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ABSTRACT

The magnetization of hard superconductors with cylindrical geom-
etry when a magnetic field is applied perpendicularly to the axis ?f sym—
metry is calculated. The results are compared with those obtained 4) when
the field is applied parallel to the axis of symmetry of the sample.

RESUMEN

Se hace un calculo de la magnetizacién de superconductores duros
con geometria cilindrica cuando se aplica un campo magnético perpendicular
al eje de simetrfa. Los resultados se comparan con aquéllos obtenidos (4)
cuando el campo se aplica paralelamente al eje de simetria de la muestra.

1. INTRODUCTION

The knowledge of the energy losses in hard superconductors of
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cylindrical geometry, with the magnetic field applied perpendicularly to
the axis of symmetry of the cylindrical sample, is of a great importance,
for example, in the design of superconducting magnets to generate large
magnetic fields.

The first phenomenological model to explain the magnetic behav-
ior of hard superconductors was proposed by Bean(1) and further developed
by Kim, Hempstead and Strnad(z) and i?3§nown as the critical state model.

Taking as the critical state equation

JH = a(m m

(where the temperature dependent parameter o(T) is a quantity related to
the pinning strength of the flux quanta and the parameter y gives the pow-
er dependence of the critical current density J, on the internal magnetic
field H; of the sample), Akachi gg_gl.(4] have shown that for a cylindri-
cal hard superconducting sample the field profile of the remanent (or
trapped) magnetic flux has three possible distributions that depend on
the value of the maximum applied (or peak) field H_, as is shown schemat-
ically in Fig. 1. These three different forms of the remanent field pro-
files lead to three different expressions for the magnetization cycle
curves.

This paper deals with the calculations of the magnetization of
cylindrical hard superconducting specimens with the external field H ap-
plied perpendicularly to the axis of symmetry of the cylindrical sample.
On the basis of the critical state model and using Eq. (1), the three
possible types of magnetization cycle curves are calculated. The results
are compared with those obtained when the field is parallel to the axis

of symmetry of the cylindrical sample(4).

II. CALCULATIONS OF THE MAGNETIZATION

Let us assume a cylindrical hard superconducting sample of
length L and radius R, with an external applied magnetic field H perpen-
dicular to the axis of symmetry of the sample. We take the center point
of the cylinder as the origin of coordinates, with the direction of the
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Fig. 1 Schematic representation of the three possible internal field
distributions due to the remanent magnetic flux.

axis of symmetry as the Z-coordinate and the X-coordinate as the direction
of H. Assuming, for simplicity, that the internal field Hi has variations
only in the direction of the coordinate Y, Ampére's law for the critical
state model reduces to

0, in regions where
there is no field
aH
2 = < (2)
Yy 4
+ Fﬂ - 2 in regions where

there are fields

where the sign can be fixed by Lenz's law.
The magnetization is by definition
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-4TM = J(He-Hi)dV Jdv ' (3)

where both integrals are over the entire volume of the specimen and H, is
the effective magnetic field felt by the sample. In order to calculate
the magnetization, we have to state H, in terms of H and Y for each step
of the magnetization cycle, and then perform the corresponding integra-
tions of Eq. (3); this can be done by the pertinent combination of

Eqs. (1) and (2). For the first stage of the magnetization, that is when
in a virgin sample we increase the field starting from zero, we have from
Eqs. (1) and (2)

0 ¢ 0SY<A

H () = 4 4)

[ -0 Tarey) 70, acyr

where we have assumed that Hi = H, at Y=R; on the other hand, taking
into account the demagnetizing factor(s) we have that H, = 2H at Y=R.
The parameter A is the so-called penetration depth and is defined as the
Y-value at which H, becomes zero, that is,

(2H) Y+1

A = _—
(y+1l) adm/c

(5)

Now, when A becomes zero we have that the front of the flux profile just
reaches the plane Y=0, and currents flow through the entire volume of

the specimen. If we call H* the field value at which this occurs, we
have

H* = % !:(Y+1) t—“ua] lebesll (6)

It is convenient to introduce the following dimensionless va-
riables
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where in the last relation the subscript n represents any subscript that
appears in the context. Using these quantities, Eq. (3) can be written
as

-4dmm = I(h - h,) dv Jdv i (8)
e &

where dv = dx dy dz. On the other hand, Eq. (4) can be written as

0 , 05ysé
hi(y) = 4
2 (W™ =1 +y] V) seyc1 . (9)
where
§ = & = 7" (10)
R

Substituting Eq. (9) into Eq. (8) we obtain

1
—4mm = 2h—§-J [a" - 149] /) 1oy 20y (m

™
§
for the field interval, 0<h<1. This integral is not analytic for all
values of v and in general has to be solved numerically.

