
revista mexicana de fisica 26 no. 2 (1979) 233.254

•1'1I0:oiONS ANO SUPERCONOUCTIVITY:
RECENT OEVELOP~IE:oiTS

J. P. Carbotte
McMaster University

Hamilton, Ontario LBS 4M1, Canada

ABSTRACf

233

In this article we review recent developments which relate the
spectral electron-phonon density a2(w)F(w)- fundamental to the Eli-
ashberg formulation of superconductivity - to the inverse lifetime
of phonons YA(g). Neutron scattering experiments give not only the
energy of the phonon hWA (g) (center of the group) but also the
width of the group rA(S'>. For Nb, measurements of YA(g) and calcula-
tions of phonon lifetimes which take into account the band structure
have produced new information on a2(W)F(w). After a brief review
of the tunneling technique which leads directly to 0.2(0)\F (w) we turn
to the discussion of the problem of soft phonons in compounds and
their possible relationship to high Tc. Exploiting the available
information on o.2(W)F(w) for Nb3Sn we give a quantitative argument
which demonstrates that low frequency modes are unimportant in this
case. We also present qualitative arguments confirming the predic-
tions of calculations of the functional derivatives which show that
the most effective energies for high Tc are intermediate ones, of the
order of 7KSTc.

In the final section we describe recent work on phonon widths
in the superconducting state. The electrons condense in Cooper
pairs and therefore if the phonon energy available is less than twice
the gap these particular phonons will not decay through electron-phonon
interaction. We argue that this experiment could be a good probe of
anisotropy in the superconducting state.

RESUMFN

En este artículo revisamos trabajos recientes que relacionan la
densidad espectral electrón-fonón a2(w) F (w) - fundamental a la formu-
lación de Eliashberg de la superconductividad - con el inverso del
tiempo de vida de los fonones yA(g). Los experimentos de dispersión
de neutrones permiten medir la energía del fonón fl.w),(s.) (centro del
grupo) y, además, el ancho del grupo rA(s.). En el caso del Nb, medida
de YA (s.) y cálculo del tiempo de vida de los fonones, tomando en
cuenta la estructura de bandas, han producido nuev~ información acerca
de o.2(wF(ú~.

Después de una revisión breve de la técnica de tunelamiento que
permite conocer 0.2(w)F(w) directamente, nos ocupamos del problema de
los fonones blandos en compuestos y su posible relación con altas tem-
peraturas críticas. Haciendo uso de la información conocida acerca de
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a2 (W)F(W) para Nb3Sn damos argumentos cuantitat~os que demuestran que
los fanones de baja frecuencia no son importantes en este caso. También
presentamos argumentos cualitativos, confirmando las predicciones de
los calculos de las derivadas funcionales que muestran que las energías
mas efectivas para elevar la temperatura crítica son las intermedias,
de orden 7KBTc.

En la sección final, describirmos trabajos recientes en el ancho
de banda de los fanones en el estado superconductor. Los electrones se
condensan en Pares de Cooper y, por lo tanto, si la energía disponible
es menor que el doble del ancho de la banda superconductora, el fonón
referido no puede decaer por interacción electrón-fonón. Consideramos
que estos experimentos podrían servir para medir la anisotropía en el
estado superconductor.

Simple s-p metals are made up, to a good approxirnation, of closed
shell ion cores of charge +2 plus Z free electrons per ion which can
easi1y move througho~t the entire crystal lattice. The ion cores forro
a regular array (Fig. 1) with srnall excursions off

Fig. 1. Ion cores in a metal
equilibrium possible at finite temperature. For sma1l vibrations of
the ions the harmonic approximation is valid and the dynarnics of the
system of ions reduces to that of a system of 3N coupled harrnonic
oscillators. lrere 3N is the number of independent degrees of freedom.
The 3 gives the three directions (x,y.z) of mation and N is the number
of ions.

The frequencies of the normal modes oí vibration oí the crystal
lattice i.c. of thc phonons can be measured quite accurately by the
method oí inclastic neutron scattering.

