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ARSTRACf

We determine explicitly (including the phase) the ortonormalized
eigenstates of the pseudo-Coulomb problem that are basis for the irre-
ducible representation of its symmetry group 0(2,1). Furthermore, we
have ao explicit realization of the algebra u(2,1) in terms of diferen-
tial operators, operating on the Hilbert Space L2(R2).

I, I~'TROIJUCfION

It i5 h'ell known that the Coulomb problem with a t\\'o dimensional
rcpulsive potentia1

- 1(2,,') lj; (I.l)

v:ith v, any real nurnher, could he transfonned through thc di latation
• 1

.e. = v B., ~ = vf. to the pseuc1o-Coulornh problem, \\'hosc Schrodinger cqua-
tion, in polar coordinates. i5

(I. 2)

In rer. (1), it is ShO••..11 , in ahstraet fonn, that the cigcnstates of

dcfinitc :1Tl!-,Jlllar momentum Iv,111 > of thc problem (I.2) are oasis of an

*Actua1 address: Escuela de Altos Estudios. Universidad de Sonora,
Hermasi1 lo Sonora, México,



irreducihle representation of 0(2,1); that ¡s, the generators of 0(2,1)

dcnotcd hy T+, T_, T élcting on the hasis, givc liS

ami

T Iv,m>
+

T 3 I'),m>

¡ (v' + 1/4) + m(m:c. 1) [v,m + 1>

m!v,m>

(1. :1)

(1. 4)

T1 l-üinciJcs \,"i.th rhe ~Ulgular p'o[],cntu¡;¡ and n~ is :In intC,l.',C'r.

In this \,'ork, the basis oC the Teprescnttltion, is explicitly uc-

tCJ111inN.1. For this purposc, in the next section he salve (1.2), v.;ich

givcs LIS the eigenfunct jons oC the pseudo-C.oulomh prohlem .in tenns oC

hllitt~lkcr ftffictions. '111CSCcigcnfunctions are' nonnalizcu up to a phasc,

"hich is dctermined using (1.3) and ,",e11 kno,," properties of the \\hi-

ttakc1' functions.

11. I'SEUlJO-COUI.Q\!B EIGE\HJ\CTIO\S

In arder to find the pseudo-Coulomb eigcnstates, ,,'C must so]v('

the cqll~tion (1.2). Taking :mgular momcnturn cigcnstatcs, KC can \,Tite

the statcs in the follO\\'lng fonn

"'~ (p,e)
imBe (11.1)

If h.C cOIlsidcr the radial fllIlctions as

(11.2)

i! follows froln (J. 2) tha! fv,m(P) satisfics the cqllation

d'f [ 1 "]V,ffi + 1 +
Zv "4 - n,

f O
del p+~ v,m

(11.3)

111i5 is \\hjttaker's equat ion in the variable 2i0. \dlOSe solution

is givcn hy(2)

f (p)v,m ¡.¡. I I (2 ip)
- 1V. 111

(11.4)
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with

(II.S)

The sccond lincorly independcnt solution of (11.3), denoted by ~I,
A,-~

and of the same fonn as (11. S) wi th the change ~+-~, di vcrges ot the

origcn and wc don' t considered i t. ll,e complet set of the pseudo-Coulomb
cigenstates(3) is

IV,m>
B ~1-iV, Iml(2iP)
v,m ¡p- (11.6)

\dth van)' real, m integer and Bv ro 1S the nonnalization constant, once,
\,'C nonnalize the statcs through the condition

<v' ,mI Iv,m> = ó(v - v') ~n' (11.7)

The mensure is givcn by f d pde. The choice of this mensure fo-

110w5 from the henniticity conditions for the pseudo-Coulomb Hamiltonian

and the group generators. Putting the eigenfunctions (11.6) into the
nonnalization comlitions (ll.7), gives us

B*, ,B rOOf2rr~I*., I '1(2ip)~I. 1 ¡(2ip) i(m-m')e
<v' '1 > = ~m v,m ~.m . -lv,.m. e dpde,m v,m 2

bo IP IP
(11.8)

\\:hich reduces inuncdiatly to

<V' m' Iv m> = rr B* B <1 [~., v',m' v,m nun' o P ~I*. , I 1(2ip)~I. I 1(2ip)-IV, ro -IV, ro
(11.9)

J2lml(2xlP)dx ,

(11.10)

by pcrfonning the O integral. If wc use the following integral reprcsen-
tation of the ¡,hi ttakcr functions (2)