We have that the integrals that appear in the calculation of
the magnetization all have the following form:

2

b
T J [a+B+cy]/ " a-yH"? ay (12)

a

where the quantity 2 [A+B+Cy:|1/”+”, with the appropriate values of
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the parameters A, B and C, gives the normalized internal field distribu-
tion, for some field interval, in the region [a,b]. The internal field
distribution, for some field interval can have different distributions
along the Y direction of the sample, that give rise to several integrals
of the type of Eq. (12), which are distinguished by the subscript 1.

a) Magnetization Cycle 1

When the normalized peak field h, is in the range 0<h, <1, the
internal field distribution due to the remanent magnetic flux is like
that of Fig. la. Let us calculate the normalized magnetization cycle
corresponding to this condition. Fig. 2 illustrates schematically the
normalized internal field distribution for the different stages of the
magnetization cycle. Because of the symmetry, only one half of the cyl-
inder is shown. Table I shows, for each step of the magnetization proc-
ess: the corresponding field interval; the appropriate integrals Ii,
along with the values of the 1imits of integration [é,Bj and the values
of the parameters A, B and C; and the corresponding expression for the
magnetization. The parameters §_, §' and 8! that appear both in Fig. 2
and Table I have the following expressions:

§, = 1-nY" | (13)
8 = 1. % (ho'\(+1 _ hYH} , (14)
I AL (15)

Fig. 3 shows a curve of a magnetization cycle, calculated by the expres-

sions of Table I, for the case when y=0.5 and h,=0.8.
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Fig. 2 Schematic representation of the normalized internal field distri-
bution for the different stages of the magnetization cycle for the
case when 0<h_,<1. (Because of the symmetry only one half of the
cylinder is shown). In each one of the step figures the dotted
line represents the initial state, the dashed line the final state
and the full line an intermediate state.
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TABLE

Magnetization Cycle I. O0<h,<1.
51 I, I,
Step Field Interval -4mm
[a.p] |[o |B |c |[aB]| A |B|cC |[asb]|a |B |C
1 0O<hsh, [6,1] |n | ~1]| +2 o <2 x,
h increasing o
2 ho<h<0 (60,6 |bo| -2 +1|[6*,1]| n | +1] -1 3 ~3er 45,9
h decreasing o
-1/ (y+1
3 O<h<-2 /ly )h,, [6s,65] |ho| 2| +1|[65,8]| o | +1| =1| [8,1] ||n| | -1 | +1 -2|h|-§(11+12—1,)
|h| increasing
-1
4 <27V 0Dy eneon)| [60.8] fhof| -1] +1 ] [5,21]In] | -2 +1 2] | -2ts-14)
|h| increasing A
5 ~h,<h<0 [5..6'] |ho| -2 | +1|[6",2] |In] | +1] -1 —2| | #1114 0)
|hT decreasing T
-1/ (y+
6 oche2” M/ O+ L)y s et fna| -2 +1 s, 63| o | #1] 1| .23 | -1] +1]| meBiziera-zo)
h increasing i
-1
7 Gy e, [R0s 8] (Bl =t | 1| T3] & | =2] = a8 (1,-1,)
h increasing i
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Fig. 3 Normalized magnetization cycle curve for y=0.5 and 1 _=0.8.
o

b) Magnetization Cycle 11

This magnetization cycle occurs when h_ is in the range
1gh052‘/”*” , which gives rise to an internal field distribution for
the remanent magnetic flux like that of Fig. 1b. The normalized internal
ficld distribution for this case is illustrated schematically, step by
step, in Fig. 4 (because of the symmetry only one half of the cylinder 1is
shown). Table IT shows, for each step: the field interval, the appropri-
ate integrals I, and the expression for the magnetization. The expres-
sions for &, &' and &! are given by Eqgs. (10), (14) and (15), respective-
ly. A complete normalized magnetization cycle for y=0.75 and h_=1.25

is shown in Fig. 5.
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Fig. 4 Schematic representation of the normalized internal field distri-
bution for the different stages of the magnetization cycle for the
case when 1Sh0521/(Y+1). (Because of the symmetry only one half of
the cylinder is shown). In each one of the step figures the dotted
line represents the initial state, the dashed line the final state

and the full line an intermediate state.



TABLE II

Magnetization Cycle II. 15h0521/(Y+l).

I3 Lo I,
Step Field Interval St -4 mm
[a,b]| a2 |B |c |[asp]|Aa|B |C [a.b]| 2| B | C

1 0<h<l (62| h | =1+ 2h~%11

h increasing

2 1<h<h, [0.37] B | =344 2h-§11

h increasing

3 ho<h<0 [0,6']| ho| -2 | +2 |[s*,2] | h | +1] -1 2h-%(1l+12)

h decreasing

4 oghig-2"+ r¥tly [0,6:]| no| -1 | +1 |tss,61| 0 | +1| -1 [e.2]|Inlf -1} +2 —2|h|—%(11+13-13)

|h| increasing

5 MOy hea || [o,8]| me| -1 | +1 | Ds.2] |IRl| -1 ] 2 <$h]-S(Ti-T4)
|h| increasing ‘

6 -1-h-=h, [o,1]||nl| -1 | +1 —2]h|+%11
|h| 1nercasing

7 -h,<hz0 [l:A2) | B [ =2 | #2 [ 2] [l | =2 | —1 —2[h|+g(11+13)

|h| dzcreasing

8 (J:tn:Z_l/(T+1)ho [0,65]| ho| -1 | +1 |[84,8] [ 0 | +1| -1 [oAY | | =) el ST T T 4)

h increasing

9 W/ )y ol =2l | [61]| b | -1] & 20+ (1,-12)

< [v,¢] '
h increasing J_ [
P RPN S B B I .

