (28b)

Upon a fir.",( intcgration Eq. (27) gives

2 J J
1" /(f' (I)-/' (1))=(%)<: (29)

where che houndary cOlldirion on 1" has been u~cd. Next, inteRration Icads ro

-~ 1 I
1-1)=[(",)C!'(I)] J (l_¡J)-Y,d¡

•
(30)

where x = (/' (7].)/1'( 1 )). The ilHeRra1 can be reco~ized as me ilU..'omple(eelliptic
integral F«p\a)/3 -~whc're a = 7'5° and cos </) = (D-I +x )/(B + l-x); whcn the
condirion /'(0)::::: O is inrroduccd, Eq. (30) becomes

(31 )

wbe« 1'(74.-1'\75")= 1.8ó and 74.4°=,cos-' [(-13-1)/(-13+1)] (x = O); lbus
[CZ¡j )CI'(l)]:;? hecumes equal tu 1.86/3'~. Expressioo (31) is repr('sefued In
Fig.l and rhe resulcs have heen \)bcained numerically £roro cables.5



76 Fraidenraich

'O
9
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•
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Fi~. l. Radial velocil}' profil"c in [he cente-r fC,I':ion x = (j'(7'})/¡'(1)).

'rhe solution must still satisfy Eq. (24) which leads {O.rhe conditiun

IJ j'(T))dr¡ = 1,
O

which, after writin~ dr¡ in tetros of dI' from Eq. (29), Ieads lO

,o\. Iso

[/'(1 )J ¿ . -'2 1 ~
[('/,)C] J 1(1_1')- 'dl= l.

O

'2 I 1

[l', )Cj'(I)] = J (1_1')-'> dI
O

1.86/3 ~:

rhercforc

1 I 1 I
/'(1) =J (I-I')-'>d,¡r I(I-I')-'>dl = 1.63, (32)

O o,
wherc f t (1_13)- 2 dI has becll ot)(ained throu~h lhe use oC the expression:

o
1 I I I ~ ~ rJ 1(1-1')- , dI = (3-{ - 3") F (1\75. )+2(3)' 1:(1\75.) - [(2"I-x' )i(" 3+1-,.) J,

x
wherc E is the incomplctc cllipdc in(f.~ral of [he ."ccond kind.6 \tillen x = 0,

(t=74.4° and
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Finally wc obtain C~ 1.87, A,::: 0.62 and

s ~ 0.62 (Y"/Q). (33)

77

h can be secn that ahhough dtis approximation is only •..alid for small r, [he
relation (O/r)2 is s[il1 much smailcr [han one, thus satisfrin~ [he assumption
made in derivin~ [hcse equu[ions.

SOLUTIONS FOH TIIE EXTEHNAL HEGION

In this region [Il(. factor (Q8/r2v) is consiJered to be much smaller rhan
unity; in [hat case an examinadon of Eqs. (20) and (21) sUAAcst."dIe possihili[y
of obtaining a series solutioll hy using [he small functional f41ramett-r (Q8/r2v).
Because this relation contains S which is unKflown, wc will make use of a
slightly different coefficif'nt €=(Qbm/r2v)=Q/Q", which depends (01)" upon
known physical parameters and the radial coordinare r. Thcrdore if we postu.
late that {he dependent variables are expressiblC' asyrnpto[ically (as E----O) as
power series in E, we can write:

(34a)

(34b)

(34c)

Upon substitutÍon of [he series 04 a-e) into Eqs. (20) and (21) one ob[aios
[he following se[ of equations of 7:ero and (irs[ order:

(_g3 /E) h' = /'"o o o

hU == Oo ,
p [,/.'CiJ/.'/",) - 'f."CiJ/. /"') -/.' (1 +(,/8 )(dS Id,»)] -
O() O O o O o o O'

-[Og'g h')/E]- [(2g3h h )/E]=I"o 1 o o o l' 1

(35a)

(35b)

(36a)
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(3('b)

The correspondinJ!; boundary conditiotls are ohtained from Eqso (22) and (23).

l' ~ Oo •

It = U,

/t' = 0,

di Id, ~ Oo' , ha 7J~ O 07a)

flo ~O 7)~ 1 (37b)

hl O 7J~O 08a)

fl
l
~ O 7)~ 1 08b)

The \'alue of 8, anJ therefore of g, is ohrained onl)' when rhe solution
fOI (he radial "elocir)' is mOlde (O satisfy lhe relation (24). Wh("ll this is done

nlle obtains (.<ice :\ppendix)

<u >r 8 = Qo o

<,~> S + <u > 8 == O
I o o 1

09a)

(3%)

whcrc lhe <u? arc dcfincd in lhe Arrcndix ami 3i is ('qual tu g¡ 8",; lhe suh-
scripr corresponds to rhe diffcfcnt (cnns of Eqs. (34). In (he fol1()win~, solu.
[ions up tu (he first order are c\'alu,ucd; hi~her ordcr (erms roay easily he oiJ-

l.lincd by rhe method oudincd.

