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RESU\IEN

Se demuestra que las eco de Lagrange también conservan su forma _
bajo ciertas transformaciones que actuan sobre la variable independien
te t. El significado físico de éstas transformaciones es muy claro. -

su¡.~IARY

lt is shown that Lagrange's equations of Classical Mechanics keep
their forro under a certain kind of transformations acting on the inde-
pendent variable t. The physical meaning of these transformations is
very clear.

Note on the .inv<VÚance .in 601lm 06 lagJUtnge'. equatioM

\\hen the Lagrange equations for the rrotion of an holonoIOOus me--
chanical system have been obtained(l), many teachers of Analytical ~re-
chanics usually propase to their students the following exercise: Prove
that Lagrange's equations,

o , (1)

conserve their form when new coordinates Q are introduced such that,

q f (Q, t) . (2)

hhat the students have to prove is that, in the new coordinates Q,
thcy can safely write the equations:
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L bcing defined by:

d (ªSat aQ' o • ( 3)

L (Q;Q;t) _ L ( f(Q.t); f'Q Q + f't t) (4)

But it is less kno\<,TI,even anKmgteachcrs, that thc aboye invari-
ance in fonn of Lagrange's cqlk1.tions ho.td6 far the more general transfar--

mations,

q f(Q,t')

t g(t')

provided that g(t') is given by:

(S)

q(t' ) at' + b , (6)

a and h being real numbers.
The transformations defined by (S) and (6) include displacements

in time (a=l), changes in the units used far thc measure oí t(3)0, b=O).
and the reversal of time (a=-l, b=O).

In arder to simplify the hTiting ~e use Q and q instead of Ql •.. ,on
and Ql •.. ,qn' Analogously. we shal1 write q; Ó; f'Q; f,t~; f,QQ,'"
instead of dq/dt; dQ/dt'; af/aQ; af/at'; a'f/aQ' •...

The proof of the mentioned extended form-invariancc is straighfor-
ward. lndced, from eq. (S) we get:

f,O.dO + f.t-. dt-
g dt'•t'

ano consequently,

L(Q;Q;n g(t') ) ( 7)

Now, ~e have to find the restrictions that are to be imposcd on
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g(t-) in order that the equations,

d ( a~)
Ot' aQ

-aL
aQ o (8)

be a consequcnce of eq. (1).
Wc begin by calculating a[/aQ and aL/aQ : From eq. (7) we easily get:

aL f'Q + aL f,QQoQ+ f,t-Qaq aq g, t'"
(9)

and

aL aL . -.1 (f,Q'Q + f,t-) aL . ~a(j aq dO g't- a<j g,t'"
Therefore,

d aL
dt (aq) g,t-(f'QQ 'Q + f,Qt-)-f,Q 'g,t-t-

(g't-)'

(10)

From (9) and (10) we get:

d (ar:) _ aL = ,d (aL) _ aL) . f _ f,~ 'g,t-t-
dt' aQ aQ 'dt aq aq 'Q ~g )2

't-

Therefore, taking into account eq' (1); we finally have:

(11)

aL
- aQ ( 12)

and, accordingly, in order to get to eq. (8) -since f(Q,t-) are arbi-
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trary functions- we must have:

o

that is,

g(t') at" + b ,

which is just what we desired to proveo
lhis result can be considered as the mathematical translation oí

the physical fact that in Classical ~~chanics the absolute role played
by ti"" is p~uVlv.d under the transfonnations given by eq. (6). The-
result is in accordance with the freedom that any physicist has oí
choosing at pleasurc the origin, units and directian oí the time variable.
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