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ABsrR~cr

Fourier Transform provides elegant methods to study the FrallO-
hofer diffraction for many types of apertures, not only for the calcula-
tion of the amplitude and intensity distributions oí the pattern but
also the llOderstanding of the diffraction phenomenon. In this paper it
is shown that both amplitude and intensity distributions of the pattern
are Fourier Transforms of the specific functions. The results are ap-
plied to the diffraction produced by any bidimensional array of identi-
cal apertures and are extended to the well known cases, ¡.e., the dif-
fraction grating, the YollOg experiment, the rectangular slit and the
long slit.

La transformada de Fourier aporta métodos elegantes para el es-
la difracción de FrallOhofer producida por muchos tipos de aber-
sólo para el cálculo de las distribuciones de amplitud e inten
patrón sino también, para la comprensión del fenómeno de la di
En este articulo se muestra la relación entre estas distribu~
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ciones y las transformadas de Fourier de funciones especificas. Los re
sultados obtenidos son aplicados a los casos de rejilla de difracción,
experimento de Yo~~g,abertura rectangular y ranura larga.

wrnOOOCfION

The bidimensional Fourier transform of a function(l) f(x,y) is
defincd as

F(P,Q)

00

JJ f(x,y) exp i [Px + Qy]dxdy. (l)

On the other hand, the amplitude distribution for the bidimen-
simal pattern oí Fraunhofer diffraction oí a roonochromatic plane wave
which is incident on any bidimensional dispersor(2) [Fig. 1) is given by

E(~, n) JI «x,y) exp i [~~ x + ~n y] dxdy ,
DISPERSOR

(2)

where £(x,y) is the superficial arnplitude density en the dispersor ar
aperture function (3) and k is the wave number of the pIane wave. Let
us define the spacial frequencies(4) P and Q of the diffraction pattern
as

Q = kn
R (3a,b)

and extend the limits of the double integral in Eq. (2) over the interval
(_m, m). That is posible because the dispersor is transparent only into
a finite region oí the spacc. Then, Eq.(2) shows the same fonm than
Eq.(l), and we conclude that the amplitude distribution of the pattern
is the bidimensional Fourier transform oí the aperture funetian.
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fig. 1 Illustrating the Fraunhofer diffraction.

Now, the intensity of the diffraction pattern is defined aseS)

I(P,Q) = E(P,Q)E.(P,Q)

Then, according with Eq.(l) we can write

(4)

I(P,Q) = JJJJ c(x,y) ~ (u,v) exp i [P(x-u) + Q(y-v)Jdxdydudv ,
_m

and after the change of variable x-u=z, y-v=w we obtáin

m m

I(P,Ql = JI [ JI C(X,y)c.(X-Z,Y-W)dxdyJ exp iIPz~) ] dzdw
_00 _0Cl

(S)

I(P,Ql' JJ rcc(z,w) exp i[Pz + QwJdzdw
_m
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where fE.£(z,w) is the autocorrelation oí the apcrture function(6).
Eq. (5) is the Fourier transform of the bidimensional Wincr-Khintchine
theorcm(7) .

RECl'lAR BIDINENSICML ARRAY OF IDENflCAL APER11JRES

Anl regular bidimensional array of identical apertures (Fig.2)
is composed oí N columns and M rows which are regularl, apart, with a
and b thc scparation constants £or each pair oí consecutive rows and
each pair of consecutive collmms respectively. Then, the aperture fune

tian of the array is

N=I M-In~O m~O c(x-na, y-mb) (6)

with ((x-na, y-mb) the apcrture function £or the nrn-aperture. From
Eq.(I) the amplitude distribution of the pattern will be

E¡-(P,Q)
N-I M-Il: l: E (P,Q)n=O nFO nm

Ni:1 Mi:l JJn=O nFO c(x-na, y-mb) cxp i[Px+QyJdxdy
_00

( 7)

where Enm(P,Q) 15 the contribution from the nm-aperture. Replacing
s = x-na and t = y-W) into F4.(7) and extending the integral only over
the nm-aperturc, we obtain

"r(P,Q) = JJ c(s,t)
nm-apt.

