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It is shown that a semi-empirical expression for electron impact
ionization cross-section, when averaged over the energy at which the
maximum takes place, has a form similar to the classical Binary Encoun-
ter approximation. A compilation oE the best experimental data is given.
The new data supports the empirical relation given by Franco and
Daltabuit, between the peak value for the cross-section and the energy
at which the cross-section is maximum.

RESUME~

Se muestra que una formulación semi-empírica para las secciones
rectas de ionización por colisiones con electrones, puede ser comparada
con la aproximación clásica de encuentros binarios. También, se presenta
una recopilación de los mejores datos experimentales existentes. Los da-
tos experimentales más recientes se ajustan a la relación empírica (en-
tre el máximo de la sección recta y la energía en la cual ocurre dicho
máximo), propuesta por Franco y Daltabuit.

* Becario del Consejo Nacional de Ciencia y Tecnología, México.
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l. INTRODUCfICl'I

Col1 i.~i()n:.l1 ionizarlon of atoms and ion5 hy c1cctroos i5 a fun-

damental proc('s~ \\'ith vl'ry imJXJrtant applications to :lstrophysics and

pl:1SffiJ physics. In recent )'<"3r5, the experimental worh in thi:'o hranch has

incre¡¡scd and valuahlc ¡nfomarion abour cross-sccrioll:-, for sl'veral multi-

charllcd ions i5 now availablc. In plasffiJ physics, the cross-section at

lo~ cncrgies is mast important because no ion generally achieves maximum
concentrarion whcn kT ...•..0.1 1 (the ground state ionizar ion potential). At

high electron incident ener~ies, the agreement between experimcnts Jnd
the quantuffi mechanical approximations is rcmarkably good, hut ;'It low

cll('rgies the semi-empirical and c1assical fOlTl1ulations give satisfactory

H'SUlts with thc aJditional aJvantage that thc cornputations are easier

(Peart 1:.t..JJ..L(1).Trip.1thi nnd Ibi (2). Burgess tl...ill.,(3). Bnrfield (4).

Franco and fl.:J.1tahuit(5)).

The 5emi-cmpirical formulations are made ad hoc to [it thc ex-

perimenta 1 data; thereforc, good resul t5 arc expected when the empi rica I

parameters can be chosen properly. However, it i5 not clear thc reason

~hy a given porametcr will determine the agreement or disagreement ~ith

experimcnt. Then i t i5 important to find 1inks betv.'cen the empi rical ano

thcoretical approaches in arder to understand the physics bchind rhcn~-

nologieal rclations.

In thc present eommunication, ~~ discuss the conncetion bctv.~cn

the ser.1i-empirical fonnula pro[X>sed by cantó and Il.l1tabuit(6) and thc

ela5sical binary eneounter approximation (BEA.)model (for a reeent r('vie".

on the general theory and approximate methods in eol1 1510nal ionization,
(7)see Pctcrkop ).

11. EXPER1~1ENTALINFOR/oIATION

Cantó and Dal tabui t (6) proposed the tw:l par:uneter fonnula for
the cross-scction:

a
4(x-1)("",-1)

am ------
(x+"", - 2)'

(1 )



nointed out that a and x obey them m
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where Oro is the maxirnum of the cross-section, x is the energy oí the in-
ciden! electron (in UOit5 of the ground state ionizatíon peteotial) and
Xm i5 the energy at ~nich the maximum takes place. This formula gives a
good £it at low energies when thc empírical pararncters 0m and Xrn are
known. The available experimental information is given in TabIe l. Repor-
ted uncertaintics are typically 10\, bu! in sorne cases can be as high as
40\ (Li. Na, Ar3+). The amouo! oí reported measurements are sufficient
for every experiment to determine Oro and xm with good confidence level
'\. 10. (except in the case oí Ne+3). The data for Al, ea+, Sr+, Ra+, TI
(which show dramatic enhancement due to autoionization) and for eu, Au.
Hg, TI+ (which have complcx graund state structures) have beco included
for the sake of comp1eteness, but are not considered in the discussion.
E is the energy at maximum in eV.
m . (5)Franco and DaItabuit

simple emPirical relation:

x Omm c N /12
e

( 2)

where 1 is the ground statc ionization potential, ~e is thc available
number of e1ectrons in the shell and c is a constant. The aboye relation-
ship is sha~n in Fig. 1 and with the inclusion oí the new data we obtain
e = 3.8 x 10-14 cm2 cV2• which is 10\ smaller than thc onc given by

