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ABSTRACT

The polynomial or 'non-trivial' zeros of the Clebsch-Gordan (3-j)
and the Racah (6-j) coefficients are classified according to their degree.
The majority of these zeros, hitherto considered as non-trivial, are
shown to be polynomial zeros of degree one, arising due to binomial expan
sions for these coefficients. -
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RESUMEN

Los ceros polinomiales o "no triviales" de los coeficientes de
Clebsch-Gordan (3-j) y de Racah (6-j), se clasifican de acuerdo a su gra-
do. Se demuestra que la mayoria de estos ceros, hasta ahora considerados
no-triviales, son ceros polinomiales de grado uno, que aparecen debido a
expansiones binomiales de estos coeficientes.

1. INTRODUCTION

The Clebsh-Gordan coefficient, C(jljzjs; mlmzms), or the 3-j
symbol:

j J J ] J'J +m 1/2
17233 - {-1) 1-2"3 (2j3+1) C(jl jZ jS; mom, -ms) ,

L™ ™"

which is an angular momentum coupling coefficient for the coupling of
two angular momenta, and the Racah coefficient, W(abcd;ef), or the 6-j
symbol:

abe ]
_ f.1y2tbtcHd L
{d c f f = (-1) W(abcd;ef) ,

which is a recoupling coefficient for the recoupling of three angular mo
menta, play a fundamental role in the quantum theory of angular momentum.
The Racah-Wigner Algebra in Quantum Theory, by Biedenharn and Louck(l’ZJ
deal with all the ramifications of angular momentum theory and some of
the applications to physical problems.

Trivial zeros of these coefficients manifest themselves due to
a violation of the triangular inequalities to be satisfied by the angular
momenta (in the case of both the 3-j and the 6-j coefficients), or, the
violation of the additive property of the projections of the angular mo-
menta and the violation of a symmetry property (in the case of the 3-j
cocfficient). The existence of a class of zeros of these coefficients,

not due to the afore-said reasons, have been called as polynomial or
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(1,2)

ial parts of these coefficients. The first systematic studies of the

"non-trivial" zeros, in literature » since they arise in the polynom
polynomial zeros of the 6-j coefficient and the 3-j coefficient, were by
Koozekanani and Biedenharn(SJ and by Varshalovich et ak.(aj respective-
ly.

Koozekanani and Biedenharn(®) tabulated the polynomial zeros
of the 6-j coefficient for arguments < 18.5 and provided explanations for
the occurrance of two of the 1410 listed zeros - Viz. W(1.5,2,1.5,2;
1.5,2) is zero due to a violation of the triangle rule for “quasi-spin]
while all the normal triangular inequalities are indeed satisfied; and
that W(3 5 3 5; 3 3) is zero due to the embedding of the exceptional Lie
algebra G, in the algebra 807. Judd(s) provided an explanation for the
occurrance of two other nolynomial zeros --Viz. W(6 4 55 ; 9 2 ) and
W(2425;52), being zero due to vanishings of fractional parentage
coefficients in the atomic g-shell, though no systematic relationship was
found to exist for such vanishings and what is more, a third fractional
parentage coefficient becoming zero in the same shell is not related to
any non-trivial 6-j coefficient. More recently, Vanden Berghe et a£.(6),
followed the suggestion of Biedenharn and Loucktz), that realizations of
exceptional Lie algebras might provide bases for explaining these zeros,
and have started to account for some of the polynomial zeros of the 6-j
coefficient in a continuing series of papers.

Varshalovich et al. 8 listed the polynomial zeros of the 3-j
coefficient for J(=j1+j2+j3) = 27 Bowich(") reduced these listings by
taking into account the Regge symmetries(g) for the 3-j coefficient.

In this article, we classify the polynomial zeros of the 3-j
and the 6-j coefficients, according their degree. The majority of these
zeros tabulated todate -- Viz. 21 out of 36 in the case of the 3-j coef-
ficient and 1174 out of 1410 in the case of the 6-j coefficient -- are
polynomial zeros of degree one, since a rearrangement of the coefficients

(9)

into binomial expansions reveals 9 their presence explicitly. In sec-
tion 2, we outline the basis for our assertion and section 3 contains a
brief discussion of the numerical method adopted to tabulate the zeros

of the 6-j coefficiant, followed by the classified tables themselves.
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2. THE 3-j AND THE 6-j COEFFICIENTS

(10), us-

We have shown(gl that following the procedure of Sato
ing the set of six series representations for the 3-j coefficient defin-
ed by one of us (K.S.R.)(llJ, we can obtain formal binomial expansions,
which are generalizations of the result obtained by Sato and Kaguei(lzJ.
We further showed that this binomial expansion is exact for n=1 (where
n+l indicates the number of terms in the series expansion) and therefore,
we redefine the 3-j coefficient as

jIJZ )3 - Il R I
ik
m m, M

Iptigtis dytiptiy dptipcis

J3m 8 I My Jzmy

Jptmy Jptm, iztmg

6m1+’“2"'m3,0 ini {Rik!/U+1)] e (-1) B

. B Ligigy —ooouils o,
a Gx,y dn,lJ 2 [2-(1 -(-1) J($m1,06m2,ﬂ 6m3,01

S .
‘2 (-1) [sI(Ry-s)] (Ryp-s)! (R -s)!