N-I N-Icxp i[Ps + Qtldsdt l: l: exp i{nPa+mQb)n'O nFO

N-I M-IE(P ,Q) l: l: exp i[nPa + mQb 1n=O m=O
(8)
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Fig. 2 Bidimensional array of identical apertures. The numeration
indica tes the nm-orcler of each aperture. The origin oi the frame
has been dislocated by the Dirac's delta function O(x-a, y-b) for
convenience.

Note that into Eq.(8) the nm-5ubindex i5 dropped bccau5e the amplitude
contributions froro al1 apertures oE the array are identical. To salve
the 5ummatOry in Eq.(8) we call a = Pa/2 and e = Qb/2 and apply the re-
lation5hip(8)

exp i[ (J-l)x] . sin Jx
sin x
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then

F¡(P,Q) = E(P,Q) 'exp i[(N-l)o.+(l+I)Blsin No.. sin ~IB . (9)
SIn a Sln B

And according with Eq.(4l, the intensity distribution of the diffraction
pattcrr wiU be

An interesting rernark is obtained after the application oí in-
verse Fourier transform(9) to Eq. (8). Let us symbolize this operation
by means of the lettcr F-1. From Eq.(8) we have

[ ~ [
N-l ~t-l J'T(x,y) = F-1 F¡(P,Q) = F-1 E(P,Q) E E exp i[nPa+mQbln=O IIP'O

,\nd using the properties of the convolution product(9) symbolized by",
we can write

<T(X,y) -1 -1 k-1 M-l ]F [E(P,Q)I" F í í exp i[nPa + mQbl
n=O IIP'O

But, F-1 E(p,Qil = «u,v) is the aperture function for any aperture of
the array and F-1 1 E exp i[nPa+mQbll = E 6(u-na, v+mb) , wherc eachn,m(lO) n.m.Dirac's delta function specifies the Ioeation of a particular aper-
tUTe into the array. After the substitution oí these results into the
expresion aboye, we obtain an alternative fonn fOT Eq.(6):

<T(X,y) = [

OOI . ~N-l M-l«u,v) E ín=O IIP'O
_00

6(x-na-u, y-mb-V~ dudv, (U)

wherc the summatory oí Dirac's delta functions is ealled the bidimensional
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comb funetían. Thus, any bidimensional regular array oí identical apc!
tures is the convolution bctwecn a specific apcrture ftIDction and a
bidimensional regular eomb function. And, taking into aeeount Eq. (5),
the Fraunhofer diffraetían realizes the bidimensionalWiener-Khintchine
theorem for such array.

APLlCATlONs(ll)

This is obtained when N=l and ~Fl.
hOJOC)gcncous and its dimcnsions are L and L',
Metían can be defined 35

Further, if the slit is
the corresponding aperture

o
c(x,y)

r A exp i~

1
L L L' LI"2 <x< 2" 2< y< 2

in other case
(12)

where A and $ are real numbers. Then, froro Eq.(2),

L/2 LY2
E(P,Q) = J J A. exp i~. exp i[Px+QyI dxdy

-L/Z -L'/2

= A. exp i~ LL' sine ~(P) sine ~'(Q)

with sine 8=sin 8/8, ~(P)=PLl2
Replacing the results aboye into

~'(Q)=QL' /2
Eqs. (9) and (10) we abtain

~(P,Q) = AlL' exp i~ sine $(P) sine $'(Q) (13)

(14)
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This is a rectangular slit with ane oí its dimensions very much
large (infinity at the limit) in eomparison with the other. Thus, from
the results aboye, we have for the amplitude distribution of its diffra£
tion pattero

F_(P,Q) = AL exp i~ sine w(P) lim IL'sine w'(Q)J
-1' L'-+oo

But, it is known(12) that

lim I L' sine w' (Q)) = lim
L I -+00 L ' -+00

Then,

L'/2
f exp iOy dy = 2.ó(Q)
-L' /2

(lS)

