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Professor Moshinsky (UNAM) has shown that the fermion unitary
group formulation oE many-body theory is equivalent to the partic1e number
projeeted seeond quantized formu1ation, and that the freeon unitary group
formulation is equivalent te the particle number and spin projected seeond
quantized formulatiotl. Our freeen formu1ation emp10ys ,t/H?, gcnclULto't bet~,{_~,
an overeomplete, non-orthonormal basis eonstrueted by applying weight
lowering (exeitations) operators to the highest weight (lo~est zero-order
energy) state. This basis permits faeile matrlx elements evaluation. We
eonvert the generator bdsis to the complete, orthonormal Gel'fand basis by
mean s of the Moshinsky-Naqel construetion .

• Supported by the Robert A. We 1eh f'oundation oE Iloliston,TexclS.



88

RESlNEN

El profesor Moshinsky (UNAM) ha demostrado que el formalismo del
grupo unitario de fermiones en la teoría de muchos-cuerpos es equivalente
al de segunda cuantización proyectando número de partículas, y que el for
malismo del grupo unitario de partícula libre es equivalente al de segunda
cuantización proyectando número de partículas y espín. Nuestro formalismo
de partícula libre usa ea baóe de gen~ado~e6, una base sobrecompleta, 00-
ortonormal construida mediante la aplicación de operadores (excitaciones)
que reducen de peso al estado de máximo peso (mínima energía de orden-cero).
Esta base permite la fácil evaluación de elementos de matrices. Nosotros
transformamos la base de generadores a la base Gel'fand que es completa y
ortonormal mediante la construcción Moshinsky-Nagel.

1. I~TROlJUcrlON

The frecon unitary group formulation of quantum chemistry, is
currently bcing .•.•.idcly used in thc theory of atoITlS,molecules and solids
whcn a spin-free Hamiltonian is applicablc(1,2). In this formulation the
configuration state spaccs are rcalized by irreducible represcntation
(irrep) spaces of U(p), whcrc p is the number of freeon orbitals. The most
familiar basis is the orthonormal, complete Cel 'fand basis {IG>}. We have
introduccd the overcompletc, non-orthonon&ll gcncrator basis {IE)}(3)
.•.•.hich permits facile matrix elemcnts cvaluation. We relate these two
bases by the Moshinsky-Nagel construction(4). In section 2, we review thc
unitary group formulation and introduce the r~l'fanJ and generator bases;
in section 3, wc describe the procedure for reducing the degree of generator
statcs. In section 4, we use the Moshinsky-Nagcl construction to relate
thc two bases; in section 5, wc construct many-body Gcl'fand states, and
use them in scction 6 to calculate IJamiltonian matrix clemcnts. In
scction 7, .•.•.c show thc sccond-quantized IL1.miltonian matrix elements to be
cquivalent to our fOTIllulation. 5ection 8 includcs surrmary and
conclusions of thc unitary group formulation.

2. TIlE UNITNlY GROUP. ITS IRREDUCIBLE REPRESENrATION

SPACE MD ITS ALGEBRIIS

Thc group undcr considcration is U(p), thc group of unitary
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transformations on a vector spacc,

V(p):( Ir). r = 1 to P } (2.1)

spanncd by P frecon orthononnal vcctors. In the quanttun mech.."lnical

trcatcrncnt, these vcctors represent orbitals; ~.e., ane-partiele statcs.
Associated \,o;ith the lUlitaT)' group U(p), aTe t\.;o algebras:

i) it5 Lic algcbra

I.AU(p) : (Ers; r. 5 ¡ to p ) (2.2)

.••..hcre the operators Ers COTTlllutc accord ing to

[Ers' EtuJ = delta (s,t) Eru - delta (r,u) Ets

i i) it5 associative cnvcloping algchra

EALU(p) : {l. Ers' Er51\u •••. }

(2.3)

rhe irreducible representat ion spaces (IRS) o[ U(p) are labcled

by partitions of intcgcrs

[Apl = lA, • A,. ... Apl

A, ~ .,. ~ Ap ~O

with

1 Ai N
i=l

(2.5)

(2.6)

(2.7)

w'hcrc N rcprcscnts the numlx'f oC part.iclcs. A graphical representat ion of
thcsc po3rtition5 con5i5t5 of YOlulg diagrams YIlI\pl, consisting o[ arrays

of N boxcs with ,\ boxcs in tlle ith row. rol' l'x;unple, \\'hen p = -l,

(2.S)
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and we can have five possiblc Young diagrams:

[2']

Ea
[2, l' J [1' ] [3, 1) [4 J

ITDJ

Notice thc numbcr of boxcs is always 4 (i.e. thc number oí particlcs), as
rcquired by r~.(2.7). Thc last two configurations are not of physical
significance since thesc violate thc Pauli cxclusion principIe.

