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SURFACE SPIN FLUCTUATIONS AND LIGHT SCATTERING
FROM FERROMAGNETIC SURFACES*
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Department of Physics
University of California

Irvine , California 92717, USA.

RESUMEN

En este articulo discutimos el efecto de una superficie sobre el
espectro de ondas de spin de un material ferromagnético. Se hace énfa-
sis en la regidn espectral donde las interacciones de intercambio (ex-
change) y dipolar contribuyen de manera significante a la energia de
excitacidn de las ondas. Experimentos recientes de dispersidn de la luz
exploran la respuesta superficial de ferromagnetos en esta regidn. Se
revisa una teoria reciente de dispersidn de la luz desde superficies
magnéticas.

ABSTRACT

In this paper, we discuss the effect of a surface on the spin wave
spectrum of a ferromagnetic material. The emphasis is on the wavelength
regime where both exchange and dipolar interactions contribute signicant-
ly to the excitation energy of the waves. Recent light scattering expe-
riments probe the surface response of ferromagnets in this regime. A
recent theory of light scattering from magnetic surfaces is reviewed.

I. INTRODUCTION

In recent years, a variety of experimental methods have been used
to probe or excite surface waves on solids. There are numerous classes
of surface waves, from acoustical modeS(U (Ravleigh waves) with fre-
quency in the microwave region or below, the surface polaritons with

@

The purpose of the present paper is to discuss the very striking

frequency that may range from the infrared up to the ultraviolet

and unusual properties of a surface wave of magnetic character which

can propagate along the surface of a ferromagnet, when the magnetization

Research supported by the U.S. Army Research Office, Durham, under
ARO No. DAA 29-77-G-0101.

Technical Report No. 78-70.



312

lies parallel to the surface. While this wave has been known to theo-

(3)

aware it has been studied experimentally only very recently for a geo-

rists for nearly twenty years' -, as far as the present authors are
metry that may be regarded as well approximating the semi-infinite geo-
metry assumed in the simple theories. Early studies of ferromagnetic
resonance in thin films deal with absorntion lines associated with excitation
of the surface wave, but the spectra are influenced strongly by the
finite thickness of the film(4). Within the last year, very beautiful
light scattering studies of this mode have appeared(s). In contrast

to the microwave studies, the light scattering experiment probes the
surface with photons of wavelength very short compared to the linear
dimensions of the sample. Also, the experiments are performed with ex-
citing radiation absorbed strongly by the substrate. The incident pho-
ton thus samples only a thin layer within an optical skin depth of the
surface.

In Section II of the present paper, we review properties of spin
wave excitations in ferromagnets, both in the bulk and on the surface.
Here we summarize some recent work of the present authors which examines
the influence of exchange interactions on the long wavelength response
of the surface region of the ferromagnet. In Section ITI we discuss
the light scattering experiments, and summarize a recent theory of this

phenomenon formulated by us.
II. SURFACE AND BULK SPIN WAVES IN FERROMAGNETS

It is well known that in the study of the lattice vibrations of
crystals, a convenient and rigorous description of the vibrations of
harmonic lattices proceeds by introducing quantized waves of excitation
called phonons. In a ferromagnet, at temperatures well below the Curie
temperature, where the spins are aligned to produce a saturation magne-
tization MS(T) at finite tgmperature T close in value to the magnetiza-
tion MS(O) at T = 0, one introduces quantized waves of excitation of the
spin system similar in many respects to the phonons of lattice dynamics.
These waves are called magnons, or spin waves. In Figure (1), we pro-
vide an illustration of the motion executed by the spin system, when a
spin wave is excited. Each spin processes in an elliptical orbit as the
wave passes through the spin system. If the wave vector of the spin -
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-
wave is denoted by k, then for the projections ASX(Z,t) and ASy('E,t)
of the spin vector § of lattice site £ onto the xy plane we have

[

ASX(I,t) = a5, cos(K. - a®t) (II.1a)

Asy(z,tJ = ASY sin(k.Z - a®)t) (I1.1b)

where for elliptical motion, AS_ - ASy.
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Fig. 1. (a) The spins fully aligned in the ferromagnetic ground
state. The external magnetic field Hgp orients the
magnetization.