Cold neutrons available around high flux nuclear reactors are in
a sensc ideal probes of the phonons. Thc ncutron is coupled directly
to the nucleus at the center of each ion because of the nuclear force.
If it is made to pass through a metal it can be inelastically scattered
setting the ions in motioo i.e. creating a normal mode oí vibration.
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In the constant Q mode oí operation oí the triple axis spectromcter an
incident beam oí ncutTans oí known energy and momcnturn is scattered
and only those ncutTans having lost a definite momentum~(which is
transferred to the ions) are selected from the scattered bcam. Thcsc
scattered ncutTans are then analyzed in energy. The intensity 1 as a
function of energy transfer E froms what is called a.neutron group.
As sho.n in Fig. 2 I(E) vs E is small everywhere except for a peak
around sorne energy W hnich is identified as the energy of the phonon
of mornentum1. with the width of the group related to the phonon life-
time. (In practice multiple phonon processes co~)licatc the picture).

HE)

flW

constant k

E
Fig. 2. A neutron group

Thus we can obtain the dispersion
as sh~n schcmotically in Fíg. 3.

curves for the phonons, i.c. w vs ~
For ead) direction oí k in a simple

I

:¿F. B.Z.B.
(first Brlllouin zone
boundary)

k

Fig. 3. Dispersion curves tor the phonons
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1OO!<11 likc Pb tileTe <lrc threc hranches to the dispersion curves: w, with
A = 1,2,3; one longitudinal and tv.'Otr:msllcrse. Also the' phonons rangc
in cncrgy [1'001 zeTO to 10 rrcV (10-~ eV) for Pb and k ranges Ovel' the

first R.Z. anly. This i5 él sufficicllt se! of mOlTl(>ntwn laht'ls to <'ntUOC'-

rate the ~~ nO~11 moJes oE vih1'ation.
TIlC n'asan thar cold a ncutran of cllergy "'(a few TIlf'V) has él ""ave-

o

lcngth of the arder of an interntomic =-r:.:cint ('\,1\). ThC'reforc, on crea-
r ion of a phonoTl. the ncutron loses an amOlln! of energy and momentwn
of the arder of the amOlln! it had in the £i1'st place. This i5 clcarl}'

ideal for accuratc mcasurcmcnts.

From the dispcrsion curves (one for ('<)ch di TE'ct ion in the fi rst
Brillouin zone) v.'C can canstruct thc phonon frcquf'lley distribution F(w)

JcfincJ by

F(w)

2.5

2.0~-,
N:c
~

1.5

~
u.. 1.0

0.5

( 1 )

05 1.0 1.S
Frequency }J

2.0
(~Hz)

(91Fig. 4. Phonon fn~qupncy distrihution F(l.l) as given by Cowlf'Y
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In (1) each freC[ut'ncy WA(~) is, in tum, put into the lJirac 6-[unction
.hich checks .hcthcr or not this particular w, is cqual to w. This
givcs a histogram which tells LIS how maoy pilonoos thcre are bct\\'cen w

and w + dw. Ir must rhen be appropriatcly nOnTk"llizcd. Rcsults Cor Pb

are givcn in Fig. 4.
\ihile, to kncl\t.¡ rhe phonol1s in complete Jetail, it i5 Ilcccssary to

go back to the dispcrsion curves (one ricturc pcr dircction of b in
the F.B.Z.) for sane applic<ltions F(0.)) (a single curve) 15 sufficicnt.
For examplc, rhe thcnnod}11amics o[ a phonoo gas follúws [rom F(l.lJ)

without rcfcrcncc to the dispcrsion curves. As a single mofe concrete
eX3.mple. the internal cncrgy U i5 given by

u J F(w)n(w)wdw (2)

""nere n(w) 1S the Rose distribution function at tempcrature T. 'Ihus
\','e can say that al} of the complcx infonnation on the phonons containcd
in the dispcrsion curves can be condensed in to a single ftmet ion F(w)
as far 35 themod>namics is concerncd. This i5 a grcat simpl i fil..'at ion.