An irreducible rcprcscntation space is spanned by orthonormal
Gel'fand statcs denoted IG> chosen 50 as to be symmetry-adaptcd to the
canonical chain

U(p) => U(p-!) => ••• => U(k) => ••• => U(l)

and l.beled by Gel 'fand arrays

whcre

(2.9)

(2.10)

(2.11)

labels the [~k th] irreducible rcpresentation space oí U(k), idcntifies
the highcst wcight state oí that space and satisfies the bctwccnness
condition:

(2.12)



Again in thc p 4 case, such an arra)" \\'ould laok like
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2

2

(2.13)

which satisfics Eq. (2.12) as rcquired.
Yet another useful "'ay of reprcscnting Ic> is \,'ith a Gel' fand-

\\'cyl tobleu (Tc), constructcd by inserting N of the orbi tals into YD[Al in

non-desccnding arder along rows and ascending arder dOhTI columns. By
listing in thc form of ~ the partitions rcmaining after the p, then the
(p-l)th, etc. intcgers havc becn succcssivcly removed, one obtains a luliquc
relationship bctwecn an ~ and a T<;:

2

(2.14 )

~~ a conscqucncc of thc
is 3n eigcnvcc!or to thc diagonal

syrrunctl)' adaptat ion, eaeh Gel' fand state
gcncrator (EJJ, .J "" 1 to p); ,¡.c.

(2.16)

whcrc wr',] is the jth component of tile wcight



of IG>. In tenns of the Gel'fand arrays Ac,
j j-l

.GJ = I AiJ - I Ai J-l
i=l i=l

(2.17)

(2.18)

IG> is said to be of highcr wcight than IG'> if Wl > W1
1 or if \0.'1 = Wl'

thcn \012> "'" 1, etc. For each Vp[Al thcrc cxists a uniquc highest weight
state dcnotcd lo>, For the p = 4 singlet case (multiplicity ID = # boxes

in row - # boxcs in rOl" 2 + 1), le >= []]TI has higher weight than[ili]
iG'> C!I!J; .riting the Ao for IG'> and recalling F~s. (2.13) and

QE]
(2.15):

T =G

thercfore

ru
ITI

2

2

(2.19)

\fuI = "Gll = 2

wG'¡ = "G'Il 2

2 1

~:mdwc scc that W¡ = Wl l. but W2 > W2 f as rcqui red to have 1 G> of highcr

wcight than IGI>.
VpIA] is also spanned by canonical statcs



where

Vp[A] { lE) E lo» (2.20)
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with

r>5, t>u, v>w, •••

r~t~v ...

i f r t thcn s:';: u . . .

(2.21)

(2.22)

(7..22)

is a product of gcncrators. Noncanonical generator states can be expressed
as linear combinations of canonical gcnerator states by repcatcd application
of the corranutation rule (Eq. (2.3)). For examp1e if t > 5 > r, Etrlo> and
E E lo> are canonical, whereas E E lo> is no! butsr ts ts sr

(2.23)

3. 'TIIE REDUcrION PROCEDURE

We define the degree of a gencrator stato as the numbcr of
excitations needed to get from thc highcst weight state (ground 5tate) to
the desircd 5tate. The degrcc of a generator gtatc is frcquently
reducible. To accomplish this reduction, wc apply Eg. 2.3 successively to
movethc weight-raising operators (operators of the fonn Esr' r> s) to
thc right, whcrc they vanish when applied to lo> according to the follrn~-
ing rules: there cxists an occupation number wi. i '"] to p, for each of
the orbitals in lo>. 'fhen starting with the occupation numbers of the
ground state. thc action of Ers on lo> incrcases wr by one and dcercases
Ws by onc. The application of a gencrator Ers to lo> where Wr = 2 is
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identically zera,
occupied orbital.
identically since
Far exampl e:

-i...e. \\le may not put a thi n.I partic1c into

The appl ication of E to lo> whcrc wrs s
\\'C carmot rcmovc an electron from an cmpty orbital.