ZERO OHIlEH ~Ol.l 'TIO~

Fwm Eq. O'5b) and the <-.orrcsrondin~ houndary conditions, dlC funcrion

ha ¡s obtaincd as

(40)

ami illtroducing this result in (he Eq. 0'501) gives

(41 )

Equaüun (41) also satisfies buundary conditions (37). Thus líO can he wriuen

as
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and

lJsin~ Eq. 09a), So hc('ol1'lcs

(42 )

(44)
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"Exprcssion (.\-4) is the- liquid surfacc equalion ami satisfies Ihe la\\' 80'",-l;

this la\\' i~ (he resul! of Ihe fan tha[ [he cenlrifu~al forces _(..;2, Me b.1.lanced
oul by the visenu ...•fon:es in the radial direction, as could be shown throu~h a
simple an;\lysis which (;\I.;es onlr thesc forces inlO accounl.

A£ter a sli~ht rearran~ement, Eq. (44) can he wriuen as

(.1)

The fan that i[ is the third power of 1:
0
which musl be smallcr than unir}' pcr-

mits ont 10 satisfy [his rclation with vaIues of 1:0 slightly smallcr than one.
On [he olher hand, Eq. (41) shows that le' is a func[ion of 1] onIr, because
(g~/E) is a constan[ cqual 10 3.

The expression (.i.1) can no\\' he io[roduced in the equ,ltion ~idng Uo
and W(' oh[ain

"o
'1

(9Q2u;2/V/~'- l(T] _"1']2). (46)

Equa[ion (.iG) giv('s lhe radial velncity as a funClion of r amI the relevanl
paramct('rs, and shows tha[ Uo decreases ver}' slowlr in this region (as Ihe in-
verse cubit' root of r). The value O(fIO is U;', as bo is equal lO olle.

The axial component of veloci[y w can also be expanded in lerrus of E
and the Z('fl) order ICnTIresults (see Appendix)

(47)

and when the expr('ssions of 00 and Uo (Eqs. (44) and (46» are used il leads

lO

(4~)

For 1']= 1, U'o bccome ...•equal 10 uo(d8o/dr) as can he secn ¡rom expression (47)
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and il can he reco,cnizcd as rhe condidon of mass conservadoll al rhe free
surfacC'.

FIRST OHDEH SOUITION

First we ealculatt. h (roro Eq. (j(,h) and considcring rilar (ah Idr) = o. o
and (a~/dr)= o (s('{' Appendix), [he differenrial equadon which .ci\'{'sh reads

1

h"=1h'"
1 - 'oJo go (4Y)

which aftc-f replacin,c ho' 1; and go lead .••10 lhe equation

(50)

Takin,g ¡litO accounl thar ho = 1, %/ar = O .1110 al; Idr = o [he equariotl for I¡''',
Eq. Orla), hecomes

Thc brackct in (he (irsl lcrm can be calculatcd from Eq. (44) and turnS out to
be equa! lO e/~). lJsin,g rhe relarion (~~/€)=3, Eqs. (41) ilnd (50), and lhe con-
dition (\'Ilh) fOf oht<linin.c. g¡ as a functioll oC go' Eq. (')1) inte.c.rates w

From cquation Olh) ir follows, alter sorneWc can no\\' calculare !JI'

rearran.c.ClllcntS, rh,\( (53)
-1

ti 1 ~ -"ogo {O.5Y- [O.yI~ - 2.657)' + 27)' - ( },)7)' - ('1,,) 7)' + (\,)7/'] l3(7¡- ~rf) 1 }.

Tlle component VI can be obtailled from Eq. (SO) and reads

(5., )

Finall]', u'l can he ohraincd in a strai.Rhtfnrward mOlnn("ffrorn Eq. (\"llIh) hU( as
no additillnal featufe concernin~ the method outlincd is involv("d, it will not
he cakulatcd.
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HESU I.TS ANlJ DlSCUSSION
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The shcaring stress anJ llHniup: mament can be deriveJ from dle equa.
tions obtained. In the ('en ter rep:iofl rhe radial component of rile .'ihearing stress,
Tzr is

T = "(oo/a.)1 ~h"/'O')/"(O)a;,."'" :r=Q t;o;::

whert" j"(O) is given hy Eq. (29),

3 11" (O) ~ [('1,) el' (1)] :c:2.3.

