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ABSTlLICT: ;\ calcularion was maclt' fm rhe ('n{'rgy of an inlersciliai I.i Ion

in a cryslal laIcice of salid Ar. Th{. mrthod usrd is due ro

1I0ve and I\rumhamsl, in which che interacrion energy is sepa-

rared inro .oH"n"eral conrrihutiollS: on(' of Ihem correspondinJ;: 10

a semi-infinite cryslal; anO[ht'r ro a semi-infinile plane; and

finally, a lint' af atoms. In order to describe Ihe int("raclion

potencial h{'(w("(>n Ibe I.i ion and che Ar aloms we oa\'c usrd

rhc ffierhod of Norgelt and I.idiard. Th(" contrihurions of caeh

interactioll potenlial O.e., Ihe semi-infinirt' solid, rhe plane

and the lim') lO rhe coral energ}", 3rt' shown in separatt' cabl{'s.

The use of Fourier transforms in lhe calculalion of laHice
sums is i lIusrrared in rn(" appendix •

.~. INTRODlJCTIO:"

The ener~y of forma(ioll uf Ctysral defc('(.'i was f¡rsr calculared hy Moa
and Li(r!(>wn 1 many y{"ars il~O. Since (l1en (he etlergy of form,Hion of point
defects in noble ¡.:as .'ioiids2•3 and rhe ener~y of migration of inen ga.'H" s in
ionic crys(als ha\"(' hccn eVaIUil(ed.04 Also, dH:' opdcal prop('uies of suhsti.
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lueioll.d 1I1lpuri{ie...• such a •• JI ami Li in noble ,l-:as ...olids.5 haye hecn and are
t)(:in~ ...tudil"d. The intcraction of til(" Li+ ion with lhe incrt gas alOm,"" of dJ{'
crY'I.11 i ...• lIo\\'("\'<:r. a major unccrlainilY in all of rhese modei ••• althou~h a
hYPtlll1('si ... on che narurc of thi ... interaction-4 has hc('n cxpcrimentally vcrifi('d.6

ror rile compuracion of the parameH'rs in\"oln"d in our problem \\'e hav('. th("rc-
fOH.'. m,lde lI";(' nf this hypocllesis.

!l. TIIE I'OTENTIAl5

'rile con\"(,lltional Born-\titYl'r fonn of lhe po{cntial

b [1 t V/S) + (z./N.)] cxp {I,. + ,. - di/o}
I I 1! I 1

(1)

may 1)(' u ...cd ro d('scrihc tI'e c10sed ••1i(,JI irH('ractions hctween Ih(' ions i ¡¡nd
j, a di.'dane(' T ap,lrt, of an ionic tUlic(": Zi .1ml ,"'Ji ar(., r('specciyely, th(. llt."{
char~(' .llld thl' number of clec{ron ...; in {h(' nulermosl filled shcll of ion i. I~(".
cause {he d,ua lh,l[ \\'ould allow rhe Ikdut"fion of dH' potl'ntial funetion fOl the
ion-ill("r( ~a.s inll'r¡l(.tioll is ahs(,lI(. W(' \.Viii ,l •.•sume {fu<' the functi(lfl SUAA('.'HCd

111 Hd•.1:

b' eXI' {{r, + r. - r}/ e'}
'1 •

(2 )

where b' allJ f '.He indepcndenl of i allll ¡.
For the \'an Jer I,\;'aals conrri!lution (O eh(" ener~y expreSSi(lfl, it is neel's"

S,lf) to e"'t1Ill.l(e (he ion-inen ~as int('racrioll. whidl can he done hy inH'rpo"
larion .lmon~ [he int('rionic in(('["anion.s. Th(' van J('r \l.aals po{elllial I~ ~I\'el1
by thl' u ...u,ll sum of Jipolc-dipolc ami dirolc- quadrupole {crm ...:

TIl<' \"alu('s of L." ,\nd d.", for che I.i- :\r int('raction. were ohtained by the
'1 '1

met!Jod of ¡{ef.í.
In ("on{rast \.Vitll {he ca ...c of Ollt' nohle ,gas a{Om in an alkali halide

1.lltin', rhe ptllarization ('Ilergy is imponant in our problem. \\'e evaluatl' ir h}
,1 IIH'dl\ld .,imi ¡,ir [O th,l[ of .\100 amI l.ir(\eton.1

