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The magnetization of hard superconductors with cylindrical geom-
etry when a magnetic field is applied perpendicularly to the axis yf sym-
metry is calculated. The results are compared with those obtained 4) when
the field is applied parallel to the axis of symmetry of the sample.

RESillolEN

Se hace un cálculo de la magnetización de superconductores duros
con geometría cilíndrica cuando se aplica un campo magnético perpendicular
al eje de simetría. Los resultados se comparan con aquéllos obtenidos(4l
cuando el campo se aplica paralelamente al eje de simetría de la muestra.

l. I~TROruCfION

The knowledgc of the cncrgy losscs in hard superconductors of
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cylindrical geometry, with the maRnetic field applied perpendicularly to
the axis of symmetry of the cylindrical sample, is of a great importance,
far example, in the design of superconducting magnets to generate large
magnetic fields.

The first phenomenological model to explain the magnetic behav-
ior of hard superconductors was proposed by Bean(l) and further developed
by Kim, Hempstead and Strnad(2) and is known as the critical state modelo
Taking as the critical state equation(3)

J HY = a(T)e 1
(1)

(where the temperature dependent parameter a(T) is a quantity related to
the pinning strength of the flux quanta and the parameter y gives the pow-
er dependence of the critical current density Jc on the internal magnetic
field Hi of the sample), Akachi et al. (4) have shown that for a cylindri-
cal hard superconducting sample the field profile of the remanent (or
trapped) magnetic flux has three possible distributions that depend on
the value of the maximum applied (or peak) field Ho' as is shown schemat-
ically in Fig. 1. These three different forms of the remanent field pro-
files lead to three different expressions for the magnctization cycle
curves.

This paper deals with the calculations of the magnetization of
cylindrical hard superconducting specimens with the external field H ap-
plied perpcndicularly to the axis of symmctry of the cylindrical sample.
On the basis of the critical state model and using Eq. (1), the three
possible types of magnetization cycle curves are calculated. The results
are compared with those obtained when the field is parallel to the axis
of symmetry of the cylindrical sample(4).

II. CALCULATIONS OF THE MAGNETlZATION

Let liS assume a cylindrical hard superconducting sample of
length L and radius R, with an external applied magnetic ficId H perpen-
dicular to the axis of symmetry of the sample. We take the center paint
of the cylinder as the origin of coordinates, with the direction of the
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Fig. 1 Schematic representation of the three possible interna1 field
distributions due to the remanent magnetic flux.

axis of symmetry as the Z-coordinate and the X-coordinate as the dircction
of H. Assuming. for simplicity. that the internal field H, has variations

J.

only in the direction of the coordinate Y, Ampere's law for the critical
state model reduces to

o,

+ 4n J
- e r:'

in ra;¡ions where
there is ro field

in regions where
there are fields

(2)

where the sign can be fixed by Lenz' s law.
The magnetization is by definition
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-1n M (3 )

wheTe both intcgrals are OVcr the cntire valume of the specimcn and H is
e

the effective magnetic field felt by the sample. In arder to calculate

the magnetization, we have to state H. in tcnns oí H and y for cach step
1

of the ~~gnctizationcycle, and then perform the corresponding integra-
tions of Eq. (3); this can be done by the pertinent combination of

Eqs. (1) and (2). For the first stage of the magnetization, that is when

in a virgin samplc we increase the ficId starting [rcm zera, we have from
Eqs. (1) and (2)

H. (y)
1

o

(4 )

\\fhere we have assumed that H, = H at Y=R; on the other hand, taking
1 e

into aCcOlmt the demagnetizing factor(S) we have that H = 2H at Y= R.
e

The parameter t. is the so-called penetration depth and is defined as the
Y-valuc at which H. becomes zero. that is,

1

t. = R-
(2H)Y+l

(y+l)a4n/c
(5)

,~ow,when t. bccomes zero we have that the front of the flux profile just

rcaches the pIane Y = O, and currents flow through the entire vollD11c of
the specimcn. If h'C call H* the field value at which this Decurs, we
have

1
2

[ (y+l) ;; "R ] 1/ (y+l) (6)

It is convcnient to introduce the following dimensionless va-
riables
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X Y Z
x = y z

R R L
(7)

11 h H h
Hn

m =a* H* n H*

where in the last relation the subscript n represents any subscript that
appears in the contexto Using these quantities, Eq. (3) can be written

as

-4rrm (8)

where dv = dx dy dz. On the other hand, Eq. (4) can be "Titten as

where

ó = 11
R

o

2 [hY+1 - 1 + yJ l/(y+l)