\\"cnoh' turn to the frcc clcctrons. Their nK)st important pr.opcrty
is that they are ncar1y free. They can casi1y he- made to drift hy a
small externa1 clcctric fieltl ~ Icauing to a macroscopic current

J aE (o-conduct ivi ty) ( 3)

'Ihe grmmd state of a set of Z~ free electrons is a Slater dctet11Ünant
ik"xof thase planc h'aves e - - \\'ith energy closest to zeTo \\'ith 2 clcctrons

per 5tate in accoru \..dth the Pauli exclusian principie. In momcntum
spacc (k) this defines a sphere af radius kr (the rcnni IOOTTKmtum)of
constant encrgy EF (the Fermi energy) h'ith alI states insidc occupicd
and all statcs outsidc unoccupicd (fig. 5). In ü real crystal the Fenni
';urface is more camplicated and the planc waves ,frc to be replaccd by
Bloch states. These are details that don't bear dircctly an our present

discussion.
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lhe ¡:(,1111i~ph('r(' dC'sl-rih('s 1I"l"'ll, at lcas! in a fi1'5t approxima-

t ion, rh(' nOllnal statC'. \\"¡WIl at 10\," tempC'r:1turc Pb bccolllC's a supcr-

l'omhll.,:tor rlll' [1'('(' cJpctrolls 1I1llkrgo (1 phasc transition to a 1lC'\""super
st:ltC". lhe elect ronjc \\,;I\'l' fune! ion of 10\\'est C'ocrgy 15 not rhe Fcnni

spl1('1'c hut r:lthel";1 sUjlcrposition of COO¡1l'f pair \\';}\'(' functions. E:ach

{' 1 ('l."t ron ¡s 110\\'cnnuclls(,u into :1 "rnac1'oloo 1 ('cllJe" 01' l:onuC'IlS;ltl' anu a

f¡!lite' elH'rg~' 6(tl1<.' ('[1('rgy g:lp) is !ll'C'U('Ulo hrc;~k it5 hinJillg to th{'

condensate. '111('('X:ll"1 naturt' of rl1(' \\":IH' rUnl"t ion i5 dcscrihcd hy

B.LS. theory hut is too compl ¡c;lted to ff'pcat hen.>. Ir \,,¡ 11 COl he

Jl('CC'SS:lry. \\hat ¡s import :lIlt la kn(lh" ¡s th:lt th(' t-ondt;'llsat ion OCCUTS

ir tlle' nC't intt'raction Iwt\\"('('n t,,"O ('lt'ctrotls is attr:lctivp. 1"h15 attl-ac-

tion conx.'s [mm tht' t'lt'ctron-inll inter:JCtion i.l'. the clC'etron phonon

intt'r:ll"t iOll. As shoh"11 in Fig. b anu ('l(,cf ron can pull in the + ion5
«

¡Ifound it ¡IKT(,:lsing tht' ion o('nsity in that H'gion. This incr('asr-d

dC'llsity of + dwrgC'. in fum, ;lttr:lCts a sC'cond e]ectroll. Thus th(' pola-
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a --, ,- .••\ a. ,. , .o+z O+z
e-

a o+z Q+z a' ' , I.... -.'

e-~lIed In

Fig. 6

rizable sy:::temof + lons providcs íl ul'chanism whcre hy thc Ccalornh
rc'pulsion \.1* bet\\"t'C'nHm (')('ctrons mighr he retiucC'd and, in faet, in
some sen5(', overcome, lt~;¡ding ro an effcctivt, att!Iac.t.{(JtT bC'twt:'cnt"'"O
('l('ctrons. lhe matrix clernenr of th(' (~kctron-phonon int('r;]ction

scattering an eleetron [rom ~ to !:..' due to th(' ('mission al' absofl1tion
of a phonon wA(~ ' -~) ¡s denotcd hy gk' kA and shov.TIschcmat i ca 11y
in Fig. 7. The most important E'!ectrons in supcn:onductiviry (i ,(',

thase rnost aff('creo hy rhe phasc transition) are thosc at tl1(' Fenni
etlergy EF = él fevi e. v. lhey scartcr to a final stélre of cJl('rgy
EF:!: t1w), which does not differ in ('ncrgy very much [roro EF. lhus KC

\\'il1 be intcrcs"cd on}y in ¡':cnni surfac(' to Fermi surface transitions
caming frorn t11e clcctron-phonon illtcractiol1 t:k 'kA' In [;Jet al1 of the
complicated infonlJation on the ('1('ctrons, thc-phonons ano the C'lectron-
rhonon il11('1"••ction can be condC'nsed with no approximation into a single
\\'eightcd phonon frpqucncy distrihution a2 (1~\)F(w) which descrihcs
completcly the clcctron-cle-ctron interaction mcdiéltco hy thc phonon
as it ('oters sup(~rconduetlvit)'. Thus function a2(w)F(uJ) is