F.¡-(P,Q)= 2.AL exp i~ sinew(P)ó(Q)

That is, the diffraction pattern will be composed by a series of light
fringeg defined by sine w(P) in the P-direction (Fig.l) but very narr~
(Dirae's delta funetion at the limit) in the Q-direetion. For this
reason, it is possible to reduce this case to the unidimensional
Fraunhofer diffraetion by a single slit by mean, of the following proee-
dure:

F.¡-(P)= ~. f E(P,Q) dQ

=.~ exp i~ sine w(P) f ó(Q) dQ
-00

But, by definition(13) the value of the integral into the last expres-



619

sion is the unity, and

Er(P) = AL exp i~ sincw(P)

lT(P) = A2L2 sinc2 w(P)

The Young expeJt.únent

Fraunhofer diffraetíon produced by two idcntical 51it5 is
ealled Young experimento For this case N=2, ~~l and ~ i5 the separa-
tion between the 51it5.

A. With rectangular s1it5

Let us take two 51it5 1ihose aperture functions are given by

Eq.(12). Thus, fram Eq.(9) we obtain for the corresponding pattern

Er(P,Q) = E(P,Q) exp ia sin 2a/sina

where E(P,Q) is given by Eq. (13) and sin 2a/sin a 2 cos a, a Pa/2
Then,

Er(P,Q) 2 .~L' exp i(~+aJsincw(P) sinc w'(Q) cosa(P)

B. With long slits

We obtain the description for the pattern relative to this case
after the application oí the li~t process for L'»L and Eq.(lS) into
the last results. That i5, the amplitude distribution will be

F,(P ,Q) = 4n AL exp i($+a(P)};incW(P) cosa(P) ó(Q)
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And. by means oí the procedure aboye, we can reduce it to the tmidimen.
sional YOlmg experiment and to "Tite fer the pattern description

~(P) 2AL exp i[~+a(P)1 sincw(P) cosa(P) ,

[T(P) = 4A2L 2 sinc2w¡p) cos2a(P) .

We will have that whcn M=l and E(P,Q) is given by Eq.(13) for
any aperture. According with Eqs.(9) and (lO), the diffraction pattem
will be described by

~(P,Q) = ALL' cxp i[~+(N-l)a(P)lsinc w(P) sine w'(Q) sin Na(P)/sina(P)

This is an lDlidimensional array of long slits. To obtain the
corresponding amplitude distribution oí the diffraeticn pattern in this
case, lct us apply the limit proeess for L'»L and Eq.([S) into the last
results. That is

~(P,Q) = 2.AL exp i[$+(N-l)a(P)¡ sine w(P) sin Na(P)/sin a(P) . ó(Q)

Once more. using the procedure aboye, it is possible to reduce this
result to an unidimensional expression corrcsponding to the Fraunhofer
diffraeticn pattern by any grating, as it is usual to find

~(P) = AL exp i[~+(N-l)a(P)1 sine w(P) sin Na(p)¡'sin a(P)
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Finally, we would note that the choice of the limit L'»L for diffrae-
tion from arrays of long slits lS not arbitrary. In faet both cases,
the Young experiment and the diffraetion grating, show the arrays orl-
ented on P-direction but the slits oriented on Q-direction Thus, the
reverse possibility, L»L1

, is senseless.

CONCLUSION

The eleganee of the applieation of Fourier methods on the study
of the Fraunhofer diffraetion produeed by any regular array of identieal
apertures has two aspeets. The first one is the determination of Eqs.(9)
and (10) to ealeulate the amplitude and intensity distributions of the
pattern in any case. To handle themwe need to knowonly the aperture
funetían of a single aperture oí the array, the total number oí aperture
and the separation between any pair of consecutive anes, as we showed
after their applieation of the well known cases. The second one is the
undcrstanding of the Fraunhofer diffraetion as the Fourier transform of
the aperture function oí the dispersor. In other words, for such pheno~
enon the physical space behaves as a Fourier transform operator.
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