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ABSTRACT

Trinucleon wave functions, based on the generalized R-matrix
methodology of Lane and Robson, have been previously shown to provide re-
presentative binding energies, charge radii, and S-wave asymptotic norma-
lization constants for the °H and 3He systems. Herein, R-matrix predic-
tions of D-wave asymptotic normalization constants, asymptotic normaliza-
tion constant ratios, and D-wave parameters are calculated in order to
more fully evaluate the adequacy of model wave functions. The R-matrix
calculations generally reproduce the ranges of the data and suggest that
model trinucleon wave functions are representative of the 3H and 3He sys-
tems and will be useful in studies of (d,3H), (d,3He), and other trans-
fer reactions involving 3H or 3He.

RESUMEN

Funciones de onda para trinucleones, basadas en la metodologia
de Lane y Robson de la matrix R generalizada, han vermitido oreviamente
obtener en los sistemas °H ¥ 3He, las energias de amarre renresentativas,
los radios de las cargas y las constantes de normalizacién asintética de
la onda S. En este trabajo, con la misma metodologia, se calcularon para
las ondas D, las constantes asintéticas de normalizacidn, sus cocientes y
parametros. Esto permite evaluar en forma mis completa los modelos usa-
dos para las funciones de onda. Los cidlculos reproducen, en forma gene-
ral, los datos experimentales y apoyan la hipdtesis de representar a los
sistemas 34 y 3He por medio de funciones de onda para tres nicleos.
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1, INTRODUCTION

Trinucleon asymptotic normalization constants are fundamental
quantities which are important in assessing the accuracy of 3H and *He
wave functions. A knowledge of these constants is also an essential as-
pect of understanding transfer reactions within the distorted-wave Born
anproximation (DWBA) formalism{’ 1), It is well known that A=3
ground state wave functions contain D-state terms in addition to the dom-
inant S-state configuration(g’12'18). D-state effects have been ob-
served in a number of transfer reactions including the (d,3H), (d,3He),
and (d,p) reactions on avariety of target nuclei(1'4’6'8’19’11]. For
example, it has been shown that measurements of the tensor analyzing
powers for the (d, 3H) reaction are sensitive to the nresence of D-state

(1917 in the triton wave function. Therefore, analyzing power

terms
measurements provide a means for obtaining information about the D-state
components of the 3H and 3He wave functions.

D-state components also have a profound impact on assessing
the accuracy of A=3 nuclear structure calculations and upon the selec-
tion of the best choice of nucleon-nucleon interaction. It has been ar-
gued that the A=3 asymptotic normalization constants should be granted
the same fundamental status as the binding energy and charge radius(12).
When considered in conjunction with these quantities, asymptotic normali-
zation constants provide an additional criterion for selecting the most
physical trinucleon wave function from a group which has been generated
from a variety of realistic nucleon-nucleon interactions.

The purpose of this paper is to extend the scope of our A=3
calculations by determining theoretical D-wave asymptotic normalization

(5,13-18)

constants for the 3H and 3He systems The calculations will

also serve to further determine the accuracy of our detailed A=3 wave
functions. These wave functions have been nreviously shown to vield

good binding energies, charge radii, and S-wave asymptotic normalization

constants(s’is'lg) and further investigation into their accuracy is
warranted. Since wave functions are an essential part of DWBA codes(19_24%

the use of realistic wave functions eliminates a major theoretical uncer-
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tainty in transfer reaction calculatiqns(5'10),

2, EXPERIMENTAL SUMMARY

To date, the trinucleon D-wave asymptotic normalization con-
stants have not been directly extracted from data. Indirect measure-
ments, the ratio of D-wave (C ) and S-wave (C ) asymptotic normalization
constants and the D-wave parameter D,, have been t:iete'rmlned(1 gl 8)

The D, parameter is a measure of the importance of the trinucleon wave
function component in which the nucleon moves with orbital angular momen-
tum L =2 relative to the deuteron center of mass(4). The D-wave parame-

ter D, is defined as(11)
"
J'drc e Uy(r)
D2 = = ’ (1)
2
15°f dr_ 12 Up(r,)

where ?C is the coordinate between the nucleon and the center of mass of
the deuteron (see Fig. 1, Ref. 16), Uz(r ) is the radial wave function
in the rc coordinate with L=2, and Uo(r ) is the L =0 wave function.