T\I(" polarization of the m('dium el( a 1.H~(' Jisrancc r from t1l<'ehar,s¿c<.2)

l' (i)
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and from lhe.' definitioll of polarizalion

where

(5)

(6)
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(11Ar is the dipok a[ a Iauice point tlue to a U+ ion, d is the ",id(, of the cuhic
unitary C('Il, aAr is lh(' polarizahilily of the Ar atom, and E is (he elecHical
field), Wl' ohtain, usin,g Eqs. ,1. ') amI G, lhe polarization ener~y

Ep ~ - ¡'!>~(1", /r.') ~ - (r¿'d' /,271) [1- (l/K )] ¿ (I/r.')
¡dI O¡ I

where Ko is the dil'il'clric consmnt ;lnd '¡ denotes the distance of any lattice
poinl frolll Q. The sumn\.'llions arl' o\"('r all the lattice points.

C. LXI'TICE 511\15

'l"h(' lauicc sums fm poccn ti a l...•of the type given by Eqs. 2 and 3 are
alrc;HIy known2 for f.c.c. crystal ..•• Ilerc, we US('.1 method (duc tO Jlovc and
Krumhansl7) diff('rcnl fmm the cuswmary ooes2 to ohmio t1ll' cootribucion-rc-
sultinl-( from the potl'nlials in formulas 2 ami .3 -for aH che lauice points. 'llüs
melhod I-(in:<>(he con(ributions of Ihe diverse crystal planes int('ractin~ wi(h
ao impuri(y atom. This inf(lrmation can be used to obtain sonlt' surface ?lfam('ters
in (crOlS of the bulk properties of (hc crystal, and it is also valuable cven if
the point at which the in(('raction ('nl'rgy is to he.' l'valuated, is oot in th(' lat-
tice. The computation of such sum,", howcvl'r, has hecn (hor()u~hlf done unly
fur the Coulomb potential, important when cstimating the relaxadon ener~y oC
crystal deCecls.lJ

+
'1'0 find tlH' inlcraction ener~y oC (he Li Ion with the alOms of the crys-

tal, W<.' Cir.", hreak lhe IOtal energy iulO IWOparts:

A = 2/l + e (8)

wherc H amI e are, f('spectlvely, the contributions of a sl'mi- infinilc crystal,
who .."" (lOO) face i...•a unir distancl' away from (h(, latticc poin( in question,
and lhar from (he (100) plane containin~ lhe lauice point. e is further broken up
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into

e 2f)+F

Cínlora ami Ruíz

(9)

\vhn(' /J and F M(", re.<;pectiv('ly, the cOlllrihution.<; from tli(' semi-infinite plane
a unit distance awa)", and fmm the (1,0) line conrainin,g the lauice point.

For a face-ceflrered cllbie cry<;tal wirh basis

[000; a a
2 2

o; ~O~; ()~
2 2 2

~]
2

the rype A. int(,(<l('rion is ,'!iven hy rhe potential :,1. (r):
ro

1:,(') = 2{ ~o {}:m [cXp(277i(m,x¡ t m,x,))]<
J ¡,

('ven

, [E -{ (O) + E" -{ (!)] t
P, 3 f'o, J

,[E R (O)-/' ) O)]}
¡.l, "3 P, ~.3

¿ [cxp(2ni(mr,¡ +m,x,»)] y
"'1"'1
odd

( 1O)

wher(' the inretacrion ener,'!}:

x exp[-271i(ml'~ + m1,:))¡ ,

,
{al,;' +

¡
Hz+ { +.x')']~} y

J J

( 11 )

(j1. stOlnds for rhe pOlir of intc,gers mi' m1) is the double Fourier uansfofTn; \\hile
F " is a sin,gle FOllrier tran'.;form of an individual intnacrion ener~y. Tlwy
"', l<J

w(..re obtained from rhe Foster and Campdl rables.Q mI' m1 are compollenrs of
a ,g('ncral recipro('al v('crm, £3 is one of the ('l)mponenc,> of the JX).<;;itionv('eror
oC rlw unir C('II. x~ ¡.;¡ one oC rh(, eomponclltS oC rhe posirion vector of an atoro
wi(hin (he unir celJ, whil(, .l = -.\:3 denotes rh(' normal -di,,'tanee of a particle
frolTl a surface under ir.