Franco and Daltabuit(5). The expected accuracy of Eq. (2) is 20\. Several
atoms with complcx ground statc structures, such as Cu, I-Ip, and TI-+-,fo1-
low this relation when Ne = 10 is used, but its validity for thcse types
of species can be accidental. A simple interpretation of Fq. (2), follows
frem Thomson's classical fannula at the maxirntunof the cross-section.
Writin~ e in terms of ~o and 1H, Ea. (2) becomes:

(3)

(B)

and it is remarkable that mast of the experimcntally tcsted species ad-
just to such a simple rclation at maximtun.

FroID Table r. it can he noted that xm is typically about 3
This fact has alrcady been pointed out by several authors (i.c., Lotz
Peart and Dolder(9). Franco and Daltabuit(S)), and it is a wel1 kn~n
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fcature displayed by colli5ion31 excitation cross-scction curves
(Lin (10»).

la'

10'la'la' 10'
l' leV')

Fig. 1. Empírical relation between a~Xm/Ne and r2 (the ground state ioni-
zation potential). The exper~mental data are taken from Table I
(see rema.rks).
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For alka! i -t:--re spccies the avera.ec value of Xm is ~. 7 \~'ith

littlc sC<lttcr (cxcept for H 3nd B.:'1+). Far other configurations the scat-

ter is larger and the averaged xm is hi~her than 3, how'Cver, x
m

dCCfP3SCS

rathcr smoothly along isoelectronic sequences (as pointcd out by Franco

anu Daltubuit(S)). TI1C'average value aver 311 rhe configurations con5i-

dercd in Fig. 1 is <x > = 3.5. Mast of the mC.:lsurcments have fx>cn 1imitcdm
to neutral atoms, or once anu t\..'icc ionized (\~'ith brgc x

m
), ;llld thc

highcr ioniz:ltion stagcs (with small xm) are undcr-rcprcscntcd in our

s:unp1t'. Ilence, it is [orcsccn that <x > v.,'i11 decrcase .•..,'hen new hich ioni-m .
;:;¡tion da!:\ (more than doubly ionizcd) cm he avaib.blc. In order to con-

silkr this cffcet, ""c are going to use x = 3 as a typical valuc (to di [-
m

[erenciate' it from the samplc's average).

\\'ith tIle ;lid of Eq. (3), ""C can r(,"'Tite Eq. (1) in tIle' st:mdard
[onn:
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(4 )

whcre thc cmpirical rcduced cross-section i5:

4 (x-l)

Xm (x+Xy¡¡ - 2) 2
[2.69(x - 1) Jm (5)

Taking xm 3, the tyrical rcduced cross-section i5:

7.1 ~
(x.1)'

(6)

and reprcsents thc mcan behavior over 0.11 configurations. Frem Eq. (2),
the scaling law between isoelectronic SCQucnces at maximum i5:

a,
a,

x
~
x
m,l

(7)

fay highcr ionized species and alkali-type species
thcn Thomson' s classical scalin~ law is recovered.