=1

(S+R3T-R )! {S+RZT_R3q)!] » {1)

Zp
for all permutations of (pqr) = (123), with

R3q - qu, for even (123)

a(pqr) = (2)

J+R3p - qu, for odd (123) .
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_ L8 e Lo s 5T

and J = Jptigtise The factor 5 [2-(1 -~ (-1)7) 6”1'0 sz,D 5m3,0] ,

where 6m & is the Kronecker delta function, takes care of the parity 3-j

coefficient and the factor (1- 8 ¥ 8h.1
£} 2

fact that the exact binomial expansion for n = 1 yields the zeros of the

) explicitly represents the

3-j coefficient, which can be show$9)to be polynomial zeros of degree
one. The values of x and y are given by

X = Rerkp and y = Rmkar (3)

when the number of terms is given by n = min(Rzp,RSq,er) = qu(say) and
(tmk) and (pqr) correspond to specific cyclic permutations of (123}
The 6-j coefficient can be rearranged(g), using the concept of

(12)

generalized powers and following a procedure similar to but differ-

ent from that of Sato(lo), into a formal binomial expansion. We have

(9)

sents the number of terms in the series expansion, and therefore, we re-

shown that the binomial expansion is exact for n = 1, when n+l repre-

define the 6-j coefficient as

= N(1 - 6X,Y én,lJ

2 (-DPEen) ﬁ (p-a:) | % (B - )']‘1 (4
B I 'i-'-'lpi‘jJ:ljp' »

where the range of p is restricted to non-negative integral values of

the factorials
0:0 S P i BO ’
with
OCO = max (0’.1,0‘.2,(13,0.4) 3’ BO = min (81:82183) ’

a;=a+b+e |, fpmaxbsgrd ;

eE+d+e ., By matdxiginfE 4



N = A(abe) - A(cde) -A(acf) - A(bdf)

and

1/2

Alxyz) = [ (x+y-z)! (a-yrz)] (-xty+2) | /(x+y+z+1)1] (5)

The X and Y which appear in the multiplicative factor in (4)
are given by:
X = (B

5 -0"0) (Bt = 050} (BO + 1)

(6)

<
i

= {BO 'ak) (80 & 0‘1) (BO = O'-m)

where BS and B, correspond to two of the three 8's other than 60 and s

T
ap, o correspond to three of the four a's other than ag- The (1 - 6X v
& bl
Gn 1) factor explicitly represents the fact that the exact binomial ex-
’
pansion reveals additional structure zeros, which are the polynomial ze-

ros of degree one of the 6-j coefficient.
3. CLASSIFICATION OF THE POLYNOMIAL ZEROS
a) The 3-§ coefficient

Polynomial zeros of the 3-j coefficient were 1listed, for
J(=3 *3,*is) < 27 by Varshalovich et at. ™. This list has been reduced
by Ape b hoth the help of the Regge symmetries ®'11) for the 3-j coef-
ficient. The number of terms in the polynomial part of the 3-j coeffi-
cient is governed by: n = min(Rzp, qu, er) and we use thi?7§imp1e pre-
scription to separate the polynomial zeros listed by Bowick into those
which correspond to degree 1, 2 and 3. In Table I we enumerate the pol-
ynomial zeros of degree 1,and in Table 1I we list the polynomial zeros
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of degree 2 and 4. From these tables, we conclude that for J < 27,

(13)

there are 36 polynomial zeros , and of these 21 are polynomial zeros

of degree 1, revealed by the exact binomial expansion for this coeffi-
cient, represented by the multiplicative factor (1).

b) The 6-§ coefficient

(3)
for arguments ji’ 2, < 18.5 for i=1, 2, 3 and found its poly

oozekanani and Biedenharn calculated the 6-j coefficient

Rs Ry &

J1 ¥y I3
1%

nomial zeros. Using the symmetries of the 6-j coefficient
they ordered the arguments jl’ jz, j3, L1 2y, 2z in a speedometric fash
ion with jl the slowest varying and RS the most rapidly changing variable.
The vanishing values of the 6-j coefficient were calculated by a comput
er program which resorted to the use of numbers decomposed into powers
of prime factors.

. We have used a simple program, which checks for the multiplica-
tive factor in (2) given by (1 - GX,Y’ 6n,1) being equal to zero, to find
all the polynomial zeros of degree one for ji, L, < 18.5 for i=1, 2, 3.
These polynomial zeros of degree 1 are tabulated in Table III. We notice
that 1174 out of 1420 polynomial zeros belong to this trivial category,
revealed by the exact binomial expansion for the 6-j coefficient. Having
separated the majority of the zeros, we then sorted out the remaining few
hundreds of the polynomial zeros according to their degree given by
n = BO - %y These are listed in Tables IV and V.

In Table VI we list the polynomial zeros of the 6-j coefficient
which have been explained according to either: (i) triangle rule violati
on for quasi-spin, (ii) vanishing of fractional parentage coefficients
in the atomic g-shell, or (iii) realizations pf exceptional Lie algebras
Gy Fy and Eg. In the last colum of this table, we give n which cor-
responds to the degree of the polynomial zero. Here we note that of the
12 generic entries (which lead to 27 more from Regge symmetries), 11 are
polynomial zeros of degree one and only one (which leads to five more
from Regge symmetries) #s a polynomial zero of degree two.

In conclusion, we assert that the majority of the polynomial ze
ros - viz. 21 out of 36 in the case of the 3-j coefficient and 1174 out
of 1420 in the case of the 6-j coefficient - given in Table I (3-j) and
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Table III (6-j) are trivial zeros (Note: hitherto, these were listed as
'non-trivial' zeros) which can be explained by simple multiplicative fac
tors given by (1) and (4). These trivial zeros arise due to the exact
binomial forms into which the 3-j and the 6-j coefficient can be cast.
It is suggested that the multiplicative factors may be explicitly includ
ed in the definitions of the 3-j and the 6-j coefficients, as in (1) and
(4), since the binomial forms for these coefficients are not normally re
ferred to in literature.

As has been pointed out by Vanden Berghe et a£.£6l one can con-
tinue the program of giving group theoretic explanations on the basis of
realizations of exceptional Lie algebras - which are by themselves fasci
nating - for more polynomial zeros of the 6 j coefficient. However,
since the 3-j and the 6-j coefficients can be rearranged into generaliz-
ed hypergeometric functions of unit argument which are analytic, it may
be worthwhile to investigate the vanishings of these coefficients as ze-
ros of analytic functions and derive, if possible, closed form formulas
by a generalization of the Siewert - Burniston method(lﬁ). In this arti
cle,we have presented closed form expressions for the polynomial zeros
of degree one the 3-j and the 6-j coefficients, which are independent of
the numerical values of the arguments of the coefficients whose zeros
are sought.
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11
11
£l
10
12
il
11
10
13

11

Table I .