LT
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Fig. 5 Normalized magnetization cycle curve for Yy=0.75 and h_=1.25.

¢) Magnetization Cycle 111

When 21/ (Y+1) sh, << hcz’ where hc2 is the normalized upper crit-
ical magnetic field, the internal field distribution for the remanent
mignetic flux is like that of Fig. 1c. The normalized internal field
distribution for this cycle is illustrated in Fig. 6. The field interval,
the integrals I, and the expression for the magnetization for each step
of the magnetization cycle are shown in Table III. Fig. 7 shows a normal-

ized magnetization cycle for y=1.0 and h = 2.0.
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Fig. 6 Schematic representation of the normalized internal field distri-

bution for the different stages of the magnetization cycle for the
case when 21/{Y+1)5ha<<h02. (Because of the symmetry only one half
of the cylinder is shown). In each one of the step figures the
dotted line represents the initial state, the dashed line the fi-
nal state and the full line an intermediate state.
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Magnetization Cycle III. 21/(Y+1)_<_h°<<hC

TABLE

ILT

i+
M Ty 1s
Step Field Interval -4mm
[a,b] ] & B ¢ | [a.b] | & B |C
1 0<h<l (e.1]| | <4 | «a 2n - &,
h increasing
2 1<h<h, [0,1]| n -1 | +1 2h - =1,
h increasing
3 hoshs(h,' *1-2) /D) firg 67| n, | -1 | 41| 57,17 n #1| -1 || 2n - E(z410
h decreasing
4 (T gy W) g [0,1]| n | +1 | -1 B, =
h decreasing .
5 0<hg -1 [0,8]]| o +1 | -1 [8.,1] | |n] =1 +2 ~2|n|-2(1,-14)
|n| increasing
6 -1<h< -h, [o,1]| |n|| -1 | +1 =3 ni4Sx,
|h| increasing
7 -hoshe- (3 -2 YOOI o 7 | b, | -1 | s1| [s,0| In) | #1| -1 || -2(nl+Birien,)
ih| decreasing
8 -t o | fo,1] | Inl| 41 | -1 ~2]h 21
|hT decreasing ‘
9 0<h<1 0,61 o | +1 | -1| [5,1] | n -1 41 || 20811
h increasing
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Fig. 7 Normalized magnetization cycle curve for y=1.0 and ho =2.0.

III. COMPARISON OF THE MAGNETIZATION CURVES FOR PERPENDICULARLY AND LONGI-
TUDINALLY APPLIED FIELDS

In this section we compare the magnetization curves obtained
when the field is applied perpendicularly to the axis of symmetry of a
cylindrical sample (perpendicular case) with those when the field is ap-
plied longitudinally to the same axis (parallel case). The expressions
for the magnetization for the latter case can be found in reference 4.

In order to compare the magnetization curves we have to use, in
both cases, the same normalization factor; we have used Eq. (6) as this
factor. Fig. 8 shows the magnetization curves, calculated for y=1.0 and
h, =3.6, for the perpendicular (dashed line) and the parallel (full line)
cases. We see (Fig. 8) the following general features: (a) All maxima
(and minimum) in a magnetization cycle curve of the perpendicular case
occur at absolute field values lower than those for the corresponding
curve of the parallel case. (b) All absolute magnetization values of the

maxima (and minimum) in the perpendicular case are larger than those cor-
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responding to the parallel case. (c) The remanent magnetization is al-
ways larger in the perpendicular case; an example is given in Fig. 9
which shows, for both cases, the remanent magnetization as a function of
h, when y=1.0,

'41Tm; y=1.0

Fig. 8 Normalized magnetization cycle curve for ths perpendicular (dashed
line) and parallel (full line) cases when y=1.0 and ho =3.6.

2.0
=i
5
< h
E 15 :
N
'_
= h,
g
SR 7
l_
=
L
Z
%85 .
L
0 e
0 1.0 20 h, 30

Fig. 9 The normalized remanent magnetization as a function of h, for the
perpendicular and parallel cases when y=1.0.
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IV. CONCLUSIONS

We have calculated, using the relation JCHI== a(T) as the crit-
ical state equation, the three possible magnetization cycles for hard su-
perconducting specimens with cylindrical geometry, when the external mag-
netic field H is applied perpendicularly to the axis of symmetry of the
sample. As was mentioned in the preceding section, the comparison of the
magnetization curves between the perpendicular and parallel cases shows
some differences; fundamentally, these differences come from the demag-
netizing effects. On the other hand, we find in the perpendicular case,
as in the parallel case(4), that (see Fig. 10), (a) the fall off of the
magnetization curve after passing through its maximum, (b) the field va-
lues at which the maxima (and minimum) of the magnetization curve occur,
(c) the values of the maxima (and minimum) of the magnetization and
(d) the remanent magnetization, all have a strong dependence on the para-

meter .
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Fig. 10 Three norma.ized magnetization curves, corresponding to y=0.1,
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