240

,,' (w) F(w)

k'e-

Fig. 7. An el('ctron scattf-'rs fror:; .e to K' du(' to the emission or the
absorption of a phonon I~\(~'-,:::,l

in \\-l1i(h \\"(' r('pea! again, onl)' Fcnni surfacc to Fcnni surface t1'an5i-

tion5 are al10\\'('d ami ('"eh phonon moJe 1S \\'cighted by the strcngth o[

Igk'l<,\1
2 for that t1'an5itiol1.

- _.In thc El j 3shhcrg fonnul at ion o r supe rconduc t ivi tr h'h j eh i5 cxact

1 f ") .to onc'T squ:1re 1'001 o clcctron m to ion ~I mnss, i.c. '\ 'JN' t1C entienl
tcmpcraturc Te (and all othe1' propertics of tile supcrconducting 5t3tC)

i5 él fWlCtional of a;>(w)F(1J.I) <lod w*. That 15

Te F(a' (w)F(w) ,w*) (S)

""hCTC the' compl iC<!t{'d nonl i!leal' coupled integral equation cf El inshherg

dctcll11incs nun"Crically the fUllctional F. lhc detail::; cf thcse cquations

are not importílnt to us. 1\11at i5 more important i5 that 1111 the proper-

t les of thc superconduct ing state folloK from a knowledge of a2 (w) F(w)

anJ p*.
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\1('t\\.('('o phonon

o'(ú))f(ú'). 11\0
oC the rhonon

Calculatlon oC Q2(1J..\)Hw) ba~pd 011 equation (4) l\'eTC done as e3r1)'

as 196R hy Carbotte ;md DYIlC's( 1) and !llOre recent 1)' by TomI ioson ano

Carbotte(2). TIICSL' lates! calculations use the real pilonoos rL'\'l'a1c'J

[rain in('lastil' ncutron sGlttcring and :l 4-plallt' \.;ave psC'udopotcnt ial
th(,Of)' [al' the ciC'ctrollic w,1\,(' fLUlCtions. Results [01' c;(w)r:(w} in

the case' of Ph look v('r)' rnuch the S;lJT)(' as tllL~ rhOllOll frl'qll('nc~'Jistri-
bution of Fig. 4.

More' rccC'Tltly r\11cn(3) has noted a rclationshir
li[etimes duc to tlle' clcctron-phonon intcraction :md

phonoo inverse' lifl,time Yg\ 1S relatcd to the \\'idth

group ;md 1S given hy the FCJlni Goloell 1{lIle'

2n l'
Igk'kl ó'(ck) ó (ck ' )YS !1 l. Ó w

k'k (~',~+c¡l S

1 t is ('as)" to scc th,]t

li F.B. :.
a' (w)F(w)

2nN(O)w
¿

YS' ó(w-"" (~II)
S'

(6)

( 7)

"",here N(O) is the single spin electronic <knsity of statcs 3t the ¡:('nni

surface

~(O) L
k

hnvC' rec('ntly pr(,5('l1teu measurcmcnts

phonon lifetimes in :-\h. '[heir rcsults are sho\\n

noticcd that calculations agree \'..ell \\'ith the

Becausc of thi s good agrecmcnts wi th expcri-

Itistobc

measuremcnts.

in Fig. 8.
a\'ai lable

Butlel', Smith and \\'akahn)"ashi(4)

anu calculations of the

ment they extended thcir calculations to 5200 points in th(' irreducible

\\'('dgc of the 8rillouin zonc anu evaluated eq. (7) from this data to gct

ü
2(w)F(w) \\'hich is sho\\n in Fig. 9. It agrecs \\'c11 hith the phonon

fr('quene)" distribution F(Ul).