12

10

Polynomial zeros of degree one of the

J J ]
3-j Coefficient ml m2 m3
J 2 3

I3

! M
2 - B
3 - B
5 -4
4 "
5 = 5
6 -4
5 -4
6 -5
8 i i
5 -5
6 -6
6 w:
4 i 5
8 -4
4 0
11 w8
9 -8
6 -1
7 8
7 o
9 - 9



Polynomial zeros of degree 2.

15/2
1942
1942
21/2

11

8

9
25/2
2572
25/2

23/2

Polynomial
1
1.3

9

Tablerr.

15/2
15/2
1372

2172

25/2
91/2
11

zeros of degree 4.

.y

4
1/2
13/2

I3

11/2
172
1/2

1742

1542
9/2
3/2

152

of the 3j - coefficient

=15/2
= 9/2

Polynomial zeros of degree 2 and 4

-3/2
-5/2
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TableIil. Folynomial zeros of degree one of the 6-j coefficient

. - = 3 l 1 £
2 ¢ Js Ja z 1 2 3
A 3 by z 5 840 6.5 3.5 2.5 3.0 6.0
2.0 2.0 2.0 145 15 1.5 840 645 3.5 3.0 4.5 4,5
3.0 2.0 2.0 140 2.0 2.0 Ba0 7.0 2.0 640 7.9 7.0
3¢5 3.0 1.5 1.0 15 340 8.0 7.0 4.0 4.0 5.2 4.0
35 3.5 3.0 2¢5 1.5 3.0 3.0 T.0 7.0 Se5 443 4.5
4.0 3.0 2.0 2.0 3.0 3.0 8.0 7.0 7.0 5.0 740 2.0
4,0 3.0 3.0 2.0 3.0 2.0 840 7.5 145 4¢2 8.5 7.5
4.0 3.5 2.5 240 23 2.5 8.0 Te5 4.5 4.0 1.5 7.5
Se0 4.0 2.0 3+ 4.2 4.0 B840 Te5 6.5 S5¢5 3.3 6.0
S50 4.0 4.0 3.0 4.0 2.0 Ba0 B.0 6.0 S5 1+5 7.5
Se0 4.5 1.5 20 25 4.5 Be0 B840 7.0 440 2.3 7.0
5.0 4.5 2.5 2.0 1«5 4.5 de5 Te0 3.5 1.0 4,5 7.0
Sed 45 4,5 3«5 3.3 3.0 845 Te0 6,5 3.0 643 4.0
540 Se0 2.0 2.0 2.0 4.0 845 8.0 2.5 le0 245 3.9
5S¢0 50 3.0 3.0 3.0 3.0 8¢5 8.0 S5 3.0 545 5.0
5«0 Se0 4.0 3¢5 1e3 4.5 8¢5 8.0 6.5 445 343 7.5
5.5 4.0 3.5 1.0 3.3 4.0 8e5 845 S0 3¢5 245 8.0
6.0 4,0 3.0 le3 3.5 3.5 9.0 6.0 4,0 2.0 540 3.0
60 4.5 2.5 2¢5 440 3.0 9¢0 645 S5 2+0 643 645
640 5.0 2.0 4.0 5.0 5.0 940 645 645 2.0 643 S.5
6.0 5.0 3.0 10 3.0 5.0 9e0 645 645 4.5 6.0 4,0
6.0 S0 3.0 2¢e3 3¢5 3.5 9e0 720 6.0 220 64) 6.0
60 5.0 5.0 4.0 S50 2.0 9.0 7.5 2.5 3.0 445 645
660 6.0 4.0 245 245 565 9¢0 7.5 2.5 5.0 ©0s5 65
60 6.0 6.0 S«0 4.0 3.0 9.0 Te5 3.5 440 625 T3
6.5 5.0 2.5 1.5 3.0 4.5 FeQ TeS 5.5 45 5.0 5.0
6e5 5.0 2.5 3.5 S5e) 4.5 9e0 TeS 6.5 4.0 3.5 7.5
645 5.0 445 2¢0 445 4.0 9.0 B840 2.0 1e5 2e5 7.5
6e5 S0 4.5 3.5 5.0 2.5 9.0 8.0 2.0 545 643 7.5
65 60 15 3e0 3635 50 9.0 8.0 2.0 7T+0 8.0 840
6.5 6.0 3.5 3.0 1e3 640 9.0 8.0 3.0 3.0 @.0 6.0
6e5 640 3.5 3.0 2.5 5.0 2.0 8.0 3.0 3.0 5.0 8.0
6.5 6.0 3.5 3«5 4.0 3.5 90 8.0 5490 3«0 3.0 8.0
6.5 640 5.5 3.3 5e0 3e5 P40 8.0 6.0 540 3.0 7.0
645 6.0 5.5 4.5 3s0 445 Fe0 820 6.0 540 4.0 5.0
645 65 5.0 4.5 145 640 9.0 8.0 6.0 640 740 3.0
6e5 65 5.0 4e5 35 440 9.0 8.0 3.0 1e5S 7e5 745
65 645 5.0 Se0 50 245 9.0 Be«0 B8B.0 5«5 Ta5 3.5
720 4«5 4.5 243 4.0 4,0 9.0 8.0 8.0 7«0 8.0 2,0
7¢0 Se5 Sa5 4.0 4e5 3.5 940 Be5 4.5 4¢0 245 7.5
70 6.0 2.0 25 343 5.5 9.0 B85 8.5 740 Se¢5 8,5
TeQ 6.0 2.0 Sl 6.0 640 9.0 9.0 4.0 4.0 3.0 7.0
Te0 640 5S40 3.0 A4e0 4,0 9.0 S0 2.0 5.0 5.0 5.0
Te0 6.0 6.0 2e53 545 465 940 940 540 5¢0 440 6.0
Te0d 6.0 6,0 Se0 6.0 240 9.0 90 5,0 6.0 6Ge0 4.0
TeO 645 2.5 2e5 3.0 5.0 9.0 9.0 8.0 6.0 3.0 5.0
Te0 6.5 4.5 8.5 5.0 340 940 940 8.0 740 3.0 5.0
TeQ 645 5.5 2¢5 5S40 5.0 9e5 65 5.0 2+5 be3 6.0
Te5 6.0 5.5 3.0 5.5 4.0 9e5 645 649 2.5 645 S.0
TeS 6.5 3.0 2¢0 440 GeS 9.5 7.0 3.5 240 4.5 6.0
TeS 6.5 4,0 2+0 340 6.5 P65 7.0 3,5 445 7.0 5.5
7eS 645 5.0 3.0 5.0 4.5 945 Tel 5.5 2¢5 640 5,5
TeS 7.0 3.5 240 3.5 6.0 945 7.0 5.5 345 Ted 3.5
Ta3 7«5 7.0 540 340 8.5 9¢5 Te5 6.0 445 3.5 7.0
B0 5.5 5.5 3eS Se0 2.0 Fe5 Bo0 4,5 3+% 340 7e5
8.0 6.0 3.0 3.0 592 S50 D5 2.0 4.5 4.5 50 445
Be0 6.0 3.0 8.0 6.0 5.0 9eS Be0 7Teo5 3.0 TeS .0
B8s0 6.0 5.0 led S0 6.0 Fe5 80 T.S 6.0 245 7.0
8.0 6.0 5.0 3¢5 4.3 6.5 9¢5 8.5 4.0 3«5 3.5 7.0
8,0 6.0 5.0 4.0 640 3.0 95 BaeS 5.0 4e¢5 445 6.0
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TablelIII(continued)