For lo> tffij 2", \"2
2 2

E21 lo> O bccause ••...1 1, W2 3

and

E31E31E41lo> O becausc ", -1

In addition, fol' a givcn Gcl'fand tablcu, wc define the numbcr of rows ~ith
2 boxes by f; this is the maximurn numbcr of doubly occupied orbitals
allo"~d. Fol' a particular stntc, if thc numbcr of ••...i 's, i = 1 to P. equal
to 2 is grcater than f then the state is zera.
Far examplc.

and

10> r1
2 2
3

4

f 2

sincc ""1

Thc generatar statcs are also eigcnvcctors to the diagonal

(number) operators thus (applying cq. 2.3 succcssivcly),



h'here

E lE)
JJ

E F. E
JJ rs tu

"E F. E .•. 10>J rs tu

(3.1)

(3.2)

9S

KE = wO + uclta(j ,1') • Jclta(j,t) +
J J

del taCj ,s) del ta Cj ,u) ••• (3.3)

Note that gcncrator states \-,:ithdifferent ",,"cightsare orthogonal.
C~nonical gcncrator states of cq~ll weight are no! generally linearly
independent; howcvcr. the depcndcnce can be rccognized by diagonalizing
the Gramm matrix and then removcJ by an algcbraic reduction method:

i) Construct a zero canonical generator vector lE) = O
ii) Apply a wcight-raising operator on the lcft
iii) Reduce the dcgrec of the generator vector

I~r cxample, in the p = 4 case:

lo> mrn
lE) = E21E"E31 10> = ° (3.4)

Nowapply E12 on the left (thi5 raiscs the \lIcight since it takes a

particle out of orbital 2 anJ puts it in orbital 1), and we get

(E.,E,•• [E", E"J) E,lE"lo>

E.,(E"E,• - E,.) E"lo> - 2 E"E"lo>
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(3.5)

-2 E2,E""'210> - 2 E"E,,10>
=>

4. THE mSHINSKY - NAGEL CONSTRUCTION

In the Moshinsky-Nagel transformation, Gel1fand states are
constructed from canonical generator statcs; we can hTitc this as

IG> = L lE) (EIG>
E

(4.1 )

amnL 10>mn
(4.2)

~here N is the normalization constant sllch that if <010>
G

then

(4.3)

(where the bracket is evaluated by the reduction proccss oí section 3), ~mn

is given in tcrms of A by
G

amn

and wherc

(4.4)

amnL = L E (Elmn) (4.5)
mn E

is a weight lowering opcrator symmctry-adaptcd to t}~chain (~1. 2.9).by

requiring that

Er.Or r+l ron
far 1 ::;;r :¡ n-l (4.6)
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lhc cocfficients (E[rnn) involvc products of thc cigenvalucs of the
diagonal opcrators

(4.7)

f~amplcsof this transformation (fer the p = 4 case) follow, ~here the
\.'s in Eq. (4.2) have been converted to E's (as in Eq. (4.5)) u5ing rabIe

1 írem thc appendix.
FromEq. (.l.2) \~'e gct far the general fom oí a Cel'fand state

for U(4)

t hen \\'C ha ve

(4.8)

i)

le> = rnrn
or

so

\
20¡220

2 1
2

this cannot be reduccd, so nom'lliz.ing

K2 <01 (E32E23 + E22 - En) lo>
G ,
2 NG <010>
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therefore

le> =
1 E"lo>¡¿

ii)

2
le>

~3 3 2 o

2

so

le>

and nonnalizing

1 = <Gle> ~ <OIE"!'"E"E,, lo>
2

!\G <o I E2 3 (E32E2] + 1:2" - E] 3) 1:) 21 o>
2

NG <OIE"E"(J:"I,, + 1" - 1.13) 10>
2

= 2NG <O 1 E"E" 10>

2
= 4~G<010>

thcrcforc

lc> = iE"",,lo>



iii )

le> = rn
[3E

or

1
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Ir.> = NG L21i."i." 10>

so

(absorbing thc 4 into Ne)

and normalizing

4N~ <010>

thcrcforc

In TabIe JII in the aPl~nuix,~c inelude ..11120 singlet states for U(4).
11lc rcducUon ano nonnalization [01' thcse statcs \\'as carricu out by hand
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and then checkcd ,d th our ~!ACSyr-~\progr.un.