242

H r N
~
o Nb

~ J6

N

M
I
t- ~
£ o

-o ¡ •3 " I'" I 1s T...J N

C"0,6 •
~ r,+r,

o
, T .. l"": '

d
lO 08 06 0,4 02 00 01 0,2 03 0.4 05

[r 00] ~ ¡; 01
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Fig. 9. Calculation of ~2F from thp width of the neutron group
(Butlpr et al(4J)
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Actu.'111y it is possihlc to mC'.:lsurc o:'(w)F(w) dircdly in supcr-

condllcting tunneling C'xpcrilTlC'nts. 1 shall no~' descrihC' these he311tiful
and important cxpcrim<.'nts.

The basic ¡den is illustratco in Fig. 10. i\ sUpt...'rconoucting film is

barrier

oxide
layer

tunnelling junction

N s

exponential
decay

Fig. 10

o
oxidi:eu to gct and oxidc Ia)"cr of ,. 20 A.
grol-.1l on the oxidc. Thc resul t is a tunncl

¡\ normal metal fi lr.1 is then
junction. lhc oxide laycT"

is to tC' thíe" cnough that e}('etrons cannot di ffuse from one side to
the other. Quatum ITw.'chanically tht')" can ::-til1 tUI,opl. Refl'T"ring agajn
to Fig. 10 you s<.'(' a potcntial harricr f"presenting the oxide laY(,L
On 011" s'iu<.' of the harriC'r i5:-:hO\\11thc \,';1\"(' function of alll'kctron
\\hich uccars ('xponcnti(jJJy in rhe harri('r hur 5rill kaks out ro tl1<'
otlleT" SiUl'. Thcr{' is ti finit(' probahi lit}" for an C"lectrol1 to rlll1l1('1
from one si<.1(' of th<.' oxide la)'"r to the othe'r.

111l'current (11 flo\o:ing thrcugh the .iunct ion as a Cunet ion oC the'
vol t;lge drop (V) ;H:ross i t contains a sharp anu d"t;l ¡Jet! im;lge of
(l2('<J)F((~I) and lJ*. This rcmarkahlC' [;I('t ;)Ilol-.'s llS to m(':lsu I'C' thesC' tl-.'O
pararrK'tct's and so oht¡lin \'er)" valu<lhle micro$eopic infol"mation on
¡xlrtkul;:¡r ml'tals. lhe eX.1ct rC'Iationship het\,C'en 1 as a function al'
\' and (l2(dl-(rll) is JetC'nnillC'J hy the thC'ory of supen:onJlIcti\'ity.
more SPCI.: iCica 11 y through the El iashberg gap ('quat ion$.
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Fig. 11. The normalized conductance O(V). Prom McMillan and Rowell (10)

lhe notlnaliz.C'd conductancc 0(\') of a twmel junction is Jcfincd

as dI/dV in the slIpcrconducting stat€.' divided h)' it5 valuc in the nonT\al

5t3t('. ExpcriJTl('ntal fcsults 011a(\') \'5 V [01' a Pb-Pb junction are

sho ••.•n in Fig. 11. As previously statcd, the structUTC cxhibitcd in
thi5 figure is an image of the structure in a2 (r.ll)F(t,¡¡).

Ttultlcling results [rom invcrsion of the Eliashbcrg cquations in Pb

arl' 5hO\\11in Fig. 12 ano comparcd \,'ith OUT cakulations. lile agrccmcnt

i5 quite' good ;mJ :.;hO••.•.5 that the theor}' of supcn.:oncluctivity i5 no\\"
\o,'p11 undcfstood. It can be usC'd to study nonn.1.l statc paranx'tcrs likc

()2«(¡.I)F(I~I) :lIld 11*.

\d 11 110\..' giv{' a brief JiscLlssion of tlú) probl{'m~ 01' {"('cent int{'fest

to 'TK~. lhe <¡ut'stion of soft modes in tile AlS compÚllnJs :lnJ thC'ir

possible n'lat iOllShipo to rhe high valucs 01' tlle critical tempcraturc

\.: founJ in thesc s}'stem .." is of cons idcrable intcre5t. For !\'h)Sn, v."ith

a Te of 18 1\, Shirane anJ l\.xe(5) havc mcasllreJ the dis¡wrsion curves :lt

several tempcraturcs [al' :lcollstil.." phonons along 11101 \'o"ith 11ToI polariza-

tion anJ have fOllnJ considerahle softening \'o'¡th Jecrcasing tcmpcraturc.
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Thcir rcsults are rcproduccd in Fig. 13 in v,¡hichclastic constant data