IJI. DISQJSSION

x is about the same,
m

The classical binary encaunter anproximation (REA) original1y
formulateJ by Gryzinsky(11). has becn modified to take into account the
atoffiicclectron's kinetic energy and the acccleration of the incident
electron due to thc atoMic ficId near the noiot where the im~act occurs
(Ochkur and Petnm'kin(12). Stabler(13). Thomas and r,arcia(14), Vainsh-
tein et al.(15»).The rcduced cross-section in the BFA model, with a11
these modifications included, is (see Peterkop(7»):

(8)

whose ~,xirnum is ccntered at x ~ 2.67.
The Exc~,nge Classical Impact Pararneter (FCIP) method, formula-

ted by Burgcss (16) (sec a1so Burgess and Pcrcival (17») is also based in
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the BEA rncx.lcl, hut including ouantlun-type corrections. 11lC corrC'sponding
rNlIcC'd cro5s-s('ctions can he ""Titten in a similar fonn to F.q. (8) with
thC' addition of a tC'nn for the interference between direc! and exchangc
scattering, and a tcnn expressed as an integral over the photo-ionization
cross-scction, Xph' \oonich corresponds to the treamen! of (0111'-1on31

ionizarion as a radiactive proccss (5('3ton(18)):

~ (x-l)
3x (x+2) [ S + ~ - 3x enx ]

x (x2-1)
+

at high encrgics the contribution to the total cross-section from Xph is
of the arder of 20~, but ncur the threshold it i5 ncgli~ible (Burgess Q!

(J) [" di')) 11 [ " 2 3x""x t,".kcs lOó [al. ,Bar le} . 1 e unctlon ~ va ucs near -. or
x (x'-1)

the rangc of cncr~ic5 of interest (x close to Xm). Then. wc can approxi.
mate the ECIr case as:

ó ..Q.:..1.l
x (x+2) (9)

with the maximt~ centered at Xm~ 2.73.
Wecan conclude that the empirical reduccd cross-section hcrc

discussed, averaged over the parameter xm' provides a link bct~~en thc
mean behavior of the expcrimentally tested species and the classical hi-
nary encounter approximation (ECIP included). This can explain the re-
sul ts obtained by Burgcss et a1.(3), ••.•'hose comparison of the coll isional
ionization cross-sections at lowenergies (near the maxirnum) favourcd (011

thc average) the ECIP method.
A comparison of this kind with the quantum mec~lnical aoproxi-

Ifk.tion is not possible at the present time. The radial wave functions
used are independent of the ion configuration, total angular morncntumand
spin. Hcncc, slJch calculations are not expccted to he more accurate than
simpler classic.Jl methods. Recent computations using: the Coulomh-Rom ap-
proxim..'tion for C2+, C3+, N3+ and N4+ ~~res('9)), are in bcttcr agrec-
ment with experirnents. This is encouraging, but it i5 not the general
case as was ShO••.•l1 by Bur~ess et a1.(3), and improvements are nceded in
the quantum mechanical treatment.

From a practical point of view, accurate cross-s{'ctions (and
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their corresponding ionization rates) can be e~sily obtaincd with Eqs.
(4) and (5) using the exnerimentally determined yalues of 'm, in the
absence oí experimental data, Xm = .) wil1 provide a reasonable estimate
far most ions. Finally, further analy~is based on empirical relations
with emphasis on particular electronic confi~lratiop.s (as those obtained
by Hasted and Awad(20l) will shed more light on the phenome~1 of
electron.atom col1i5ion5.

The author i5 pleased to acknowledge helpful conversations with
Dr. Chun C. Lin. Very special thanks to Dr. Donald P. Cox far usefu! com-
ments and a critical reading of the ~,nuscript.
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Tahle l. Experimental Data
Cm &n