(b) A sketch of the spin motion when a spin wave is --
excited.
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To calculate the frequency Q(K) of the wave, we need to know the
nature of the interactions between spins in the system. For our purposes,
we are concerned with two interactions of distinctly different charac-
ter. These are

(i) The dipole-dipole interaction. If we have two spins

g, and gz separated by the distance ;]2 with magnetic moment u

(0 _ 2 3T 8 (T - #3,8,98, N
vt =0 12°91 125 2 1259 1 (I1.2a)
T2
and
(ii) The exchange interaction
(X] o -».—»
Vl2 = & S1 S2 - (I1.2b)

The exchange interaction, of quantum mechanical origin, is strong
and of short ranged. It acts only between nearest and next nearest
neighbors, in most magnetic materials. The dipole-dipole interaction
is very much weaker than the exchange in general, but plays and impor-
tant role because of its long range. As one sees from Eq.(1I.2a),
Vf?) falls off slowly with increasing distance, like ., . .
From these two interactions, one may compute the frequency 0(k)
of the spin wave of wave vector ﬁ(b}. If v is the gyromagnetic ratio,

then

ok = v [(H + Dk?) (H + 4nM sin’6 + DRZ)J 2 (q1.3)

where H is the strength of an external magnetic field applied parallel
to the magnetization, Ms is the saturation magnetization,ap is a measure
of the strength of the exchange, and 6 the angle between k and the mag-
netization. Thus, the frequency Q(E3 depends on the direction as well
as the magnitude of the wavevector.

There are two distinct limiting regimes that follow from Eq. (LL.3).
Quite generally, H and 4nMS are comparable in magnitude and equal to a
few hundred or a few thousand gauss. If the wavelength is so long that
Dk* << H or 4rMS, then the frequency'ﬂ(f) is dependent on the ditrection
of.i, but not its magnitude. The excitation energy of the spin wave has
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its origin in precession about the Zeeman field, and in the macroscopic
fields set up by virtue of the dipole-dipole interaction. We refer to
this as the dipofe dominated regime. In the opposite 1imit Dk® >>H,
41M_, we have Q(k) = yDK*. Here, in the exchange dominated regime, the
frequency increases quadratically with wave vector k(7), and is inde--
pendent of direction.

In the next portion of the discussion, we shall focus attention on
the dipole dominated regime, where the role of exchange interactions may
be ignored. Then as we have seen,S?fi) depends on the direction of X.
If 6 =0, so the wave propagates parallel to the magnetization, then
from Eq. (II.3) Q(ﬁ} = yH. This is the Larmor frequency of pre-
cession of a free spin. As 6 is increased, Q(K) increases to the value
CkK) = y(EB)'/? at 6 = 1/2, vhere B = H + 4nMg. Thus, in the absence of
exchange, all the bulk waves lie in the frequency regime
YH E_Q(i) = \{HB)I/Z. We shall refer to the band of frequencies between
vH and y(HB)l/2 as the bulk spin wave manifold.

Under a variety of conditions, surface spin waves may propagate
along the surface of the ferromagnet. These are waves of magnetic exci-
tation quite similar to ocean waves. All spins which lie in a given
plane parallel to the surface precess on an ellipse of constant size,
while the size of the ellipse decreases exponentially with distance in
from the surface. The situation is illustrated in Fig. (2). When the
surface spin wave is excited, the pattern of spin deviations (in certain

simple cases) may be described by the expressions

AS (5t) = aS cos(k -y - 0 (K1) exp((R)e) (11.4a)
and
Asy(Z,t) = 05 sink pdy - ()0 exp(-a(K ) ) (I1.4b)

Here { is the projection of f onto a plane parallel to the surface and
22 is the distance of site £ in from the surface. Also, Eﬁ lies in the
plane of the surface, and stﬁ:) is the frequency of the wave of wave
vector kj.

The properties of surface spin waves are most striking in the dipo-
le-dominated regime, where the modes are called the Damon-Eshbach waves.
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Fig. 2. A sketch of the pattern of spin deviations present when a
surface spin wave is excited.

A most unusual feature is that the waves can propagate only in one di-
rection on the surface; if one faces the crystal with the magnetization
directed upward, the surface waves may propagate from left to right,

but not from right to left. More precisely, if 8 is the angle made by

ﬁu with the x axis, and the magnetization is along §, the waves may
propagate for ~6C SHEF ec, where cosBC = (H/B)l/z. The situation is
illustrated in Fig. (3). We thus have unidirectional propagation, where
energy may flow in the surface wave in only the one sense described above.