is also shO\~n. Large dccrcases in phonon energies 3S the tcmperaturc

is reduced are clc.:lrly ohserved. This lcad to thc spcculation that 'this
softcning may he rcsponsible fay thc ohservcd lnrge value of T. Simplee
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Bes t)ve fOl1Tllllas for the rclation:;hip hetHccn Te and a2(w)F(111) and ~*
lt'<Jus to tlw iJea that \.-: i5 a rapiJI)' varying ftmction of A-¡'¡* v.:hcrc A

is the mass enll<lllccmcnt par:unctcr gi \"('11b)'

(6 )

ZBat05

no 0.250.1<,0,10O.G'i

-Elostlc const
• 295 K
o 120 K
• 80 K
o 46 K

[<;, O)

Fig. 13

smal1 (11 \>;il1 increasC' Ain tt2 (w)r(tü) <1t

1/(¡J wcighting.
a typical spring constan!.

Roughly ,,' =1 k I~I with ks s
A softcning oC 1,' TnC'ans a rcduction of ks

\\'hich in turn ShOlllJ n"C'an that the latticc i5 more casi1)' pol¡uizahle.

:\ slli ft to lo\\'er frequcncics

significmt1)' hec:l1lse of rhe

Thus Te
\\'c

Sh
(6)

. el~

Fig. 14.

should increasc.

can :lCtual1y test thcse arguments quantiativcly as folloVo's.

haSrnld~lJ!'I.-.,J ':'.i2(wJH',\) for .\b]Sn ami his rcsults are givcn in

A c;llculation oC Te [roll1 rhe EliashbC'rg cquatü.'ns bascd on
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cxpCrilJlCllt are of no import<lJlc<.'

To gct <l significant cfreet on T • say S ", \\'Ce
phonons he] 0\\" 9.8 11IC\'. \ü' conc1 udc t Jll' 1"e'fore

to supcrcomluctivity.

Becd to lean' out a 11

this spcctnun and his suggestC'd lJ* glv(,s ~ \: of 18.05 1\ in aglT'C'mcnt

\d th cxpcril1x.'llt. i\cxt h"Ccm get a IlI'C'ci se nK'<lSurc' of the rol(' playeu

by 1m," frcqucncy phol1on~ in Te hy ~impl)' lca\'ing out alI lllodC's h('IO\\" a

100.:er clIt-off Wc in 0.2 (w)F(w) ;lI1d Tepcating the calclllations. HC'sults

are shO\m in TabIe 1. Lea\'ing al1 phonons beto\\' :'.8 ITlC'V out of the'

calculations n'duce T b)" onl\' .1(. 1\. 'l1,is ¡mi)} ¡es that mas! of thee .
modes nx.'<lsurcd in the Shl ranc-¡txC' (5)

that softcning of IOh" fre<¡ucllcy modes has no dirC'ct rC'1tJtiollship to thl'

high T of !\1'3Sn.
e

04

~ 0.3
d
"•
:L 0.2
LL

0.1

o

.6

0.5

-0.4 -
O

11
0.3 •:L

LL
0.2 N~

0.1

10 20 30

ENERGY (meV)
. o'F ~ (h)Flg. 14. '.L for Nb3Sn mf'aSUH"l by shen .

\\hi le OUT rcsu1 t5 ¡¡fe lnwnhiguous \\"C prcsC'nt tile follmdng phys ical

argUITlCnts tha! m.,}' hclp ullclerst:md rile LUldcrlying physics. Bcrgmafln

and Haincr(7) h'('TC the f¡rst to introduce thl.:.' ¡de;¡ of functionai <.1c1'i\':I-

is by ucfini t ion the ch;mgc

ti\"C5 as a mc;ms of undcrstanding h0\\' v;uious phonon moJes affeet T .e
\\'1t11 rcspcct to 07((Ál)F(U.J)lól IÓri2Hll,)Ie
iJl \: indlllTd by ;hJd ing on t o

lhc functional dcriv<ltivc' of Te
Ale
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o.2{(ú')F(w') ¡¡nu ,H.ldition¡¡l dC'ita fUllction <1t (¡J' (ll of weight (. i .e.