The definition applies to both 3H and 3He. As a matter of notatlon(g)
D, represents the D-state parameter for 3H and Dz represents the corres-
ponding quantity for 3He. In a similar fashion, C and C refer to 3H
asymptotic normalization constants and C and C refer to 3He quantities.
The label C refers to the inclusion of the Coulomb interaction in the
model hamiltonian and S and D refer to angular momentum zero and two,
respectively.

A comparison of model results with measured D, and CD/Cs values
is complicated because of both theoretical and experimental uncertainties.
As noted earlier, uncertainties in the nuclear interaction present a
theoretical complication. From an experimental viewpoint, the values of
CS are not well determined(25_27) because of the inherent difficulty of
neutron measurements. There is also a wide range of Dg values(1_4) which
are between -0.22 fm? and -0.339 fm2.
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3. THEORY AND FORMULATION

The model for the A=3 S-wave asymptotic normalization constant
problem was recently presented in Ref. 5. The A=3 system is modeled

within the Lane-Robson R-matrix methodology (%) using the equation
- ' - =
P [ OB+ Ty by b¥yg A = O @

where H is the A=3 hamiltonia.n(w) and Yy and bA are the reduced
widths(zg) and logarithmic derivatives assgciated E&th the expansion
states 1A)(16).
the nuclear wave function (¥) within the interaction region, rcéac, in

The expansion states are introduced in order to describe

all channels;

¥ o= TAN . (3)
A

The bc are related to the radial wave function in the physical chan-

nels (c) and provide the connection between the interaction region and
the various two-body break-up channe1s (13718)
nlitudes which are determined by the solution of Eq. (2). Additional

details concerning the model, basis states, oscillator model space (4hw),

The A)\ are expansion am-

and method of solution of the model equations are found in Ref. 16.

In Ref. 13, an effective interaction for oscillator basis
states was determined for the A= 2-4 systems. Recently, this interaction,
(30), has been extended to include
The effective interaction, the modified Sussex in-

based on the Sussex matrix elements

3N

teraction, leads to realistic structure and reaction properties in A=2-5
(13-18,31)

the A=5 system

The modified Sussex interaction will be discussed in
more detail in section 4.

systems

The A=3 wave functions, Eq. (3), are written in terms of the
internal coordinates ?12 and ?B (see Fig. 1, Ref, 16), For 3H, '1"'12 is
the coordinate which joins the two neutrons and ?B is the coordinate be-
tween the centers of mass of the dineutron and the proton., Using these

coordinates, the triton wave function is defined in terms of the basis
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states
l)‘(r12) rB)) = NIZLIZ(rlz)%BLB(rB)YLIZMIZ(rlz) .YLBMB(TB)X(SIZ ’Sals) ’

(4

where RNL(r) are radial wave functions(sz), Yiu(?) are spherical harmon-
ics normalized over the unit sphere(ss), X(8,,,54,5) are spin wave func-
tions representing the spin counling structure of the A=3 svstem, S,
is the result of coupling the spins of the two neutrons (S, and S,), S,
is the spin of the proton, and S is the total spin representing the cou-
pling of S;, and S;. The angular momentum and spin counling structure
of the triton expansion functions |)) can be exnlicitly renresented by
the A=3 angular momentum coupling diagram summarized in Fig. 1 of
Ref. 16. Specifically, the orbital angular momenta L,, and L, are cou-
pled together to form the total orbital angular momentum L. The total
angular momentum of the basis state (J") is obtained by coupling the to-
tal orbital angular momentum and the total spin. For the 3H and 3He
ground states, J" has the value %f.