In the dipole dominated regime, the frequency of the surface wave
a (k) is

H
Qs(h) - % [mﬂscoseJ , (11.5)

where the angle 6 is given in Fig. (3). For 6 = 0 (propagation perpendi-
cular to the magnetization), we have QS = y(H + B)/2, and as 8 increases
toward GC, the frequency 95(12 1) decreases to assume the value Y{HB‘JX/2

when 6 = 6 .
o
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Fig. 3. The shaded area of the figure indicates the regime of angles
where the Damon-Eshbach surface spin wave may propagate.

For all values of 6 allowed for surface wave propagation, a compa-
rison between Eq. (II.5) and Eq. (II.3) shows that in the dipole domi-
nated regime the frequency of the surface wave lies above the bulk spin
wave manifold. If we then examine the influence of exchange, one sees
that bulk waves become degenerate in frequency with the surface wave.
This occurs through action of the Dk’ terms in Eq. (II.3) which can up-
shift the frequency of the surface wave, to make it coincide with that
of the Damon-Eshbach wave. In this circumstance, it is not possible to
sustain a true surface mode. If we propagate a surface wave down the
system, the energy in the surface wave can "'leak' into the bulk of the
material; in essence the surface wave radiates its energy away in the
form of bulk surface waves. One calls such a mode a "leaky surface wa-
ve'' elsewhere in the literature.

Mathematically, when exchange is added, the spin deviation associa-
ted with the surface wave no longer has the simple form given in Egs.
(II.4). A full description of the wave requires three exponential func-
tions exp I—Qi[i”)ﬂzl to be superposed. One of the ui(in)'s is pure
imaginary, and this portion of the wave describes the '"radiation' carried
off to the crystal interior.

We have recently completed a detailed and quantitative study of
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the influence of exchange on the Damon-Eshbach wave. The full details
can be found elsewhere(g}. Here we confine our attention to a summary
of the principal results.

One must first inquire how one is to study the radiative life-time
of the surface wave in the presence of exchange. We chose a method di-
fferent than that commonly employed in the literature, but which we find
quite unambiguous and clear. By means of a method developed in Referen-
cé (8), we construct a spectral density function A(an,ﬂ;z) with the fo-
llowing physical interpretation. Suppose one penetrates a distance z
into the material from the surface, and examines a slab of thickness
d, parallel to the surface. If a Fourier decomposition of the spin fluc-
tuations within the slab is made, then A(anﬂ;z} measures the amplitude
of spin fluctuations with wave vector 6“ and frequency f.

We may now study the surface wave as follows. Pick a value of Zis
say z = 0 which corresponds to sitting right at the surface. Pick a va-
lue of 6” and scan the frequency 2. The Damon-Eshbach wave appears as
a peak in A{auﬂ;z], as we shall see. The position of the peak as a
function of d” gives us the dispersion relation, and a study of its width
as a function of the exchange constant D gives us the radiative contribu-
tion to the lifetime of the wave. We have carried out an extensive set
of such calculations on a computer; one uses the computer to probe the
response of the system very much as the experimentalist does in the la-
boratory.

In Fig. (4), we present a summary of some of our studies of the
spectral density function. The calculations presume the ratio B/H to be
7, and we have a damping term in the equations of motion also. The re-
laxation time T that enters the equations of motion has been chosen so
that (yHt) ' = 0.01. Thus, even in the absence of the radiative damping
described above, each mode will have a finite lifetime by virtue of this
damping term. The above value of T is typical of that found in ferromag-
netic resonance experiments; we may then examine the conditions under
which the radiation damping dominates the dissipation in the spin system,

In Fig. (4), a measure of the influence of exchange is provided by
the parameter w, = D ki /yH, where k; is the wave vector of the surface
wave parallel to the surface. In Fig. (4a), we plot the spectral densi-
ty for Wy = 0.07 and various values of the propagation angle 6 in Fig.
(3). For 6 in the range 0<6< 0,37, the radiation damping plays little
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Fig. 4. We show here the spectral density for surface spin fluctua-
tions for various propagation angles and (a) Wy = 0.01 (b) wy = 0.1

and (¢) wx = 1.0. The parameter wx = D kﬁ/ﬂ, and frequency is mea-

sured in units of YH, i.e. y is the spin wave frequency in units of

YH. The calculations are performed for the ratio B/H = 7.