(7)

normalizC'd to E in th(' timit E -lo O ¡.C',

oTe
00'F(",)

11m
£-+0

SI'e
E

(8)

If th(' fWKti Olla 1 uC'rivativc 15 largc at 1.\ th('sc phonolls an" more

cffel..-tiv(' rhan thos<, for v.:hich thc functional dcrivative 15 sIDa11. A

calcularían of óTc/óa
2F(w) using the complete Eliashbcrg equ<ltions

ricIds rile' Tcsuits givcll in Fig. 15. \\'c sec th3t thc 1m.•' frequcncy

moJes are illcffcetivc in T sineC' óT /óa2F(w) gocs to zeTa as w -+ O.e e
Thcm:1XiTilum;lt I.tJ;:: 7k

B
T can be unucrstood <15 [oI1O\.:s.
e
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Fiq. 15. Thp functional dprivativp of Te with rpspect to n2F and
(j2F itsplf far Nb3Sn showing that 1.f\.7kRTcare the most important
frecupncips for hiqh Te.
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Consider an atom as shmm in Fig. 16 ••..'hich vihratcs off cquil ihrilU11

according to

u ¡\ sin(wt) (9)

\,'hcre u Is the excursion, 1\ the ampl itude of the simple harmonic motion

anJ t rhe time with w the rhonon frcqucncy.

At fuI!

w T =

u=Asin(Wtj

amplitude
TI
2

Fig. 16

l11e T1k'1ximtun polarizatían that can be achicved is to pu11 it off eqUlll-

brium to its [ull amplitude. But [or thi5 polarizntion to be effcctivc
in attracting tw-oelcctrons to each other the fi r5t eleetron should no!
be [arther ah'ay than a typical distancc in supcrconJuctivity (thc
coherence distancc ~O) in the time it takcs rhe ion to vibrate to full
amplitudc. An eleetron travels \o.'ith vF the FC11nivelocity. Thus the
tiIre T it rcmains \\:ithin ~O is t:.O/vF = T. Far optirrum polarizatían
\,'C !leed

wT TI

"2 so u = A.

Thereforc thc optimum phonon frcqucncy is
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r,)op

hecausc in S.CS. theol)' So ",' vF/ksTc' This explains why intenrediatc
[requene)'"moJes are roost cffective for supcrconductivity.

Thc second prohlcm r wish to discuss is that of phonon lifctilOC's
in a superconductor. 1\s I ha ve said befare whcn a metal becomcs supcr-
conducting the simple free elcetran wave function of Fig. S does not
:¡pply any lOilger anu to pull and electron out oC the condensate takes
cncrgy /1. A phonon t\CC1YS thorugh the clectron-phonon intcraction by
the crC'<ltion oC a hole particle pairo

200

(f)
!z150

~
U

Z100
On:::
t-
:::::>
~ 50

25

Nb3Sn[~rO]Tl
i"=O.18

-<>- 1= 6 K
--.-- T = 26 K

3
flW

o

4
(meV)

Fig. 17. The neutran group sharpens up at low tempcratures when thE'
phollon energy becomes smaller than 26. At 6 K the sample is in the
superconducting state. At 26 K it goes to the normal state.
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In the superconductor at zera tempcratuTc 110sllch holc-particle
excitat ions cxist \dth energy less than 2!J.bccausc of the condensat ion.
Thus in a superconductor a phonon ",¡th cnergy l('ss than 2lJ.'viII have ao
infinitc lifctirrc. Thc neutron group for that rhanon should sharpcn
up, its width bcing due onl)' to instrumcnt rcsolution. lhis effcet is
seco clcarl)' in Fig. 17 for t\b3Sn. rhe 6 degrec Tesults are in a
superconcluLt ing samplc Khich is nonnal at 26 K.