5. MM'Y-RODY GEL'FA\TI STATES

The gcnerator statcs are true many-botly gtatcs sincc tile)' are

independent cf both the munbcr of particles (N). and the numhcr of orbital s
(p). The ~bshinsky-~agel construction forms Gel 'fanJ statcs [roro generator
gtates; if again "'C do not spccify :\ and p, thesc Ccl'fand statcs are truc

ma.ny-bodystatcs in h'hich ""'etake Pe = ~e = 2m (hhcTC ro is the dcgrce cf
excitatían), as the cffectivc number of orbitals i.md cffectivc numhcr of
partides respectively. Tile associatcd Gcl'fnnd-Wcyl tabIel! will canta in

Ne = 2m boxcs. Below, we provide examples oí this many-body representatian
for singlet statos (the extcnsion to highcr multiplicities is straight-
fon,ard and will not be incluJed here for simplicity).

:0> =

h, h,

hi hi

hf hf

f Ne/2

For a single cxcitation Cm 1). h'C havc:

h, h, I

¡
Iph)

¡
Eph 10>

h~+1

~-I
12 /2

hi

hf h



h"hcreh hl. for 1 :;¡: i ~f.

For él doublc cxci tat ion Cm

~ Iphp'h') = .!. l' E 10>
1. 2 'ph p'h'

\dlC re

h hi 1 ~ I S r1
rJ

i f r
h' hj S j S

Z) :

h, h,

hi-l hi_

hi+1 h i+l

h, h,
ÜLI~.p_

- ,--
h, h¡

bi hi+ 1
-

h, hj+l.

hf he
p p'

GJ!J
~

~
02J

101
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p :;¡ pI

4p = pI then h < h'

Thc freeen unitary group 11:uniltenian i.s

hhcrc

", ¿ ErEn
r

V} ¿ L I rs 1 Ers
r s

V, 1 ¿ ¿ L ¿ [rs ¡tu) E [= "2 rs tur s t u

(6. 1)

(6.2)

(6.3)

(6.4)

/\5 cxamplcs of hami1tonian tTIatrix clcmcnts consider (as in scct ion S \\"C

\\"i11 assumc s inglets for simpl ici ty, but thc extension to higher

multiplicitics is not difficult),

i) thc cncrgy of thc grounJ statc:

E(O) = <apilo>

2 h I'h - ~ Ihhl + 2 ~, ~, [h,h,lh,h,l

+ L L [hrlrh)
f h

i i) energy of a s ingl y exc ited statc:
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<Ih Ip 1IIIIIp Ih 1 > = (hp IlIlph)

-I [h¡h¡]. (1/2) [hhJ - (1/") Ipp]"¡
[h¡h¡lh,h,] - I"¡ [h,h¡lhh]

I [hhlh¡h¡1"¡ (1/") [hhlhh]

• [pplpp] • [hplphl • [phlhp]

7. SECO\TI-QUA.\TIZIIJ CAIOHAl'10\ 01' IIA\III.TO\I,\\ ~,\I"RI\ LlHlE.\TS

'J11C sccon(\ (¡uanti:l't! h:uniltonian is

(7. I )

V¡ I I [RSI "R' "s
R S

v, = I I ) I [ll<;lllI[ "R' "T' "U "5
R S T U

(,.")

(,..))

:md ""tK'fC he have uscd (apital lettcrs to ¡ailet fcnnioll orbitals \,hich are

produ ....ts of frecon orhit:l1s ;md spin orbitab, {.c.

lit - 1> = Ir> la>

IR> Ir> lo>

(, . S)
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R = 2 r .

rOl' a spin-frcc Jlarniltonian,

IR S-IJ = IR-I S] = Ir sJ

(7.6)

(7.7)

IR s-liT U-I] = IR S-I IT-I UI IR-I slT U-I]
(7.8)

IR SIT UJ

= IR-I SI'I'-1 U] = Ir slt ul

IR 51'1'-1 U-II = IR-I 5-111 UI

= IR-I 5-11'1'-1 U-I] O

(7.9)

The zeTO arder ground statc is

\\hcrc I > is thc vacuLUn statc.
One particle cxcitations (ro = 1) froro the ground state and their

spin projcctions fol1ow:

¡<:,> = 11'-1 11-1>

(p h)\
(a e) /
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[G2> [P H>

I
(p h) )

(a 8)

The projections oE thesc two states give the singlet and triplet ane
particle excitatían statcs, i... e.

