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We present a direct derivation of the express ion of the angular
velocity vector of a rigid body without using a geometrical construction,
which, at least for the authors,is not self-evident. We use only the
orthogonal transformation properties and the geom~trical interpretation is
apparent from the present formalismo

RESUMEN

Presentamos una derivación directa de la expresión para el vector
de velocidad angular de un cuerpo rígido sin utilizar una construcción geo
métrica, la cual, al menos para los autores, no es evidente por sí misma.-
Usamos únicamente las propiedades de la transformación ortogonal, y la in
terpretación geométrica es evidente a partir del presente formalismo. -
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In the follow'ing .•..'e shal I consider only apure rotation of the

rigiJ body. Let rCiJ and (iii) be t .•...o orthononnal bases; the first set

defines an inertial frame and the othcr one a comoving frarne .•..'ith the boJy.

The position oC any point in the rigid body is given by

( 1)

wherc xi ;:mo yi are the coorJin<ltes in the comoving and inertial fr:unes

respectively.

The coonlinates xi and yi are relateo by

Xi t\ij Yj

""here the orthogonal matrix A is givcn by

( 2)

coswcos~-cosOsin~sin~ coswsin~+cosecos~sin~ sini.lJsine

,\ -sin~cos~-cosesin~cosw -siniVsin~+cosecosq.coslV cosl./Jsine. (3)

sinesin4> -sinecos4> cose

\Vecan express

lIere ~, ti ;:mJ lj.J are

ex;unplc. ReL 1).
Taking the

rcm~~bcring that xi

""'C' obtain

J3.
1

Xi at

~
a. in thc fonn
1

the usual Euler's anglcs, and (A -1) .. A .. (see, for
1J l'

derivative with rcspcct to time oC Eq. (1) and
are the cooroin3tes of a fixed paint in the rigid hody

( 4)~:ias alinear combinat ion of the base vectors

(S)

(ai) is an orthononnal base the matrix e isSince

;mtisYITll:lctric.

Tlle angular velocity vector w is dcfincd in the cornoving framc
by

" i (b)
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where E:ijk is the Levy-Civita symbol. The matrix elements Cjk can be
obtained írom the w1 through

(7)

Replacing Eq. (S) into Eq. (4) and then Eq. (7) in the resulting
express ion we get

-+ -+ dAis
Xi "kij "k aj = es Xi a¡:- (8)

where we have expressed the ys in terms oí xi using the inverse oí the
matrix A, and, since the xi are arbitrary,

-+ ..•. dAis
wk aj = es ~

(9)

therefore,

(' O)

( 12)

and finally

The components oí the angular velocity vector in the comoving
frame are given explicitly by

W1 ~sin8sin W+ 8cost/J

W2 $sin8cOSiJ¡ 8sin(jJ

w 3 = ~cos 8+ ~

which are , oí course the same as those given by Landau & LifshitlZ).
A geometrical interpretation oí Eq. (12) is shown in Fig. 1.



ó2~

Fig. 1. Euler's .:ingles.

A dircet application of this mcthod in the case of Lorcntz

trunsfonnation leads us to the obtcntion of the Thomas prcccssion.

¡:ollowing the same line of rcasoning "re considcr <In inertial tetrad (Ca)'
-, = 1, 2, 3, 4 • and [.t.),) a comoving tetrad with a bady. Ne make the
usu;J.l convention: grcek indices nUl [rom 1 to 4 and latin índices from 1
to 3.

A 4-vcctor ~ can be exprcsscd in any oE the twa tctrads
(rcfcrcncc [rames);
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dcfining in this way the coordinates of an evcnt x and y in the inertiala a
and comoving tetrads rcspcctivcly.

Let -;(t) be the 3-di.mcnsional velocity of the moving bady as

secn hy an obscrver in the incrtial refcrence [rame. Thc instantaneous
rest tetrad (~Jis relatcd to the (~) by a pUTe LoTentz
transfonnation ",'hich can be pararnctrized by the thrce componeats vi of

~(t)

with
\' . \' .

6 .. + (y-l) _'_J
~J y2

1" (~)
14

1, ,(~) = yvi
" e

( 14)

L44(v) = y , 1 (15)
11-v'/c'

From Eq. (14) I<e obtain
-1 •• -+

;;'8 = IiaLa8 (v) = ~'élLa8(-v). (16)

Taking the dcrivativc ••...ith respect to the proper time! cf the
last cquation we have

We are intercstcd in the variatían with

spatial components cf the tetrad (~}

d 1, (~)d 1, ,(-v)JI i{i = i{""a dr a1

( 17)

rcspcct to T of the

( 18)

Taking ioto aCcOlDlt that ;cjJ • ~\) g\.lV diag (1.1.1. -1). the
spatial components in Eq. (18) are

thcreforc

.a=L(v)
'\,J ]Ci

d ~
.- 1, ,( -v)Ul a~

• a"'j L. (v) '!- 1, ,( -v)
JO UT eH

1(y-l) ;;T (v," -vA),
V 1 J ) 1

( 19)

where A.' '!- V.(t)
1 Ul 1
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Writing the spatial components of ~ ~i in the usual way ~ ~i

Eq. (19) can be exprcsscd in the fol1owing form:

[~ ¡¡J.; .• (y-I) ..!.. (y.¡I.-Y.A.)
aT ~ ) v2 1. J ) 1.

that suggcsts the dcfinition of ~:

Rcplacing Eq. (21) in (20) wc obtain

ano finally

(20)

(21)

(22)

~
11.' = (y-l) ..!.. (;; xl.)

y2
(23)

The vector; in Eq. (23) is the angular velocity oí the well
knO~lThomas preccssion (sec. for examplc, Reí. 3).
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