role. As & increases to BC = 0.371, and the surface mode frequency sinks
toward the top of the bulk spin wave manifold, it is evident that the
surface wave peak broadens substantially, as one sees from the curve
labeled & = 0.357. This is the effect of the radiation damping. For

6 = 0.40m, and angle beyond 6., one sees a remnant of the surface mode

in the form of a resonance within the bulk spin wave manifold. We be-
lieve these spectral density studies provide a vivid picture of the man-
ner in which the Damon-Eshbach wave merges with the bulk continuum.

In Fig. (4b) and Fig. (4c), we show the effect on the spectral den-
sity of increasing the exchange. For w, = 0.1, where the exchange in-
teractions contribute very little to the excitation energy of the mode,
the radiation damping is quite severe for all propagation angles. When
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w, = 1.0, so exchange, dipolar and Zeeman contributions to the excita-
tion energy are comparable in magnitude, in place of the well defined
surface wave peak of Fig. (4a), we have a broad heavily damped resonance
level.

In recent light scattering studies of ferromagnetic surfaces, as
remarked earlier, the Damon-Eshbach wave has been studied under condi-
tions (in one case) which approximate those envisioned in the above cal-
culations. We turn to a discussion of these experiments in the next

section.
II1. LIGHT SCATTERING FROM SPIN WAVES AT MAGNETIC SURFACES

After examining a number of properties of the Damon-Eshabach spin
wave in the preceding section, it is natural to inquire into how one may
probe or excite this wave. It is of particular interest to excite waves
with wavelength sufficiently short for the radiative leak to the crystal
interior to be appreciable.

A traditional way to excite spin waves is to use a thin film of
ferromagnetic material placed in a microwave cavity. If the film has
thickness L and we think of only bulk spin waves for the moment, these
waves have quantized wavevector in the direction perpendicular to the
film given by k= ni/L, where n = 0, 1, 2.... The experiments proceeds
by operating the cavity at fixed frequency, then bring the various spin
waves into resonance with the microwave field through changing an exter-
nal magnetic field. '

Modes excited by this technique have wave vector E parallel to the
surface very close to zero, simply because the microwave field will be
very nearly constant everywhere within a small sample. The Damon-Eshbach
mode has been studied in such experiments(4), but the attenuation cons-
tant a(?u) of Eqs.(I1.4) is of order L_l, i.e. the wave is really a geo-
metrical resonance of the sample as a whole, and not a mode tightly bound
to the surface of a sample that is effectively semi-infinite in extent.

In recent months, a new experimental method has been employed to ex-
cite bulk spin waves and also the Damon-Eshbach wave at the surface of
a ferromagnet. This is the inelastic scattering of light (Brillouin scat-

tering) from spin waves at the surface. The experiment 1is illustrated
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in Fig. (4). An incident photon with frequency QO and wave vector i(o}
is incident on the sample surface. By means of a mechanism described
below, the incident photon 'sees' thermally excited spin waves, and can
scatter off them inelastically. The photon scatters from a surface spin
wave (or bulk spin wave) with wave vector in the plane of the surface
equal to iﬂ. The scattered photon emerges with either the frequency ---
QO + Qs(i”} and wave vector iﬁo) + iﬂ parallel to the surface (anti-Sto-
kes scattering) or with frequency QO— Qs[iqj and wave vector i%o)-iu
(Stokes scattering). Detection of the frequency and direction of the
scattered photon thus provides both ﬂs{inJ and iu.

In the experiments reported to date scattered photons which emerge
antiparallel to the incident photon are detected, as illustrated in Fig.
(5). If a Damon-Eshbach wave is created, it has wave vector KH given
by 2ﬂosin80/c, where 60 is the angle of incidence. For visible light

INCIDENT = i e o e R A ey
PHOTON —1= -

SCATTERED =~
PHOTON !

\
SURFACE
SPIN WAVE

Fig. 5. The geometry employed in the light scattering studies of Eus
by Grunberg and Metawe, and of Fe and Ni by Sandercock and Wettling.
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incident on the surface, one has k; = IOscm_l, several orders of magni-
tude larger than in the microwave studies. One is safely in the regime
where the sample may be presumed semi-infinite. For the ferromagnetic
metals, which have very large values of the spin wave exchange stiffness
constant D, we estimate the ratio w = D kf/H of Fig. (4) to be large
enough for the radiation damping to be observed in the linewidth. We
are thus in a most interesting parameter regime.