Extcnsivc rrcasurcrrcnts in ~b are strnmarizcd in Fig. 18. To lmtlcr-
stand these resul ts it is nccessary to knoh' one nOTe faet ahollt supcr-
conJuctivity. As the tempcrature is incrcascd real qllasiparticlc exci-
tatiaos cxist in the superconductor. 111C5(,cxcitations carry rhe heat.
Thci r prcscncc intcrfers \Vitlt the condensa te which 15 not qui te as

botuld so that the gap at T,6 (T), is rcduced O\'er i ts va1ue at zero tem-
perature (T=O). Thc reduction in 6 is small at smal1 T but incrcasC's
rapidly as Te is approached, at which point it is zero. llw tcmpcra-
ture variation 2ó~T) is sho\',TIas an inscrt in Fig. 18 \',"here thc valucs
of the cncrgy of the thrce phanon mode investigatcd is sho\',TIas dasi1co
lines lahellcd A, B and C. A and B are be lo\',"the value of 26 at zera
tempcrature !'..;hile e is abave. For"a givcn phonon cnergy the ••...'idth of
the phonon group is lTCasured as a function of tcmpcrature. At lo\\'
temperaturcs this width is zero for both A and B but not for e since it

corrC'sponds to an cnergy larger than the 2t~(O) V<lluc and hence this
phanon can decay via the electron-phonon interuction through the crca-
tion of 3 pair of excitations out of the condensate. As the temperaturc
i5 incrcased the wiJth of both A and B increases vcry sI ight ly duc to
coupling to the fCh" thennal C'xcitations prc~(,I1t. But th(' \','idth incrc;¡ses
quite abrllptly as tIJe valuC' of t,dc(' the gap (at thar tcmp<.'ratlll'c) becomes
C<]ll:l1to th(' phOIlOI1cncfg}', \dll'fe a 11("11chullJl('l ror dpcay o¡l('ns liJl due to
the crcation of rC'~tl cxcitations out of the condensate. lhis rapid
increasC' OCCUfS;:It 10\'"C'fter.:pcr;"lturc for R than for i\ hecausc the rhonon
cnC'rgy in B is highC'r thilO in 1\. TI1C'SC'~ln' bC'<lutiful rcsults !'~"hich
t\clTlonst ratc OH' dr:1P)atic cffect of the presence of t!ll' L'ond<.'nsilte in the
surcrconducting statc.
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Fig. 18. Dpppndence of the neutron qroup width on temperature for Nb.
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The samc cffee! can be observed in thc ultrasonic attenlmtion of
finite frequency ultrasolUld. Two types of experimcnts are conceivable.
The frequency of thc ultrasound can be varicd to swcep through the gap
value at sorne fixed tcmperature. Alternativcly [OY a fixca ultrasound
frequenc)' thc temperaturc can be varied so as to change thc gap value.
In borh cases a sharp increase in the attcnuation should be ohscrvcd
3t w = 26(T). This was indced found to be thc case in cxpcrimcnts by

Liall et a1(8) for the case of aluminum. The rise at 2ó(T), however,
\<,'35 found not be as sharp as expected indicating anisotropy in thc gap
valucs. In a real m..1.terial the gap at the Fcrmi surface necds no! be
isatorapie but C~m changc with orientation in moncntum spacc. For a
Fcnni surface with several sheet s it can hJve quite distinct values
[rom one sheet to the other with less vari,ltion on a givcn sheet. We

have recently analyzed the ultrasonic attenuation for this casco Rcsults
are prescnted in Fig. 19 in the case of two distinct gaps. It is secn
that the atten~ltion is small for low tempcraturcs and that it incrcases
abruptly when cxcitatiol1s out of the condensa te can be uscd to attenuatc
thc ultrasound wavc. Thc increase in attenuation. however. procceds
in stcps. the higher gap eoming into play only at higher tcmpcraturc
than the lü"~r one. Thesc steps have not yet hccn ohscrved but should
be there. The cffcet promises to be a good probe of gap anisotropy.

TABLE

Lowcr cut off O 2.8 3.8 9.8w
e

Tc(K) 18.05 18.00 17.89 13.05

óT (K) 0.0 0.5 .16 5.0c

Calculation of Te from the Eliashberg equations basad on the a2F(w) and
~. fer Nb3Sn suggested by Shen(6). We can get a precise measure of the
role played by 50ft phonons by eutting r.t~ at ú\c and using in the calcu-
lations of Tc only the part of the curve at higher w's. If we leave out
of the ealculation all the frequeneies up te 3.8 we do not get a very
significant change in Te: soft phonons are not very important for super-
conductivity.
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Fig. 19. Ultrasonic attenuation versus temperature for two values of
thc gap.
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