As noted in other work(5’13'18), the (?12,?5) coordinates are
chosen to facilitate antisymmetry requirements. However, formulas for
*H asymptotic normalization constants require coordinates which have a
deuteron plus neutron rather than the basis state coordinates of a dineu-
tron plus proton. The desired transformation between the original expan-
sion states (?12,;3) and the recoupled states (;13,?é) are develoned in
terms of standard angular momentum recoupling coefficients and unequal
mass Moshinsky brackets 430 1n the (?13,?C) coordinates, T,; is the
deuteron coordinate and the remaining nucleon is joined to the deuteron
center of mass by the ?é coordinate (see Fig. 1, Ref. 16).

Following Friar g}_gl,(g), the D-state asymptotic normaliza-
tion constant (C,) for 3H is defined as

=

-» - ~Br
lim ¥(fy,, T,) — C /768 £ {{ Yo(F) ®S, }

rc->-cn r‘C
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1+
= =Br

> 2 c

. ®¢d(r13} } + CD V2B er

5 3 :l
. 1+ — +
[ Bro  B2rZ

€

3 17
~ 2 2 2
s {{ nGges, T eqdy b, (5)
where Cs is the triton S-state asvmntotic normalization constant(s’g) "
YL(?C) is a spherical harmonic with the M index sumressed(g), S, is the

= 5 7 . = .
spin of the neutron (13) in the T coordinate, by (?13) is the deuteron

c

wave function, and ¥(7 ?C) is the triton wave function. The angular

13?
momentum of the quantities in the curly brackets (a ® b) are coupled to
the value indicated by the superscrint(s) above the right bracket of a

coupling set {a @ b}°. The quantity B is given by

™
I

1
EXALIEREADY (6)

where M is the reduced mass in the d + n channel, h is Planck's constant
divided by 2m, {B| is the model triton binding energy, and |Ed| is the
model deuteron binding energy.
The deuteron wave function is obtained from the solution of
Eq. (2) with the hamiltonian®'®)
h2

- 2
H = —-ﬁ';vls"‘vla (7]

and the basis states |}\(_1:13))- The resulting deuteron wave function
¢d(-1:13} contains both L=0 and L= 2 components:

0y = TADG) (8)
1

where the A, are determined from the solution of Eq. (2) with an A=2
hamiltonian and expansion functions.

Using the straightforward although lengthy, inversion approach
of Frair et al.(g)

, Eq. (5) can be recast in a form which yields an ex-
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plicit expression for Cy

(8 = -

i”m_(”
D Sg

3/2
b dr_U (Br.)
. & ¢ N.L, &
(9

RU 40l YLED, Sy W0 B W

where M, is the mass of a nucleon, UNCLC(BrC) is a radial wave function
; -+ % (9) + A : :
in the %, coordinate*”’, and the ket ]¢d(r13), YL(rC), S, is deﬁz?ed as

> ~ J > 5
|¢d(r13),YL(rC),SZ) = {:[YL(rC)sasz} ® ¢,(r;3) ]> = (10)

In Eq. (10), j can assume the values Li-%. Since the deuteron has a

spin of 1%, j is limited to %ror 3. A similar expression(g)

5 may be

written for Cg.
4. MODEL INTERACTION AND ITS PROPERTIES

One of the major ambiguities which one encounters in a calcu-
lation of the present kind lies in the selection of an appropriate form
for the nuclear interaction. Although it is desirable to keep as close
as possible to forms suggested by the observed nucleon-nucleon scattering
data, it is known that modifications to the interaction can be expected
to arise when the model space is truncated(37). Instead of attempting
the complex task of generating the required modifications to the nuclear
interaction by direct calculation, we have sought a two-body effective
interaction which gives reasonable results within our model space (4hw)
for the binding energies and rms radii of the nuclei 2H, 3H, 3He and “Ie.
The inclusion of the ?H system is required because thedeuteron wave func-
tion is important in the description of A=3 fragmentation into a nucleon
plus a deuteron. An interaction which described 2H, 3H and 3He would
fulfill the goal of this paper. However, including the constraint of
properly describing “He permits additional reactions to be consistently
investigated via DWBA calculations —i.e. (“He,n), (*He,p), (“He,d),
(“He,3H), (“He,3He), and similar reactions involving excited states of
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“He. Although this paper concentrates on the A=3 wavefunctions, the
model interaction is applicable to heavier systems.