Using Eq. (33) T'Ir hecomes

T ~ (Gpf)3/V,5). (55).. -
The circunferential component ":rr/> is zero within the approximation of the "o"
Jurion •• obtained. In the externaJ f('gion T:rrj; become."

where fl i••given h}'

fl -= úJ r + úJ r Eh
I

(57)

anJ h1 i." given by Eq. (50). The radial component uf the shearing stress, 'Ta;,

is given by

11. V,
T ~p(3f)1JúJ-4)3rl:r, - ,

and the angle betwcen the radial and tangeotiaJ components is

tga =- [(00/0')/(0,,/0')] 1.=0 = OvW/8Q')'1, ,~

(58)

(59)

which increases rapidly with r.
Concerning the radii re and re which define the upper and lower limit of

the center and external region, respectively, they can be escimatf'd staning from
the inequalities

W',' 03 /v,:! «1 center region



r! Slr2v« 1 • external reglOn

As :3 I~ of the order of 3".., w(, <He leCt with the following expressions, ()' is a
numhcr mllch .••mallcr than one)

and

The rclatioll (rclrtJ ~ y and )' can be taken ('qual w 0.1 for all practical pur'"
pose ..••

An c."timadon of rf' IS nf
paramctcrs for .l typical I¡quid

p~ 1~/em3,

and

'J 10 cm3/sc¡!.,

, become~e

, I.B cm for•

interese thus, a.<;¡."Oumingthe following physical

w 1OO/'c~

, 0.1 •

It can he .<;('('11 that for rclativc1y small mas." f1ow..••, high viscusiry liquids and
hign spinning spt:'cd. rhe r('sults ohtained fm the external region apply well,
excepr for;\ "'mall re,gion ne;lf rhe disk eCnrer. These conditions are usuall}'
sa.dsfied hy rhc rype of applic,uions sought here.

';"l1e flou" in the reginn lyitlJi!;bcrween re and r., poses a radler diffieulr
problem, as the- cOll\"ectiV(' and eentrifu~al terms in equation (20) are cqually
importanr. In rhi.'" region [he layrr thicknes.s mu.S( aehieve a maximuffi, as can
be casily undcrslood Crom che fae( thar hefore ami aCter it inerea."es and de-
creases, respectively. In rhe viciniry of rhe maximum, u musr vary as (l Ir).
A sohuion which corresponds [(l rhis beha\'iour may be ohtained by adding rhe
('"cntcr and exrernal solutions (or rhe radial vclociry

u (60)

\\'here rhe subscripts e and e C(lrrespond ro the eenrer and external regions



F JoU' o/ Jiquid /i 1", •••

S " 'it_'" 0.66 (w)
,/

",,-- -- --....", ....- S~
------

FiJ/:.2. Sketch ol the variadon ol the layer thic1mess vs r. Th(" dashed curv("
C'orresponds to the inlermediare re~ion.

Fi,ii:. 3. Sketch al the variation al the radial velocity vs r. The dashed curve
corrcsponds to the intcrmediate re~ion.
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respectivel}' (Eqs. (31) and (42».

<u> also ."utisfic."i

Fraidenraich

(61 )

thus s ~ S S /( S + S ).~ e (' e (62)

The maximum ror S can r!len be found,

(-l/S' )(dS/d,) ~ _(l/S' )(dS /d,) - (1/3' )(dS /d,) ~ o. (63)r r P P

Se and 6l;' <He ~iv('n by Eq .•••en) and (44) re"'pecrivrly and introducing their
derivariv('s In Eq. (63) \\'c ohmin

S . ~ 0.66 S •
maxlmum '"

In justifying chic; snimion wc can .'\:ily thar (h~ radial \'clocity ti hc.'cl)(ncs Uc and
uf' foc small and lar~e valucs of r, respectivel)'_ Al rhe same time and as a re•
."'uh of (he equ;1tiOll of continuity (he ¡ayer thicknes."i S (Eq. (62», aran from
rcproducing lhe correspondin,c laws foc [he center ami externaI re,cions, achieves
a maximum in lhe intermediare cc,gion. As was mendoned above, rhe layer
dlickness mus( sarisf)" this condition.