2, i3 Iy 2 Js [ PR

645 2.5 6.0 110 8.0 5.0 145 543 75
562 53 9.0 11.0 8.0 S.0 3.0 4.2 8.0
5.0 15 D0 1140 3.0 6.0 4.0 4.0 8.0
2.5 50 4845 11.0 8.0 640 5.0 8.0 4.0
6e5 340 7.5 1140 8.5 4.5 3.0 4.5 7.5
6e5 S5e0 Sa5 110 B8+5 845 65 3.9 4.0
7e5 a0 245 110 9,0 340 2.0 4.) 8.0
S5¢5 25 3.0 110 9.0 3.0 3.5 53 7.5
5¢0 50 Se5 11.0 9.0 5S.0 4,0 5.0 7.0
7¢0 Te0 345 110 9.0 52 5.0 7eQ S0
65 15 3.0 11.0 9.0 6.0 10 660 Ge0
340 740 3e5 11.0 92 6.0 5.0 60 640
3.0 Gel 5.0 11.0 Q.0 6.0 6.0 B.0 4,0
3.0 €40 5.0 110 9.0 8.0 4,0 B0 6.0
3s0 565 5.5 11.0 945 3.5 345 5.0 740
5 6ed A0 11¢0 95 5.5 4.5 3.0 9.0
Se3 7Ted 440 110 95 5.5 640 Te3 345
4453 665 5He5 1140 945 7.5 8,0 TeS5 €4S
3.5 5e¢5 5.5 11.0 945 7.5 545 Be0 5.0
340 740 6.0 110 D5 TS5 Te3 90 3.0
6.0 ©e0 S0 11.0 9.5 9.5 Te3 640 640
240 353 Be5 11.0 100 2.0 4.0 Se0 90
2.0 4.5 B.5 110 10.0 2.0 5.0 640 9.0
640 SeS 355 1140 100 2.0 9.0 10.0 10.0
8«0 940 Fe2 119 10.0 7.0 345 Te5 545
140 40 9.0 11.0 10.0 7.0 6.0 4.0 3.0
445 Se5 545 110 10.0 9.0 545 8¢5 565
2.0 5.0 3.0 1140 100 940 T+5 4.5 7.5
S¢S Se3 Se5 11.0 10.0 10,0 4.0 9.0 7.0
Te5 Te5 3a5 110 100 1040 5.0 9.0 &0
3,0 9.0 2,0 110 1040 1040 9.0 10«0 2.0
5.0 440 9.0 11.0 10.5 1.5 6.0 Se3 1045
BeS 6e5 A5 110 105 2.5 2¢0 3¢5 12+5
145 645 640 11.0 10s5 3.5 240 205 1045
2.5 Bs0 7.5 11.0 105 4,5 4.5 4,2 3.0
1«0 685 2.0 110 105 6.5 6«2 15 1065
3s5 Bed 4.5 110 105 6.5 6.0 4.5 T3
2.5 S5 8.0 110 10.5 645 645 640 640
3.5 645 8.0 110 10.5 8.5 7e5 3.0 9.0
3.0 7.0 8.5 11.0 10+5 8.5 Be0 T7e5 443
3.0 5.0 Be5 110 110 3.0 3.0 2:0 10.0
25 S5e0 745 1140 1140 3.0 4.0 4.0 9.0
245 3.0 TS5 11.0 11.0 6.0 4.5 245 1045
3¢5 8.0 6.5 11.0 1140 B840 745 1.5 10.5
6.0 Be5 4.0 1140 1140 . 8,0 745 S5e3 6.5
4.0 640 9.5 110 1140 8.0 8.0 7.0 5.0
345 S5 740 110 11.0 8.0 9.0 9.0 3.0
320 60 75 110 110 9.0 3.0 4.0 9%.0
4.0 320 9e5 115 75 540 240 Se0 745
4.5 6.5 640 11.5 Be0 Se5 4.0 745 5.0
3¢5 Te5 740 115 845 640 4.0 540 7.5
4.5 4.5 9.0 1145 8.5 740 240 Be0 9.5
740 3.0 9.5 1153 8.5 8.0 2.0 Te«Q 845
2.0 6.0 6.0 115 90 7.5 240 7.5 3.0
4,0 640 640 115 9.0 7.5 6s0 Te5 S0
540 Te5 745 115 95 740 Se5 45 B0
Se0 TeS5S 4.5 115 9.5 7.0 60 740 545
3.0 5.0 8.0 11s5 945 740 7¢0 940 3.5
4,0 6.0 8.0 1145 10.0 2.5 4.5 6.0 B.5
5.0 Be0 Ge 11«5 10.0 25 6.5 B0 85
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Table.1ir(continued)