Ion Ground State (10-1. cm') (eV) xm Remarks Re fe rence

H 151 0.67 56 4 .1 21

He+ 151 0.048 178 3.3 21

Li 251 5.3 15 2.8 f 8

C3+ 251 0.025 180,300 2.8 a,e 37,42

N"+ 251 0.015 270,500 7..n,5.1 a,e 37,42

05+ 251 0.008 300,700 2.2,5.1 a 42

Na 351 7.3 14 2.6 f 21

Mg+ 351 0.51 40 2.7 25

K 451 7.8 9.5,32 2.2,7.4 a 38

ca+ 451 1.75 100 9 b 9

Rb 5s1 8.2,10.5 10,30 2.4,7 a 38

Sr+ 551 2.5 100 9 b 9

Cs 651 7.5,9.7,10 11,15,30 2.8,3.9,7.7 a 38

83+ 651 4.25 18,20,40 1.8,2,4 b 26,27,29

Cu 3dlO4s1 7.6 95 12.3 e 41

Au 5dlO6s1 15.3 100 10.8 e 41

He 15' 0.37 120 4.9 e 21,30

Li+ 15' 0.04 325 4.3 26,27

C'+ 25' 0.11 140 2.9 e 34,35

~1g 35' 7.8,(4.2) 12, (26) 1.6,(3.4) a,d 15,32

ca 452 6.5,7 20,26 3.3,4.2 a 15 ••'"
Sr 55' 8.7,10 20,26 3.5,4.6 15 CMa



Om fuIon Ground Sta te (10-16 cm') (e\') 'm Remarks Rcfcrcncc ~
'"~

!la 6s' 12.5 10,26 2,~.9 a 15
IIg Sd 1 °652 5.5 55 5.27 e 21TI+ 5d 106s' 1.7 100 ~.9 e 2~C+ 2pl 0.57 78 3.2 c 23,35
:\2 -+ 2pl 0.18 140 2.9 c 23,20O'+ 2pl .056 200 2.6 36
Al 3pl 4,7 15,90 2.5,15 a,b 40Ar5+ 3pl 0.07 250 2.7 n 43
C.1 4pl 6,7 25, lOO 4.2,16.7 n .1{)
In 5pl 7 ..>,8 20,90 3,5, 15.6 n 40
TI 6pl 16 80 13 b 40
e 2p' 3.3 60 5.3 c 3D,31
W 2p' 0.52 112 3.8 c 21,20
0'+ 2p' 0.18 145,(I!10) 2.6,(3.5) d 22,35
Arl;+ 3p2 0.09 190 2.5 n 43
N 2p3 1. 57 100 6.9 c 21,300+ 2p' .40,(.48) 148,(110) 4.2,(3.1) c,d 22,35,43
Nc3+ 2p3 0.13 300 3.1 g 35
Ar3+ 3p3 0.17,(.38) 170 2.9 d 35,20,43
o 2p' 1.5 90 6.6 c 21,30
Nc2+ 2pl.¡ 0.16 220 3.5 c 35,20
Ar2+ 3p' 0.45 90, (160) 2.4,(3.9) c,d 35,20,43
Ne+ 2pS 0.30 200 4.9 c 21,35,20,43



Om FJ'l
10n Ground State (10-1" cm') (el') Xm

Ar+ 3p5 1.1,(1.5) 76,(110) 2.8, P)
Xe+ 5p5 1.84 70 3.3

Ne 2p" O.Rb 170 7.9
Na+ 2p" 0.26 250 5.3
~lg2+ 2pG 0.14 300 3.7

Ar 3p" 3.1 70 .\.4
K+ 30" 0.99 lOO 3.1

Kr .tp6 4.2 55 3.9
Rb+ 4p" 1.7,1.2 80,155 2.9,-L2

Xe Sr" 5.7 40 3.3
Cs+ Sr" 1.7,1.2 70,100 2.8,4

Rernarks:

a) More than ane peak due to inner-shell direct ionization.
Only the first peak was used in Fig. 1.

b) Autoionization effects are very important. Not included
in Fig. 1.

e) Values are average of the experimental data.
d) Numbers in parenthesis have larger uncertainties and are

net considered in Fig. 1 due to large discrepancy with
the more accurate information.

e) Not considered in Fig. 1.
f) Experimental errors ~o,.
g) The number of points reported is nat enough to find 0m

and Ero with confidence. Not considered in Fig. 1.

Remarks PcfercncC'
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