On lhe other hand \\;(' can no! expcc[ that Eq. (60) will saüsfy che dif-
feremial equalions fm this prohlem. It is onl}' a a patching soludon, joioing me
.soludons of thf' [\\'0 limirin,g cases considercd in [his work.

Finally [he results ohtaitlcd for the chan,ge of [he liquid layer thickness
vs r arc consisten[ wi[h the a.s,sumprion of makinJo: [he surface tension forces
negli~ible. This may be \'crified by calculatioJo: [he radii of curvature and com-
paring the radial deri\'ati\'c of [h!' surface [cnsion \l.'ith [he [erm 2v(d / or)x
x [(élula,) + (u/,)] in Eq. (11).

CO:"CLUDI:"C; RE~I¡\HKS

The flow prob1em of a [hin Ll)'cr \lf liquid flnwin,g o\'er a rotatin~ disk has bcen
solvcd in t\l.'O limiting cascs: a) when «(.u1r283 /v'1) «1 (center re~ion) ami b)
whcn (Q8/r2v) «1 (ex[emal re¡,don). In the c('nler region che dlicknes.<,; Ó varies

, d. l. -"; .rl l. 1 l. -, das r an In the eXlerna regHHI as r l. IC average ra( la ve ocny as r ao
r-lll respective!y. lo the center region the problem admits similar solutions
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and u (7]) is ,givcn as an incomplete dliptic inte,graI. In the external region
the solucions are obtained thrnu,gh an asymtotic expansiol1 in the parameter f.

The profilc of the radial vclocity is parabolic and the tallgential veIocity is
cqual lO (.Jr in th<" zerodl onkr. A patching soluciofl is found which joins the
!-mlutions of the two limjtin~ cases considcred.

APPENDlX

Va/ues 01 /he ve/oci/y componen/s. When the series (4) are introduced
intu Eq. 09a) the following equation is obtained

(1)

wherc

.0 = (Qlr8o) 1;

., = -(2/.50) [(5/50>1; -1;].

(IIa)

(!lb)

Also <u> can be written as

(IH)

where

(IVa)

(IVb)

<. >o
I

= (QIr8) J l.'dY)
o o o

=-(Q1r80) j'[(5/50) 1;-1,'] dY).
o

At the same time Eq. (24) can he split up intu difer('nt terms of increasing
order

Q = <. >.5 +E«. >.5 +<. >.5 )+ •••o o 1 o 1) 1
(V)

which, aftee using Eqs. (IV) becomes

(VI)

Thus the following set of re lations is valid
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In lhe
hl (he

Q = <u > ,6o o

case of the axial componen! of veiocity w

followin¡.! se{ of equ,uinns:

Fraidenraich

(\'lla)

(Vilo)

a similar procedure lcads

(\'11 I)

wherc Eqs. (34a) and (34c) tog(,lher wirh (lI) have bcen inrroduced into Eq.
(lYh). In deri\'ing equarions(\'III) the conditioll lhar (d/o/ar) = O al ever}"
poinl has becn uscd. This conditions is olHained illlc1!ratin~ (41) and using
(he Caer rhat (a/%r) = O at TJ = O 07a).
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R ES1J\lE~

Presentamos el prohlema del flujo de una película líquida delgada so-
hrc un disco en rotiH:ión. ~e consideran dos rq.;iones correspondientes a los
casos límites en quc las fut"o.a:<. \'iscosas son mucho mayorcs que la fuerza
centrífuga o la con,,'cctiva rcspectivamentc. La primera (refZ,ion central) se
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extiende d~l centro hasta un radio Te y la se~unda (región externa) del radio
Te a infinilO. La región central conduce a un problema de películas con condi-
ciones a la front("ra. El C"spesor de la película varía como r2 y la velocidad ra-
dial como T-3• El problema en la región ext("rna se resuelve mediante un de-
sarrollo en serie en el parametro pequeño £. que representa aproximadamente
la razón entre la fuerza convectiva y la .••.isco .••a. Se obtienen soluciones a
primer orden en £ r .•e presentan resultados cn lo •• que el espesor de la pelí-

1 1 JI l. lid. 1 -") . . - -cu a l cerecc como r '1 y la ve OCH a( ra la como T 'l. t na eStlmaClon nume-
rica muestra que r~ puede ser pequeño para un cnnjunlO razonable de paráme-
tros. Se propone una solución en la re,gión cntre re y re b.l."iada rn los resulta-
dos de los casos lími((-"s central y CXH"rno.