. | | S N

N - Js N £, Iy Js )2 Js €y £ Ay
11s5 100 4.5 3«0 645 1040 12¢5 10,0 3.5 4.0 5.5 10.0
115 10.0 6.5 3.0 4.5 1240 12,5 10.0 5.5 4,0 3.5 10.0
11.5 10.0 6.5 5.5 S50 7e5 12:5 10.0 5.5 3.0 4.3 9.0
115 100 9.5 T«0 945 3.0 12¢5 1060 5.5 Se5 3.0 5.5
11s5 105 2,0 640 Ts0 945 12.5 10.0 B.5 3.0 3.5 S.0
11.5 10.5 3.0 245 245 10.0 1235 10,0 B.5 6s3 640 7e5
11.5 105 8.0 TsS 75 549 12.5 10,5 3.0 Se0 7.0 8.5
11.5 11.0 3.5 4¢5 5.0 7.5 125 105 3.0 8e0 1040 B.5
115 110 5.5 3.0 5.5 9.0 12.5 10.5 6.0 2.0 7.2 10.5
1145 11.0 5.5 5¢0 205 1040 1245 10.5 7.0 2.0 5.0 '10.5
11.5 11.0 5.5 7.0 7.5 S.0 1245 11.0 3.5 245 540 10.5
115 11.0 8.5 7e5 540 7.5 1245 110 3.5 445 Te0 13.3
115 110 10.5 7.0 7.5 5.0 12.5 11.0 3.5 7.0 943 1140
11.5 1145 11.0 7e5 4,5 1040 12¢5 11.0 4.5 4.0 4.5 3.0
12.0 8.0 5.0 2e5 545 6.5 12.5 11.0 6.5 2.0 6.5 10.0
12.0 8.0 8.0 S«0 7.0 6.0 12,5 11.0 645 5.0 T7e5 7.0
12.0 B8s5 7.5 50 6.5 5.5 12.5 11.0 645 S5:5 3.0 10.5
12.0 9.0 4.0 4.0 7.0 7.0 125 11.0 6.5 7S 942 4.5
12.0 9.0 7.0 4.0 8.0 6.0 125 11.0 9.5 2¢5 8.0 10.5
12¢0 9.0 9.0 545 745 545 125 11.0 9.5 4.5 6.0 10.5
12.0 9.5 4.5 1«5 5.0 9.0 12.5 11.0 9.5 7.0 3.5 1149
12,0 9.5 4.5 2.0 6e5 6.5 125 11+0 9.5 8.5 940 4.5
12,0 95 9.5 7:5 9.0 4.0 1245 110 1045 B¢0 105 4.0
12,0 10.0 3.0 6.0 8.0 8.0 12¢5 11.0 10.5 8e5 640 7.5
12.0 10.0 8.0 6.5 6.5 6.5 12.5 11.5 4,0 2.5 4+5 10.0
12.0 10.0 9.0 5.0 9.0 6.0 12.5 1145 4.0 S:0 660 7.5
12:0 10.0 9.0 6e5 945 4.5 12.5 11.5 7.0 Te0 70 645
12.0 10«5 245 7e5 9.0 9.0 12.5 115 9.0 2.5 8.5 10.0
12:0 105 3.5 3.5 6.0 10.0 125 1145 9,0 TeS 9435 5.0
120 1045 10.5 8e5 8.0 3.0 12e5 1145 10.0 B45 445 9.0
12,0 11.0 2.0 1020 11.0 11.0 12.5 11.5 1040 35 6s5 7.0
12.0 11.0 3.0 S+0 7.0 11.0 125 11.5 10.0 10.0 11,0 2.5
120 110 4.9 2:0 S0 11.0 12.5 12.0 1.5 3.5 8e0 1145
12.0 11.0 5.0 2.0 4.0 11.0 125 12.0 1.5 7«0 743 12.0
1240 110 7.0 S«0 3.0 11.0 1245 1240 7.5 3.5 5.0 115
12.0 11.0 8.0 5.0 3.0 7.0 12+5 12.0 7.5 7¢0 1e3 1240
12,0 11.0 11.0 9.0 7.0 6.0 12.5 12.0 9.5 Be5 340 10.5
12.0 110 11.0 10.0 11.0 2.0 12.5 125 5.0 5¢5 445 94,0
12:.0 115 4.5 2.0 35 10.5 12.5 12.5 8.0 7e5 4,5 S.0
120 115 4.5 3.5 S.0 9.0 12.5 12.5 8.0 8.5 7.5 6.0
12.0 115 4.5 6.0 645 645 125 12.5 9.0 5.0 5S40 11.5
12:0 115 9.5 1«5 9.0 11.0 12,5 12.5 9.0 8.5 1.5 12.0
12.0 11.5 9.5 6e5 F0 6.0 13.0 8.0 6.0 35 TS 75
12.0 115 95 8.0 a5 4e5 13.0 8.5 65 3.5 Te0 70
120 1145 1045 Fe0 6.5 5.5 13.0 9.0 5.0 Se5 B8«5 B.S5
12.9 12.0 6.0 3.5 3.5 11.5 13.0 9.0 8.0 2e5 8.5 7.5
12.0 12.0 7.0 Te3 €43 Ha5 13.0 9.0 9,0 6.0 Bu«d 6.0
12.0 12.0 9.0 640 4.0 11.0 13.0 9.5 8,5 3.5 Fe O 7«0
12.0 12.0 9.0 3¢5 6.5 5.5 1340 1040 8.0 1.0 3.0 10,0
120 12.0 10.0 3.0 3.0 11.0 13.0 10.0 8.0 3.5 8.5 7«5
12.5 B85 640 3.0 9.0 7.5 13.0 10.0 8,0 6.0 7.0 7.0
12.5 8.5 7.0 8.5 7.5 6.0 13.0 105 3.5 3.0 %5 10.5
125 9.0 4.5 2.0 4.5 9,0 13.0 1045 3.5 4.0 6«5 8.5
12.5 9.0 4.5 25 640 7.5 13.0 10+5 3,5 5:0 545 10«5
12.5 9.0 4.5 5¢5 940 6.5 13.0 105 3.5 605 940 B.0
12«5 9.0 65 3.0 75 70 13«0 1045 3.5 7e5 1040 8.0
125 9.0 6.5 5«5 9.0 4,5 13.0 10.5 4.5 3.0 3.5 10.5
12.5 9«5 5.0 540 9.0 8.5 13.0 105 6.5 5S¢0 3.5 1045
125 95 9.0 320 9.0 7.5 13.0 105 645 545 Te0 7.0
12.5 9.5 9.0 7.0 9.0 4.5 13.2 105 9,5 75 8.0 6.0
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Table.I1iI{continued)