The int<'raetion of typc /J fm (he sanl(' la(rice is:

¿ cxp(277mx¡)(/!m{ (O) t /'m.{, O»;
m J J

e,'en

( 12)
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alld dH' contribution of type 1; í •.•

ro
2 :iUas)-rl

.s= 1

wh("f(.'1 rak( .•.• [he \'alll( •••••l, 6 ami H. Usín,g Eq. 2 \\'(' ,ge[

(13)
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ro
J.~:== 2 ¿ b' exp {(ri

~= 1

(1.1)

n. ,O'I"E~T5

Ikcause the radiu •.•.tnd polarízability ¡)f the Li+- ion are \'cr)' small \\'hcl1
compar('d with those of oth('r ion"", th(: interauion en('r¡z;y found here for til('
Borll-\laycr ami van der \\'aal •.•potcndals, is ahou( an order of magnitude le .•.•s
[han (hat for ot1l('r ions: \\'h(.r('as, the polarization ('llcrgy we computed is
c1o •.•c [O [he value, using an approximatc caicuhuion donc by )ost.1O

Tll(' doubk hluricr rran •.•forms for four diffcrcnt in(craction po(el1tials
-when the Lí+- ion íntcracts •.•..í(h a s('mi-infiní(c .'wlid- arc givco"in Table 2.
-rh(, single Fouricr transform •.•fm (he samc potcndals, when (he Li+- ion in.
[('.-.lec'" wirll a plane ami wirh a line of alOms, M(' giv<'n, rcspective1y, in T~l.
bl(' •.•:, anJ ,1. In Table ') rh(. con(rihution ro the total en(:rgy of each ¡n(erac.
tion porential is •.•hoWIl for the semi-infini(c sol id, th(' plaoc and líne cascs.

hnally, although thc intcraction potentials herween ions of the families
of I.i amI :\r llave hc(:n ptc\'iou"ly considered,. 1)(1 calculatioll similar ro (h(,

Oll<' her,' prcsen(ed ha •.•ye[ arrcarcd •

.\PPE~[)IX

The doublc rourín transform fm (he Born-\1ayer potcntiai is obtaincd

Lct

b'exp{(, +'.-'¡/í'}, I
(1)

whcre
,Hom.

r ,lnd,. are, respccti,'dv, rhe radius of th,' Li+ ion 311d that of (he+he c~crgy EB.\f.' corr( .•.•~)(lndin.c:tu this pO(Clltial interac(ion, will be

~'( )' .'2.. b ('xp (r, + r. - 'L' .':: :,
Jo:. 1 1 l'

¡\ r
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TAIlLE 1

\lumerical \'alul's of rhe constants employ"J in the.,,(' ca!culation ...•

o
a (,1) 3.7<l

o,. (,1,) (A) 1.57,

,. (J.j+) (~) .61

b' (ev) 0.ló9

o
p' (A) 0.339

'0 1.67

c.. (erg cm -6) 7.5 X 10-60
'1

d. (erc cm -8) 7 x lO-ni
'1

Z .5

o
d (A) 5.3

a (et') .0775



TAB!.!' 2

Duuhk Fourier tralls(orm J: oí (he individual intcrac[ioll cllcr,gy 2 = ,\/rll
(11 =,1, ú, B) fm the

1',0
Horn-~faycr potcntiaI.

~•••"~
i
;;,
2.
~
~

"

,j

G

8

B-.~

1'000 (O)

(tri Z-2

r.. (f-6lnZ
'1 2

d -g 1 Z
j1' a '371"

all;211Z

¡; 0(0)1'.