The experiments are also performed under conditions where the subs-
trate is opaque to the incident radiation. In the Eu chalcogenides, ra-
diation beyond the absorption edge is used, to give a skin depth = 15003.
In Fe and Ni, the skin depth is = 1503 for visible radiation. For these
small skin depths, the Damon-Eshbach surface spin wave is a strong fea-
ture in the spectrum, not swamped by the signal from the bulk spin waves.

We have recently formulated a detailed theory of light scattering
from spin waves at ferromagnetic surfaces, to obtain a quantitative des-
cription of the experiments outlined above. The theory is described in
detail elsewhere. Here we outline its principal features.

The first question to address is how the incident light ''sees'" the
thermal fluctuations in the spin system. As the spins fluctuate, the
dielectric tensor of the material also fluctuates. We are concerned
here with spin fluctuations of wavelength long compared to the lattice
constant, so these effects may be described through use of a continuum
theory. Let 6e (x t) be the fluctuatlng part of the dielectric tensor,
and Sl(x i) the spin density at point X and time t. In continumm theory

we write

> > >
se,, it) = g K Sy i) + Ag B 5 B8, (20 (111.1)

where a particularly complete discussion of the coefficientes Ky, and
Guulé was presented a number of years ago by Landau and Lifshitz (10),
While GuuAG is symmetric under interchange of u and v, KuuA is antisym-
metric under interchange of these indices.

The contributions to the first term (Kuux) on the right hand side
of Eq. (III.1) that come from S (x t) and S (x t) describe scattering
events in which a single bulk or surface 5p1n wave is created, as do the
terms in the second term (qRMS) in stx and sty' We thus have two
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physically distinct terms which couple the incident photon to spin waves.
These terms interfere coherently, to produce some striking features in
the spectrum noted below.

The calculation of the spectrum of scattered light is presented in
detail in Reference (9). The procedure is as follows. One writes down
Maxwell's equations for a material with dielectric constant

guu(it) = g 6UU+ 8 EULS;’t)I Here ¢ is the complex dielectric spnstant

of the substrate in the absence of spin fluctuations, and 6€ULﬁx,t) is the
fluctuating part described in Eq. (III.1). In our work, in the interests
of simplicity,we take the time independent term to be isotropic, even
below the Curie temperature where the spontaneous magnetization imparts

a gyrotropic character to the dielectric constant. This approximation

is readily lifted, if desired .

We then proceed by treating the scattering produced by the fluc-
tuating part 5€uu(§’t) of the dielectric tensor by methods of scattering
theory, to find the component of scattered light first order inéeu&i,t).
The light scattering efficiency can be found, and related to the same
correlation functions <Su(§tJSU(§‘t')> examined in the studies of the
spectral density function summarized in Section II of the present paper.
The shape of the spectra are in excellent accord with the data, and here
we present a summary of some of our theoretical spectra.

In Fig. (6), we show a light scattering spectrum for scattering from
the surface of Fe. A magnetic field of 2 Koe has been presumed present,
while the incident light makes an angle of 18° with the normal to the
surface. The wave vector K,,is perpendicular to the magnetization. Fre-
quencies are measured in units of YH in the figure, so the frequency
shifts of the light are in the GHz range.