, O~y~ Ó

(9)

(10)

Substituting Eq. (9) into Eq. (8) we obtain
1

-4nm 2h - ~ J [hy+1_1+yJ1/(Y+1l (1_y2)1/2dy (11)

Ó

for the field interval, 0< h < 1. nlis integral is not analytic for all

values of y and in general has to be solved numerically.
Wehave that the integrals that appear in thc calculation of

thc magnetization all have the following formo
b

li = f [A+B+CyJ1/(Y+1l (l-ll 1/2 dy (12)
a

where the quantity 2 [A+B+CyJ1/(Y+1l, with the appropriate values of
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thc parameters A, B and e, givcs thc nonnalized interna1 fieId distribu-

tion, for sorne fielr.1 interval, in thc region [a,bJ. Thc internal [icId

distribution, for sorne ficId intcrval can have difrerent distribut ioos

along thc y dircetion of the samplc, that give rise to several integrals
of the type of Eq. (12), which 3re distinguished by the subscript i.

al Magn.t1zat{on Cyc£e I

\\1lCnthe nonmlized peak field ho is in the range O~ ho ~ 1, the

internal field distribution due te the remanent m3gnetic flux is l ike

that of Fig. la. Let us calculate the nonml ize<.!m3gnetization cyc1e
corrcsponding to this condition. Fig. 2 illustrates schcmatically the

normal ized internal field distrihlltion for the different stages of the

~lgnctization cyele. Bccause of thc symrnetry. only one half of thc cyl-
indcr is showl1. TahIe 1 shows, for each step of the magnetizatían proc-
css: the corrcsponding fieId intcrval; the appropriatc integrals Ji'

along with the valucs of the limits of integratían [a,bJ and the values

of the pardmctcrs A, B and C; and thc corresponding cxpression for thc
magnctization. 111C parameters ÓOl ól and ó~ that appear both in Fig. 2
and Tablc 1 havc the following exptessions:

ó 1 - h "'(+1 (13)o o

ó' 1 - l (h y+l _ hy+l) (14 )2 o

ó' 1 - lh y+l ( 15)o 2' o

Fig. 3 shows a curve' of a ma~netization cycle, calculated by the cxpres-
sions of Tahle 1, for the case "hen y= 0.5 and ho = 0.8.
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Fig. 2 Schematic representation of the normalized internal field distri-
hutían for the different stages af the magnetization cycle for the
case when O~ho~l. (Because of the symmetry only ene half af the
cylinder is shown). In each one of the step figures the dotted
lioe represents the initial state, the dashed lioe the final state
and the full lioe an intermedia te state.
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TABLE 1

Magnetization Cycle 1. O.::ho'::l.

1, 1, 1,Step Field Interval -4nffi
[a. bJ A B e [a, b] A B e [a.b] A B e

1 O.::h.::ho [6,1J h -1 +1 2h -~ 1 Ih increasing TI

2 ho'=: h.=: O [60.6'J ho -1 +1 [6' ,1J h +1 -1 2h -~(Il+12)
h decreasing TI

O<h<_2-1/ (y+l) h [60'ó:] [ó:, óJ [ó .1J Ihl B3 ho -1 +1 o +l -1 -1 +l -2Ihl--II,+I,-I,)_ _ o
TI

Ihl increasing

_2-1/(y+l) ho<h<-h" [óo' ó] [ó.1J Ihl B4 ho -1 +1 -1 +1 -2Ihl-nII,-I,)Ihl increasiñg-

[ó"ó'] [ó' .1J Ihl B5 -ho<h<O ho -1 +1 +1 -1 -21hI+n(1,+I,)
Ihl- decreasing

6 O<h<2-1/(Y+l)h [6,,6:] ho -1 +1 (ó:. ó] o +1 -1 [ó,1] h -1 +1 2h+~( 11+1 2-1 ~)_ _ o
TIh increasing

7 2-1/(y+l)h <h<h [ó0,6] ho -1 +1 (ó,1] h -1 +1 2h+~( 1 1-1 2)0 __ o
TIh increasing