"1 ' 1a 2 7T 2 (m i+ m ~) ~ Z -1 --1 2 Tí Z (m ~ + 111~) 2

-6 .3" -2 2 2 1 . 2 2 11Cj j a 7T Z (m 1 + m 2) "2 27T Z (m 1 + m 2 )

• " 1 " 'd .. a-s ~ Z-J (m2 t m2)/2)" 277 Z (m2 + m2) 21J' j 1 2 J I 2

~ I

(m~ + m~ t<2%-p) 2 I x CXp(-271 Z (mi + m; + (firp)2);¡¡
(211)' p' (m' ; m' + (_a_)2)'1,

1 2 27TP

~.

o~
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Intcracrion ('nergy 4; ()f il plan<: of ;llOms (loca(t'd ¡U .\"3= O and extcnding from .\",)= O lO illfinity)

with an a((lm al [he poinr: xl == ":2= O, % == -X
3
' assumin~ (he individual intcranioll ('IH'r~y with

a norn-~lay('r pott'IHial.

~

"

.'1

G

8

1'00(0)

,,7!.z-'2 .

3C.. a-ti Z-5
~.,
15d.. a-SZ-7

.....!l .
24

l!mo(O)

(171\ 1 + 277mZ Iz-J ('0.'" (277m''''1) cxp(-2-nmZ)

c.. a-627T3m% Z_5j, 451 (27!mZ) cos(211mx,)
'1 /2

d -8 2 4 ~ Z-""; k ('J Z) (7 )'ji a '377 m , 7~ _77m" cos _7imx¡

:"p/a(m2 t (_a_)2)~
277 p'

Il-.~
,. + r.

2b ('X P (_'_1.)
.o'

2Z k' (211:1.' (m2 t (_a_)2);1)
I 2íTP'

n
S'
i¡
••"c.

'"e
•
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T ..I BLE .¡

InlcraCliun poten[ial !)ctw<:{'n one awro aod a line of ,\loros. (:\ ..•sumin~,
£: = 1\./,'1 and a B()rn-~Iayer potcntial).

TA BLE 5
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Diffcrent cOlllribulions tu dIe lOtal ener~y: the subscript denotes lhe tYI)(' of
inleraction pot('ntial and th{' superscript indicares lhe semi-infinite solid
O), the planco (2), <lnd th(' lin{' (1) cases. :\11 [he ener~i(.s are ne~ative
eXC~pt for lh(' Born-'taycr tyP('.

'/} P cjJJ '/',, , •
.37.¡ 2.0(, 3.07 5.509

(pi ,/1 (/~ ,l., , , ,

0.324 .159 .189 .3804

/1 ,¡} cj~ ,p• 8 8 8

.Oo.n.i .038 .042 .0831

d " .tf¡- M 'PIl- M"n-M 'lB-M

.05(, .104 .54.j .704
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and W(' can writ(" fOf lh,. exp in Eq. 2, usin,l.: (he lIotatioll of Hef. G,

with

r1. - a/2np,

To n'plaC!' lhe sum by (\\'0 irH('~rals, the f¡rst une being

whefe

we do as fnllows;
Le[

¡;' = -q' /477'

then

wlH"r{' z' 271% and K, is ,1 'icsscl fUllction of (he .s('cond kind with an ima~i.

llar}' ar,l.:umt:IH.

Intq~ratin~ '1' wc obt.lill:

[1 + 2 TT(Z + f. +- x ) (m 2 + m 2 +- 11.2) ~ J x
3 3 I 2

,
"ji ('XIl[-271(Z+ j +.,' )(m1+m2ta1}2J y

3 3 1 2

• -1
x [z (m 2 + m 2 + 11.2) 1 ]

1 ,

(5)
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~e calcula la ('Il('r,2í<l dt. un iÓI, im('r .•.•tit.iai (Jt. Li '.11 UIl.I t{,d cris[;llina
de Ar sólido. El IlH".hHj() l"OIlSislIl) en dividir el ni •.•(a! en varias rc~iones y M.'

calculó C'lJtonces la iu('racción de un ión con un sólido s('mi-infinito, con un
plano ."i(,flli-infinilO y nm una línca de átomos. Para dcscrihir (.1 po(('nl"ial
dehido a la intcrac("il)n de un iún de I.i+ con llllO de :\r, h('IllOs usado ,,1 m¿'w"
do til' \'or~('(( ami Lidianl. L,,<; difcrt'IHes con(rihuciones a la cncr,2Ía S(' prc'.
scnt:ln en (ablas y CII un apendice se ilustra p.lra uno dc- Jos po(cncia 1" ... dc'
inte:racdón el uSt) de las transformad.ls de: Fourier para ,,1 cílcuJo de sumas
de la red.