Iph; s> 1
(7.11)= - ([G,> + IG2»Ir

[ph; T> 1
IG2» (7.12)= - (IG,> -Ir

and thcsc states correspond to the singlet and triplet obtained with
gcnerator states. ¡.c.

Iph; s> = ~ =l.. EphlO> [o>
~Ir

Iph; T> = ~ ~hIO> 10>
~

(7.13)

(7.14 )

Moreover, since not only the states are equivalent, but the Hamiltonians
are a150 ana10gou5 (compare Eq5. (7.1)-(7.4) with (6.1)-(6.4), then the
matrix elemcnts are the same and the two formulations are equivalent.

8. SlJ¡.l\1ARYM'D Ca-JCLUSIONS

Wc have sccn how thc unitary gro~)formulation can be used as a
many-body thcory. We use thc overconvlete, nonorthono~~lparticlc-hole
canonical generator basis formcd by applying wcight-lowcring generators
to thc highcst-weight statc. WC transform this basis to the complete,
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orthonormal many-body Ce}' fand basis by the :-loshinsky-f\agel construction.

~,!atrix clements o\'cr the (el' fand basis are calculatcd by first expanding
in tcnns oC the canonical basis ffil(! then evaluat ing Lie-algchraically
using the rcduction proccdurc o[ scction 3. '111Calgcuraic rcductirln is
straight-fon.mrd, but tcdious c\'cn [or 5m3!l p and N systctnS, thus ,,'C ha.ve

de\'clopcd a symbolic manipulation program using ~tACS'rNi\ to perfonn the

~!oshinshJ'-~agel transfonnation and the evaluation of matrix clcr.cnts.
111e many-botIy Ccl'fand basis offcrs an altcrnativc to the spin-

projectcd sccond quantizcd approach to spin-frcc many-body theories; e.g.
perturbatlon and couplcd cluster thcorics ano uircct configuration
cnlcubt.ions.

Appcndix: Tablc 1

¡':eight LO\\'cring Opcrators

+ E)lEs3X12X1C. + E21Es2X13XIC.

+ E31E ••3Esc.X12 + E21Ec.2ESC.X13

+ r~21E32Es3XIC. + E21E]2E ••3Esc.



A rs E
rr

E -1'+$
ss

10;

Appcndix: TabIe 11

General Jonn [01' \\'cight LO\\'cring Operators

1.0+1 E0+1n o

1. E A + E E0+2 o 0+2 o o 0+1 0+1 o n~2 11+1

1.0+3 En+3 A 0+1 Ao 0+2
+ E En+3 A 0+1o o "o 11+2 o o n

+ E En+3 A + E E E0+1 o 0+1' n 0+2 0+1 n 0+2 0+1 0+3 0+2

1.0+4 E0+4 A 0+1 A 0+2 A 0+3o o o o o

+ E E X A0+3 o 0+4 0+3 n 0+1 n n+2

+ E E 0+2 A A0+2 o 0+4 "o 0+1 "o 0+3

+ En+1 £0+4 A Ao 0+1 "o n+2 n 0+3

+ Eo+2 En+3 1.:0+4 x"o 11+2 0+3 0+1

+ En+l En+3 11+1 [n+4 n+3 'o 0+2o

+ F--n+l EO+2 n+1 En+4 0+2 Xn n+3o

+ E E [ En+l o 0+2 0+1 0+3 0+2 0+4 0+3

\dlCrC

X rs Err
E -r+sss

For a more gene";I] case, thc rccursion rclat ionship bet\,ccn lo\\cring

opcrators is uscful,

IJTUl = [1m m-l. Im-l n1 ~n m-\ + lm-! n I:m m-l
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AppcnJix: TabIe III

Irreducible, nomal izcd representat ion of Gel' fand statcs [ar

p = "

IlrlI 2 2

[TI
[D¿]

r;-r;]
~

flIlJ
[2]2]

GLJ
ITJ

1
= - E" 10>

.;¿

~j
~

~
~

L:J2J
~

[lliJ
~

l2UJ
l2.hJ

=l..-I: E f, 10>
Ií 31 32 "2

1 I
== ./S" El1E1¡2E"2 O>

[ili]
~
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r;t;l
~

1.- En lo>
/L:

GJ2I
~

GI:2J
CD:2J

GJ2J
I~

~
~
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