-
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1'=0.5
h.=0.8

10 h

Fig. 3 Normalized magnetization cycle curve for y = 0.5 and r = 0.8.o

bl ~~g"et~zat{o"Cycle 11

This magnct izatían cyele occurs \.•.h<:'nho is in thc T3'1gC

15. h
o
5 21/(y+1), which gives rise to an ioter11..'11 [icId distri!'o'Jtion fal"

the remanent magnctic flux 1 ikc that of Fig. lh. Thc normal i:cd internal

ficId distribution fol' thi5 case is illustratcd schem1.tical1y, stcp by
stcp, in Fig. 4 (becausc of the s)'JTUTIctry onl)' Dne half of thc c)-'lioder is

shm",). Tohle I1 shows, for mch step: the field intcl"\"al, the oppropri-
ate intcgrals 1

i
and thc cxprcssion fol' thc m..'lgTlC'ti:ation. The cxprcs-

sions for O, o' and o: ore given by Eqs. (10), (1-1) 000 (15), respeeti\.e-

Iy. ti complete nonnol ized ",,'gnet izat ion cycle for y = 0.75 ond ho = 1. 25
is shown in Fig. 5.
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Fig. 4 Schematic representation oi the normalized internal field distri-
butian fer the different stages oí the magnetization cycle far the
case when 1~ho~21/(y+1). (Because of the symmetry only ane half oí
the cylinder i5 shown). In each ene oi the step figures the dotted
line represents the initial sta te, the dashed line the final state
and the full line an intermedia te state.



TABLE 11

Magnetization Cycle 11. 15:ho~21/ (y+l)

" 1, 1,

Stcp Field Interval - .. -4nm
[a,b] A B e [a, b] A B e [a, b] A B e

1 O:::h:::l [ó,1] h -1 +1 2h-~I 1
TI

h incrcasing

[0,1]
8

2 1:::h:::h o h -1 +1 2h-;I I

h increasing

3 ho.:;h:::O [0,6'] ho -1 +1 [ó' ,1] h +1 -1 2h-~(Il+Izl
TI

h <lecccasing

4 O<h<-2-1 (y+l) h [o,ó:] ho -1 +1 [ó:,ó] o +1 -1 [ó,1] 1hl -1 +1 -2Ihl-l(I¡+Iz-I3l
_ _ o TI

1hl increasing

_2-1/(y+l)h rh<-l [o, ó] [ó,1] Ihl
8, ho -1 +1 -1 +1 - 21h1-- (I, - 1,)

1hl incrcasiñg-
TI

[0,1] 1hl
8

(, -l_h:-h" -1 +1 -2Ihl+-1,.,
11.1 I JI'"I' .•• Slng

[(', ' ,] [,\' , 1] I h1
8

7 -h <h<O ho - ] .] +1 -1 -21 h1 +-;¡(I 1 +1 z)
0 __

\ hl d~crcasing
- --

, OrhrZ-1/(-(+1)h [0,6:] ho -1 + 1 [o:, ,] o +1 -1 [6, 1] h -1 +1 2h+~(Il+1;:-I3)
_ _ o

h incrcusiwl

2-1/«(+1)h rhr1 [o, ,1] [,1, 1]
8

'J 0 __ ho -1 + 1 h - 1 +1 2h+Ti( 1 1-1 ~)

h increa~in(J

---- --------- _L- ___ -- -- --- ___ L-...-. ____ ~ _

~
...,
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y=0.75
h.= 1.25

10 h

Fig.5 Normalized magnetization cycle curve far y=O.75 and hl'=1.25.

el Mag>le.t.iza..t.ion Cljeie 111

When 21/(Y+l)::;h «h ,where h is the nonnalized upper crit-
o c2 c2

ical magnctic ficId, the intcrn..'ll ficId distribution for the rconnen!

nrl¡'~lctic f1ux is 1i kc that of Fig. le. Thc nonna! ized interna! fie!d
distribution for this cyele is illustrated in Fig. 6. The ficId intenral.
the intcr-rals l. and the cxprcss ion for the magnctization for each step

1

of tile magnetization cycle <lrc sho"m in TabIe rIJ. Fig. 7 shm..'s a nonnal-
izcd magnctization cyclc for y=l.O and ho= 2.0.
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Fig. 6 Schematic representation af the normalized internal field distri-
butían fer the different stages af the rnagnetization cycle fer the
case when 21/{y+1)~ho«hc2' (Because af the symmetry only one half
af the cylinder is shown). In each one af the step figures the
dotted line represents the initial sta te, the dashed line the fi-
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TABLE Il1

Magnetization Cycle 111. 21/(y+l)<ho«h 2'
- e

1¡ 1,Step Field Interval -41Tm
[a, b] A B e [a,b] A B e

1 O<h<l [ó,l] h -1 +1 2h - ~I 1h-iñcreasing TI

2 l:;h~ho [O,lJ h -1 +1 2h - ~I 1
h increasing TI

3 h <h<(h Y+1_2)1/(y+1) [o, ó'J ho -1 +1 [ó ' , 1J h +1 -1 80_ _ o 2h - n(I¡+12)
h decreasing