(
O' )_ 2iv+I(2Imll!ID e-V1r/2eiPJOO -2iv i x'/2

~I-iv, Iml dp - r (-iv + Iml + 112) "e
o

the equation (11.9) takcs the fon11

-:v. ,m' Iv,m> = rr <1 B* B 2i(v-v')<2((2Iml) ! 2 c-rr (v+v')/2

11m' v',m v,m r(1 I 1 ') r (1 I 1 . ')m + Z - IV ro +"2 + IV

1".121 1(2y/o) J21 1(2xlil)dP .
o m m (11.11)
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Taking into account(4)

[J2Iml(2Y!PI J2Iml(2x!i')
o

1dp = - 6(x-y)2y (11.12)

the integral simplifies \\'ith the use of Dirac's delta, giying

<v I ro' 1\1 ro> = TI 6 B* B" nun' v',m \!,ffi

2i(V-v')+1((2Im!):)2 e-TI(v'v')/2

r(Jml + ~ - iv) r(lmJ' ~+ IV')

(11.13)

The last integral 1s evaluated with the change t In y, obtaining

roo dv 2i(v-v') = ;¡ 6(v-v')) y y
o

(11.14)

From (11.7), (11.13) and (11.14) we find that the nOTInalization

cans tant is

Bv,m
= ei6(v,m) -/ rrlml

1
+ "2 - IV) r (lml
TI 12 (2ImJ):

r--
+2+iv)

(IJ.1S)

where 6(v,m) is a phase.

111. IJETERI>II1\ATlO:'< OF 11JE PHASE

Taking into account the recursion rclations of the \\lli ttnker func-

tions, we immediatly ohtain the following fomulas for the radial part of

the wave funct ion (l 1. 1) :

v+(v, Imi) 1\."lml c.(v,lml) Rv,lm!'l m F °
V+(v,lml) 1\.,,0 c+ (v ,O) R (111.1)

v,l

",nere

- [v-
Iml (Iml

1 ~],+ -) 1
V (v, Jmi)

- 2 + (J mi + -) (111.2)
+ p - 2



( 1m I • I) • v'
-i 1

4( Iml • "2JClml • 1)

4i Iml (Iml - I) (IlI.3)
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From reference (1) it is dcduced that thc 0(2,1] generators, in
polar coordinates, take the form

T,

:t ie + 1 a2 + i a + 1 a - i ~
-e {II P 3e' - 20;¡¡¡ "2 30' 303e }

-i .2-3e

(111.4)

(111.5)

where H is the pseudo-Coulomb lIamiltonian and T, coincides with the an-

gular momentumoperator. App1ying T. to the pseudo-Coulomb eirenstatcs and
making use of (1.2) we obtain

T. Iv,m> = Bv,m
i(m. l)ee - (111.6)

where

T. (v,m) = - [v - m(m ~ i)
o • 1 d](m. -) =-- 2 uo (111.7)

The difference between this operator and V.(v,lml) rest in the fact

that this 1ast is defined for positive va1ues of m. \~e note that

rn.:=.O

m < O (111.8)

thus " f'"'I",I) R i(m.l)e m~Ov,lml e -

T.lv,m> v,m

V (v,lmll R i(m'l)e ID o( O (111.9)
• v,l mi e -

Uti1izing (111.1) and after a sma11 computation we obtain
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[ Bv, 1~ I C~[V,I~I)] Iv, m+l> ID ~ O
Bv,I~~11

-
~=m

T+lv.m>= [111.10)

B
v, -1 ~ 1

\[V, I~I) L=mIV, m+l> m < O
Bv,-I ~~J1

1 f \0.'(' compare thís ('quatían and (1.3), \\"C fino a wüque recursion

famula foy the coefiecients Bv m' given by,

IV' + [Iml + 1)'
-i 1

4[lml + 2) [Iml + 1)
Bv, ~Imi [111.11)

For this cquation and [11. 15) we have thc rclation between the --

phases

6[v, ~ Iml + 1) (111.12)

and lUldcr the condition that thc rhase for zeTa angular morncntwn 1S zeTa,

"'e have

6[v,m) "m""2

IV. COt\CWSIC1\

[111.13)

\\'c have shov.n th3t thc cigcnstatcs fay the pseudo-Coulomb problem,

given cxplicitly by

Ir[ Iml
Iv,m> = eTI [,,-im)/2

+ 1- iv)r[lml

ni 2 [2Iml):

1
+ 1 + iv) M-iv,lml [2ip) eime

¡p [IV.l)

fonn;}hasis foy an irreductihle representatían of th(' Lic algebra 0(2,1)

of the s)1nctry group 0[2,1) of thc problem. Furthcrmorc, "e have givcn
an cxplicit realizatían of the algt:bra 0(2,1) in tenns of fomal diifcren-

tial opc1'ato1'5, operating 011 thc Ililbert Spacc j,2(R2).
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