Results obtained with a variety of shell-model forces
failed to satisfy our criteria for a suitable interaction(w). On the
other hand, results obtained with the Sussex interaction(so) suggest an
effective interaction candidate is possible if suitable modifications
are initiated“s). Unfortunately, the convergence rate with respect to

(38-41)

maximum oscillator energy is slow and the various nuclear systems do not
converge at the same rate. For the present apnlication, 2H and A=3
wave functions are required and the effective interaction must account
for the convergence differences of the A=2 and A=3 systems. Typical
convergence results (91:42) obtained with unmodified Sussex matrix ele-

ments are given in Table I.

TABLE 1
Maximum oscillator E, (2H)? E, (3H)° E, (“He)®
energy (hw) (MeV) (MeV) (MeV)
2 1.2 16 16.0
4 0.1 3.6 18.9
6 0.9 4.1 20.0
8 4.4
o (extrapolated) 2:1 5.5 22.8
experiment 2.21 8.48 28.3
a) Ref. 42.
b) Ref. 41.

Table I. Binding energies of few-nucleon clusters calculated with unmo-
dified Sussex matrix elements.
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Given our binding energy and rms radius criteria, it was de-

cided to consider effective interactions of the form

v modified Sussex _ cv Sussex , (1)

where C is a strength parameter of order unity. The parameter C and the

oscillator size parameter b(SO)

were varied independently. Good fits to
the ground state properties of interest, given in Table II, were obtained
for C=1.168 and b=1.60 fm. Within our 4hw model space, the modified
Sussex interaction also predicts a 4 percent D-state probability in the
deuteron ground state and yields a 3H - 3He Coulomb energy difference in
agreement with experiment. The changes from the original Sussex matrix
elements implied by our choice of C are typically of the same order of
magnitude as the expected uncertainties in the matrix elements them-
selves(m). In addition, the interaction of Eq. (11) has been shown to

also lead to a realistic description of the structure of the A=5 sys-
(31)
tem ‘

TABLE II
Experimental Model binding Experimental Model
Cluster binding energy energy mms radius mms radius

(MeV) (MeV) (fm) (fm)

2H 2.21 1.77 1.95 1.70
34 8.48 8.07 1.70 1.67
He Tt 7.33 1.88 1.73
“He 28.30 28.30 1.63 1+53

Table II. Properties of few-nucleon clusters using the modified Sussex
interaction.
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5. RESULTS AND DISCUSSION

The results of R-matrix calculations of B and D-wave asympto-
tic normalization constant values are summarized and compared with
datams) in Table IIT. The R-matrix model uses a point Coulomb interac-
tion for 3He. As expected, no Coulomb interaction is included in the
R-matrix 3H hamiltonian. As noted in Ref. 5, the R-matrix 8 values for
°H and 3He are in very close agreement with the experimental values de-
rived from measured H, 3H and 3He binding energies. The R-matrix val-
ues are within one percent of the experimental B values. Even though
the R-matrix values are in agreement with the data there is no guarantee
that physical asymptotic normalization constants are generated by the
R-matrix wave functions.

TABLE IT1I
B(3H) CD(3H] 8 (3He) C§(3He) Reference
(fm™ ) (fn 1)
0.516 0.0963 0.486 0.1029 this work
0.516 not measured 0.483 not measured 43 (experiment)

Table III. D-state asymptotic normalization constants in the A =3 sys-
tem.