4 (hY+1_2)1/(y+1)<h<0 [0,1] h +1 -1 2h - ~I 10__
nh decreasing

[o, óJ [ó,l] 1hl 85 O<h< -1 ° +1 -1 -1 +1 -2ihl--,,(I¡-1,)lñl- increasing

6 -l<h< -h [O,lJ 1hl -1 +1 -2Ihl+~1¡
_ _ o

Ihl increasing

-h <h<_(hy+1_2)1/(Y+1) [o, ó'J [ó' ,1J ! hl 87 ho -1 +1 +1 -1 -21h I+-(I ¡+1,)0_ _ o

Ihl decreasing

-(hy+1_2)~/(y+1)<h<0 [0,1] 1hl 88 +1 -1 -2!hl+-,,1¡Ihf decreasing - -

9 O<h<l [o, ó] ° +1 -1 [ó,l) h -1 +1 2h+~(II-I I
h increasing
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)'=1.0

ho=2.0

2.0 h

Fio. 7 Normalized magnetization cycle curve for y = 1.0 and ho = 2.0.

111. CG'IPARlSON OF THE ~IAG'IETIZATlON CURVES FOR PERPENDIOJLARLY A,\'lJ LO\'GI-
TUDlNALLY APPLIED FIELDS

In this scction we compare the magnetizatían curves obtained
.nen the field is appliad perpendicularly to the axis of s)~etry of a
cyl indrical sample (perpendicular case) with those .nen the ficld is ap-
pliad longitudinally to the same axis (~,rallel case). The expressions
for the rrngnetization for thc latter case can be fOlU1d in reference 4.

In arder to compare the magnetizatían curves we havc to use, in
both cases, the same normalization factor; we have usad Eq. (6) as this
factor. Fig. 8 shows the magnetization curves, calculatad for y= 1.0 and
h. =3.6, for the perpendicular (dashed line) and the parallel (full line)
cases. We sec (Fig. 8) the following general fentures: (a) AlI maxima
(and mininn.mt)in a magnetizatían cycle curve of the perpendicular case

occur at absolute fieId values lower than those for the corresponding
curve of the parallel case. (b) All absolute magnetization values of the
maximl (and mínimum) in the perpendicular case are larger t~tn those cor-
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rcsponding to the para11c1 case. (e) The remancnt rnagnetization is a1-
ways largcr in thc perpendicular case; an examplc is given in Fig. 9
which shows, for hoth cases, thc remanent ~1gnetization as a function of
ho when y=l.O.

...."
20 I \

30 h

Fig. 8 Normalized magnetization cycle curve fer th~perpendicular (dashed
line) and paraIlel (full line) cases when y = 1.0 and ho = 3.6.
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IV. CONQUSIONS

We have caIeulated, using the reIation J HY = a(T) as the erit-
e 1

ical state equation, the three possible magnetization cyeles for hard su-
percondueting speeimens with eylindrical geometry, when the external mag-
netie field H is applied perpendieularly to the axis of symmetry of the
sample. As was mentioned in the proccding section, the comparison of the
magnetization curves between the perpendicular and parallel cases shows
sorne differences; fundamentally, thcse differences come from the demag-
netizing effccts. On the other hand, we find in the perpendicular case,
as in the parallel ease(4), that (see Fig. 10), (a) the fall off of the
~agnetization curve after passing through its maximum, (b) the field va-
lues at which the maxima (and minimum) oí the mgnetization curve aCCUT,

(e) the values of the maxima (and minimum) of the magnetization and
(d) the remanent magnetization, all ~,ve a strong dependenee on the ~,ra-
meter y.

2.0

-47Tm

10

0.0

-1.0

-2.0

0.5 1.0

Y=O.I

Y=0.5
Y=IO

h
2.5

Fig. 10 Three norma~ized magnetization curves, corresponding to y = 0.1 ,
v=f'l I:;¡;,nr'l v-1 n



224

REFERENCES

1. C.P. Bean, Phys. Rev. Letters,-ª- (1962) 250; Rev. Mod. Phys., 36 (1964)
31.

2. Y.B. Kím, C.F. Hempstead and A.R. Strnad, Phys. Rev., 129 (1963) 528.
3. F. Iríe and K. Yamafuji, J. Phys. Soc. Japan, 23 (1967}225.
4. T. Akachi, R. Barrio and G. Ramírez, Rev. Mex.-rís. 27 (1981) 143.
5. See, for example, A.C. Rose-Innes and E.H. Rhoderick~lntroduction to

Superconductivity, Per9amon Press (1969) Chapo 6.