There are two striking features in the spectrum. The first is the
dramatic asymmetry between the Stokes and the anti-Stokes side of the
spectrum. In most circumstances encountered in Brillouin spectroscopy,
when the frequency shift @ of the scattered light is very small compared
to kBT/ﬁ, a condition very well fulfilled here, the Stokes and anti-Sto-
kes spectra form mirror images of each other. In the present case, the
intense line on the anti-Stokes side of the spectrum centered about the
dimensionless freguency -7 is the scattering from the Damon-Eshbach
surface spin wave mode. This line is missing from the Stokes side of
the spectrum.
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Fig. 6. A theoretical calculation of the Brillouin spectrum for scatter-
ing from spin waves at the surface of Fe. The angle of incidence is 18°,
and the wave vector transfer is perpendicular to the magnetization. Fre-
quency is measured in units of YH. A more detailed description of this
material can be found in Reference (8).
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Fig. 7. A theoretical calculation of the Brillouin spectrum for scatter-
ing from spin waves at the surface of EuO. The wave vector transfer is
perpendicular to the magnetization. The angle of incidence is 45°, and
frequency is measured in units of YH. A more detailed description of
this material can be found in Reference (9).
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One can see that this is a direct consequence of the ''one-sided"
nature of the Damon-Eshbach surface wave dispersion relation. If we
consider a fixed scattering geometry, with the direction of the incid-
ent and scattered photon both fixed, then a surface mode which partici-
pates in a Stokes process (spin wave created in the scattering event)
necessarily has wave vector opposite in sign to one which participates
in an anti-Stokes event (spin wave destroyed in the scattering event).
If X, lies within the shaded regions allowed for propagation of the
Damon-Eshbach wave (see Fig. (3)), then -k, lies outside. Thus, if the
surface spin wave appears on the anti-Stokes side of the spectrum, as
in Fig. (6), it is necessarily absent from the Stokes side. If the
magnetic field is reversed in sign, with a reversal of the magnetization
direction as a consequence, the surface spin wave pops over from the
anti-Stokes to the Stokes side of the spectrum. That this is so is

(5)

A second striking feature in the spectrum displayed in Fig. (6) is

verified in the experiments

the broad, asymmetric band that sets on at a frequency of = 3.5 on both
sides of the spectrum,and falls off slowly as the frequency increases.
The origin of this part of the spectrum is scattering from bulk spin
waves. One sees a broad spectrum from these modes rather than a well
defined line, because in the presence of a finite skin depth, wave vec-
tor components normal to the surface are no longer conserved in the
scattering event. Bulk spin waves with wave vectors as large as the in-
verse of the skin depth & may then participate in the scattering(11).
Spin waves with wave vectors as large as this have excitation energies
influenced importantly by the exchange contributions D k* in Eq. (II.3).
It is this high frequency "exchange tail" that produces the radiative
damping discussed in Section II. The light scattering spectra thus re-
veal the overlap in frequency between the bulk spin wave band and the
Damon-Eshbach wave that is responsible for this effect. Unfortunately,
the experimental spectra reported to date do not have sufficient resolu-
tion to measure the intrinsic width of the Damon-Eshbach mode. We hope
that further experimental work will allow direct study of the leaky -
nature of the Damon-Eshbach surface mode.

In Figure (7), we show our calculated spectra for EuO, which has
been studied by Grunberg and Metawe. Again the surface spin wave fea-
ture in the spectrum appears on one side of the laser line only. The
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bulk spin wave features now appear as line structures, and the promin-
ent high frequency tail present in Figure (6) is missing. There are two
reasons whyothis is so in Eu0. First of all, the skin depth in EuwO is
around 1500A, a value an order of magnitude larger than that in Fe. -
Thus, the breakdown of wave vector conservation normal to the surface
is much less severe in Eu0, compared to Fe. Secondly, the exchange
stiffness constant D in Fe is very much larger than in Fu0; the fact
that the Curie temperature of Fe is over 1000K, while that in Eu0 is
only around 80K provides a rough calibration of the relative strength
of the exchange interactions.

It is also noteworthy that there is a large asymmetry in the Sto-
kes/anti-Stokes intensity in the bulk spin wave lines in the spectra.
As pointed out sometime ago by Wettling, Cottam and Sandercock(12), the
physical origin of this asymmetry is in the interference between the
first and second terms on the right hand side of Eq. (III.1). Both
terms contribute to the scattering cross section, as remarked earlier.
One must add together the contribution from each to the matrix efement
for the scattering process before squaring the matrix element to form
an expression for the final scattering cross section. The two terms
interfere constructively on one side of the laser line, and destructi-
vely on the other.

We believe that the light scattering method described here will be
a powerful means of probing spin fluctuations at magnetic surfaces. Fu-
ture experiments should explore scattering from surface spin waves with
wave vector titled away from the perpendicular to the magnetization.
Such a geometry with improved resolution should allow direct examination
of the leaky character of the Damon-Eshbach surface spin wave. In addi-
tion, any perturbation of the magnetic response in the near vicinity of
the surface should be revealed through study of the frequency of the
wave, and the temperature variation of its frequency.
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