Ly

£z

&y

ez fg

£y

NMNoooooonNnNoonNNNodcocnodNtatooocoNNCcomoNNaNNoocoOoNocoononNoocool
LI L B B O R R B I L I O R I I O B L O R O B L O B B R B B B B B R R B R R B B A B A I R A N
MOFNONOCOONDOMOOVORCODOROTPCIOCNODIOM~=0«ANNDOANOR4CANAMNOMANNMO~ND
-y - - ekl -4 — - - - - oy ol o g - - o v g - -
NnnoocoooRNooNNINOOBOoA2NNOoNsDa2MnooNoninonNineacooNoocoNonNaocncol
L I i L B O R N B B B I O I R B I B R O A I I B R R I N B B O R R I R R A R R N
FPe oA L RANOmARONY= AN = PNV OOO= N NAONONSOMNINNOONOMNEINOShO S
- - - - - e Eakal - - - -
nmnooomnnnoowna2NNINoco200NooRniNNooas2NnoonNNoonNooNBNNINONNOINONCOCOON
L L L L B B B B D L D B B I R B B B B BN BN B R B R BN B B B R R RN B BN RN R R BN R R I B R B B BN B B BN
MOOM4OMNNANNDeNF OO OONMNINNN 9735532479:.3650226‘66794?9.2;333235399
-
000 OoONNNNINNOCOCO0oCOoONNNNINCOI000COSNNNNNINVNVNNNOCOCO0ODOOS
LI B B B B R BN O B I BN B O B B R R R R RN R B RN N R R A R B R AR A B BN B B BB B BN I B B A N B R
DN NVO LNV OLDVDVP VDDt et MOOS Dottt i AN NNN OO ARNO == MNE GO OO~
-4 Ll -y - - -
OC0OoONVNVNINOCOCOD00OOVNNNVOOO0DACCHICNNNNNVOVVVVVINNOCOO0DOO0OC0O
LI R B I D B I I B B B B R B R R R B A R B A B A L N B B B L I I R R BN B R B A
P OCO00CO0O0O0 e mmr mrtmed it = =S NN NNNNNNNNNNNNNNNNNNNNMMMMMPMMM
e P wd P kv e e et o gt o e 0 v e e S g v e o e g v g v g e e e g el el el e sl P g e P e el el v e e e e o g o g e
0000000 N000000000000D000000000000000000000000000000D000N00NH00
LS L L B B I N I B R R O B B A L O B B R B DN B I
FedeTedd T e TdTAIISGeTeedddgdoddtdarddeedadadddadadedeadeaae
e S g T g o g ot et T e S ol ot ) e P ) W ) S S g W el S S P o o P g 0 gt P o gl T vl S ged ) gl o et ) P ) P e T et ed o
NonoocoollnoocooltNooooMonooINCo20NoNocoNPNONOONNOCONooNNCO0OCaNNG
L A O L O O O I B B B R R I R R N R A N N A A N A T T T T
VECOC =t OLNM Ot od i i MO T VOV HOINANNODD~ORMAOMOP OO ~TNFNIMNMONSMNNS
— — iy o oy - -y - - e Ll - - - - - - -
NoooOCooNNOOOo2NNooOOoNoONooNoocIoNonOoNINNoINOSNAnNINNNoOONNVWVINONG.
lh..ll'.l‘ll.l'-Il'I..IIll.III.Il.ll'll.l..b.....IIQII'IIIl-
FO~NdOCNMNMC~ORMEIRICNMNDNGIN—=ANNMNEMMODOOTOINENPONCO~OMENNDONMAD
- -y - - - -t - - — - -t
oONOOo0oONIN2000OONOGOIND 3005000505055300 NoOCcoONCONMOCOoO0OOoOoOOOmMONN
I.I..l'.i.‘l.l‘l..lllIlI..l.l.I.ll.l.!l.l.Il.lUl.l.l.ll.....
DOmAMENNEATOOTdANMNN-ae 5732381‘375236033l675363|47966335775936
- - -
NIND0000COHCONONNNOONOooRoOCcoNNEVNNVNNocOONNNNNOOVINNINNCOOIN
...'ICI.I..I.-..ll..l.-lll-.C.II.IIIUU-III.II‘I.II..I.lII‘I.
OOMeeNOORCCCOIRCNANNNDNDODPNNN=NNODDDD~NNINNEIN AP ~MONGTOM=f~OD
- kel - gy -y v - - - -t
NNCO0O0O00O00ROCNINNOO0ODO00CTeANNNUVLNNNOCoNSCooooNNOCeCONIINON
LA L L B I B B R B B B R R N B R I R B I B R R B R R AR I R R R RN A
O O o4 ot ot ot et vl vt o et ot ot ot ek e O NN NN AN NNAUNNNNANNNNMIFI MO et NN MO0
ot o gt o gl oo el el el el $ g v v g g P ) S o B g P e S et o g S o S o 0 ) g P 9 el o g o o o oo gt o o ool g
D000 0O0O00C00D0000CO00000N0000000000CA0N00COONNVNVNVNMNNVLVINNOCS
AR AR A N I T,
L R R M L Mo R el e Y Wl T Lo o B B M Lo W e W T B L g T B T M L L e L e e L L L L e L L L e e L L L L L L L L L L LT X
‘l‘lllll‘ll"l-lIllll‘lll‘-l!lll‘ll“lllll‘llllllll‘ll‘ll‘-l‘l'l