The model CD and CS values summarized in Table III are 0.0963
and 0.1029, respectively. As noted earlier, there are no direct measure-
ments of D-wave asymptotic normalization constants. Therefore, the va-
lidity of the R-matrix calculations is difficult to assess. However, a
clearer understanding of the D-wave trinucleon wave function components
is possible by considering measured o /C : CC/CC D, and DC values(174:6,8)
Model and measured D,, D, C /C and CS/CCS values are compared
in Table IV. The experimental C /C ratlo is about 0. 048(6) 0. 051(8)
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which is well reproduced by the R-matrix model result of 0.05]. Since
the model Cg value (1.882(5)) is close to the experimental range of 1.61
to 1.82(26’27), a realistic value for Gy is suggested, The CD/Cs ratio
and the experimental Cg values predict a CD value of 0,08 - 0.09 which is
in reasonable agreement with the R-matrix value of 0.0963.

TABLE TV
D, (3H) Dg(f"He) c, / Cq Cg / Cg Reference
(fm?) (fm?)
-0.2080 -0.2102 0.051 0.053 this work
-0.279+ 0.0122 3,4 (experiment)
s -0.339° —--- --- 3,4 (experiment)
Sl -0.37 ---- --- 1 (experiment)
e -0.22 e --= 2(experiment)
o -—=- 0.051% 0.005 --- 8 (experiment)
-—-- ---- 0.048+ 0.007 --- 6(experiment)

a) , 3H) measurement reported in both Refs. 3 and 4.
b) (5, 3He) measurement reported in both Refs. 3 and 4.

Table IV. D-state parameter and asymptotic normalization constant ratios
in the A=3 system.

The model predicts a CC/CC value of 0.053. Without CC/CC data,
a comparison of the model results 15 difficult but an estimate of CC is
possible by assuming that C ==CC and C, ==CC(9). Furthermore, an assess—
ment of Cg from the model result is Iess cIear than in the 3H case be-
cause the model CC value (1.948) is larger than the experimental range

179 # 2(‘25 26?. The experimental CS range and C_/C_ ratio suggest a
P s D' s
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('g value of about 0.09. The R-matrix value of 0,1029 is close to the
estimated value (0,.09).

The situation concerning the D, and Dg parameters is complica-
ted by uncertainties in the experimental measurementsﬂ '4). However ,
the R-matrix calculations validate the theoretical prediction of Friar
et al. () that

D =D, . (12)

Friar et al. find Eq. (12) holds to better than 1.1 per cent, The
R-matrix calculations predict agreement of Eq. (12) to within 1.045 per
cent. .

The magnitude of R-matrix D, and Dg values are smaller (in
magnitude) than the measured D, values. Specifically, the R-matrix D,
value is about -0.21 fm? and the experimental value of -0.279+ 0.012 fm?
is not reproduced by the model. The experimental D(Z: values lie within
the range of -0.22 to -0.37%) | he R-matrix model suggests a value
of -0.21 fm? which lies slightly outside the experimental range.

6. CONCLUSIONS

R-matrix calculations, based on the modified Sussex interac-
tion and the Lane-Robson theory, are shown to lead to A=3 D-wave
asymptotic normalization constants which are supported by CD/C5 measure-
ments. However, the model D-wave parameter values are somewhat outside
the experimental ranges. The R-matrix calculations generally lead to
consistently good results for the binding energies, charge radii and
asymptotic normalization constants in the A=3 systems with the major
uncertainties occuring for the D, and D(Z: parameters. Since R-matrix
trinucleon wave functions provide a reasonable description of A=3 bind-
ing energies, charge radii and asymptotic normalization data, the model
provides useful wave functions for A=3 nuclei. The R-matrix model can
be useful in constructing 3H and 3He wave functions for use in DWBA cal-
culations of (d,3H) and (d,3He) transfer reactions.
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