590
Table III(continued)

Js APIE 4 & s R P
18:0 13,0 13.0 110 100 S50 150 11,0
14,0 13.0 13.0 120 13.0 2.0 15.0 11.0
13.0 1345 1.5 2.5 3.0 13.0 153 11.0
14.0 13.5 1.5 Se5 640 13.0 15:.0 11.0
14:.0 13.5 1.5 8:0 8.5 13.5 150 11,5
14,0 13.5 3.5 Je5 3.0 1240 15«0 1145
13.0 1345 645 640 245 12.5 150 11.5
14.0 13.5 8.5 2s5 T«0 13,0 1S+0 11.5
14:.0 1345 B85 Se¢3 4.0 13.0 1540 12.0
14,0 13.5 E.5 3.0 1e5 13.5 15«0 12.0
14,0 13.5 10.5 9«5 3.0 12.0 150 12.0
18,0 13.5 10.5 9:3 7.0 3.0 150 12.0
140 1345 1045 105 10.0 5.0 150 12.0
14,0 14.0 2.0 245 245 12.5 15«0 12,0
14.0 14.0 4,0 6.0 €.0 9.0 150 12.0
14.0 14.0 5.0 Ss0 32 12.0 15.0 12,0
14.0 14.0 5.0 7«5 725 7a5 150 12,0
14,0 14.0 8.0 7Ts5 25 1245 1540 12.0
14,0 14.0 S.0 9«0 70 3.0 150 12.0
140 14.0 1040 Ts0 400 13.0 15.0 1240
1.0 14.0 10.0 Fe5 15 1345 150 12.5
13.0 134.0 12.0 745 355 1265 150 12.5
14.0 14.0 13.0 12.0 9.0 640 15:0 12.5
13¢5 10.5 6.0 45 945 9.0 150 12.5
145 11.0 5.5 Se3 1040 95 150 12.5
13.5 115 7.0 445 38«5 Be0 150 12.5
13:.5 120 5.5 3+5 Be0 11.5 150 12.5
14.5 12:0 5.5 TeO 1135 1240 15.0 12.5
145 12.0 10.5 S0 13¢5 He0 15.0 12.5
14,5 12.0 11.5 3.5 9.0 11.5 150 12,5
14,5 1240 1145 70 S5 1240 150 13.0
14.5 12.5 2.0 1s5 4.5 12.0 15.0 13.0
145 125 4.0 S+0 B840 115 15.0 13.0
14,5 12.5 4.0 3+5 115 1240 1540 13.0
14.5 12,5 7.0 1.0 7.0 12,5 150 13.0
1445 12,5 7.0 55 8.5 8.0 150 13.0
145 12.5 10.0 5:0 10.0 8.5 150 13.0
14,5 1245 11.0 4.5 T.5 12.0 15.0 13.0
14,5 13.0 4.5 Se0 865 13.0 150 13.0
13,5 13.0 6.5 3s5S T+0 105 1S.0 13.5
145 13.0 8.5 5.0 4.5 13.0 150 13.5
145 13.0 10.5 3+5 10.0 10.5 150 13.5
18,5 13.0 12.5 1e5 1240 12.5 1540 13.5
18.5 13.0 12.5 S5¢0 1145 9.0 15.0 13,5
18,5 13.0 12.5 6.0 745 1240 15.0 14,0
14:5 13.0 12.5 845 1240 545 15.0 14,0
14,5 13.0 12.5 10.0 12.5 440 150 14,0
14.5 14.0 5.5 Se0 5+5 1040 15.0 14,0
14.5 14.0 9.5 4:5 9.0 10.5 150 14,0
14.5 14.0 9.5 P20 105 60 15.0 14,0
123.5 14.0 11.5 S5¢0 105 10.0 150 14.0
14.5 145 13.0 25 445 1340 15.0 14.0
14.5 14.5 14.0 B8e0 To0 1245 1S+0 14.0
150 95 8.5 1«5 9.0 9,0 15«0 14.0
15.0 FeS 9.5 S5 8.0 8.0 150 14,0
150 10.0 6.0 3.0 3.0 8.0 1S5S0 14,0
150 100 6.0 S.0 9.0 9.0 150 14,0
150 10.5 5.3 6s0 9¢5 9.5 150 14,

150 105 6.5 3.5 6.0 10,0 15.0 1a

15.0 105 8.5 5«5 640 1040 150 1a
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Table.1rr(continued)
r’t 2, U L, J Js 8y 1, s
Bea fa A% 155 1445 1240  10.5 4.5 12,0
6.5 540 1140 15:5 1540 1.5 9.0 $.3 1S40
3.8 70 9.0 155 15.0 3.5 1.3 3.5 15.0
Fe5 6.0 1040 13:8 130 o3 5.0 5.5 11.0
11e8 1Cs0 540 +3 15.0 7.5 3.0 7.5 12.0
6.0 5.0 14.0 1S5 15.0 7.5 S5 8.0 1045
10.0 3.0 14.0 153:5 15.0 T 5 Tes Fed 8e5
2.0 940 8.5 155 1540 7.5 10.5 11.0 5.5
3.5 9.8 9.0 15.5 15.0 9.5 9.0 |.§ 1540
3.0 7.5 90 1545 15.0 9.5 9.0 6.5 1040
5S¢0 8.5 1040 15«5 15.0 9.5 9.5 3.0 8.5
ai0 gow gnk 15.5 15.0 9.5 12.0 12.5 4.0
8i5 1150 - 7.8 15:5 1540 11.5 9.0 11.5 740
Tom ‘acd) 16k 15¢5 1540 11e5 10.5 3.0 13.5
3.5 9.0 8.5 155 1340 11+5  13.0 135 3.0
645 1140 345 15.5 15.0 12.5 9.0 345 13.0
S.0 9.0 7.5 1545 15.0 12.5 11.0 5.5 11.0
8.5 S5 11,0 15:5 15.5 7.0 4.5 3¢5 15.0
940 11¢d 5.5 155 1545 1140 1045 1.5 15.0
3.5 6.0 115 1S5 155 11.0 105 75 9.0
4.5 6.0 10.5 15.5 15.5 11.0 11.0 Se0 7.5
5.0 7.5 9.0 1545 1545 15+0 1040 640 1345
6+5 10.0 6.5 1.0 9.0 8.0 2.5 3.5 3.5
1.0 9.5 1240 1640 10.0 7.0 4.0 9.0 9.0
- el ol g 16.0 10.5 7.5 4.0 8.5 8.5
4.5 6.5 12.0 1640 1045 1045 6e5 940 B840
3.5 5.5 110 1aeR 1181 740 2.0 8.0 1040
745 1145 11.0 20el ALl 3s0 4.0 11,0 10.0
9.5 545 110 e 11.0 10.0 4.0 11.0 8.0
9.0 12.5 1240 +0 11.0 10.0 5¢5 Ba5 8.5
Se5 10.0 1245 1640 1140 11.0 745 10e5 645
6.0 443 12,0 {6-0 115 745 5¢0 1145 10e5
6.0 11.5 8.0 6.0 11.5 10.5 S¢0 11.5 7.5
Ai0 "ech Wit 16.0 12.0 5.0 5.0 9.0 9.0
4.5 5.5 11.0 1640 12.0 5.0 340 11.0 11.0
7:0 11.0 13,5 160 12.0 9.0 4.0 100 9.0
2.0 9.0 13,5 1640 12.0 9.0 640 11.0 7.0
840 940 725 1640 12.0 12.0 9.0 1149 640
4.0 6.0 13,5 1640 12.5 4.5 9¢5 12.0 1240
8 8 132 1600 12+5 5.5 S.0 8.5 3.5
10,5 75 9.0 16.0 12.5 8.5 640G 105 7.5
5.0 8.5 12.0 1640 1245 11.5 3.0 11.5 9.5
125 14,0 12.5 16.0 13.0 5.0 4.5 8.5 11.5
4.0 5.5 11.0 16.0 13.0 S.0 8¢5 1245 11.5
GLa JmcE Tilie 16.0 13.0 9.0 1«0 9.0 13.0
7¢5 3.0 13.5 16.0 13.0 9.0 5.0 1040 9.0
8.0 7e5 949 1640 13.0 9.0 TeD 11:0 740
10.5 12.0 8.5 1640 13.0 9.0 725 845 8.8
540 10e5 940 16.0 13.0 1140 4.0 110 10.0
7.5 11.0 7e5 16.0 13.0 13.0 10.0 9.0 3.0
9.0 5.5 11.0 1650 13.5 i2.5 10.0 B.5 B.5
7e5 12:0 745 1660 1345 13.5  11.5 13.0 8.0
108 “6s0 05 1640 14.0 3.0 9.0 11+0 11.0
10.5 B8+0 8.5 s el &l 8.0 11.0 13.0
11.0 3.5 13.0 =0 14+0 6.0 4.5 7.5 1045
11.0 10.5 540 16.0 14.0 13.0 9.0 13.0 6.0
12¢5 14,0 245 1640 1445 3.5 100 1245 1845
110 135 4,) < i1y 32 8:9 9.5 18.5
. . . «0 8¢5 B
S«5 5«5 l14a.0 16.0 16.5 o.s e e 12.2
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Table III{continued)
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TableI1r{continued)
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Table. 11 continued)
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Table.II{continued)
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Tabm.W.POLYNOHlAL ZEROS OF DEGREE 2

coefficient
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Table.1V (continued)
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Table v. Polynomial zeros of degree 3,4 and 5 of the 6-j coefficient.
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51 jz 15
Table vi Generic polynomial zeros of the 6-j coelficient {'_1 1,1 15} for
which explanations have been given.
iy j2 ig E-I Lz 19 Explanation Ref. n
2 2 2 1.5 1.5 1.5 quasi-spin 2.3 1
=
5 5 3 3 3 3 R,2G,250, 2,3 1
5 5 2 2 2 4 g-shell 1
9 6 - 2 5 5 . p.c. * 1
11 11 3 4 4 B} 5026:F43503 6a 1
11 11 9 8 4 8 6a 1
3 2 2 1 2 2 F4:SO39503 6b 1
7 4.5 4.5 2.5 4 = 6b 1
11 8 6 4 4 8 6c 1
i 6 5 4 6 4 Esj 503 6¢ 2
6 6 6 5 4 3 6c 1
9 6 < 2 5 5 6c b

+Regge symmetries do not give rise to any other 6-j coefficient.

“{55
2 2
6

{9
2 5

AR
el

5 4.5 1.5] _
2 2.5 4.5

8 6 5

{5 4.5 2.5
2 1.5 4.5

and

15 6} , follow from the Regge symmetries,

Note: The 24 6-j coefficient zeros which follow from the 9 other generic
zeros in this Table can be found in Table I of ref. bc.
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