Investigacidn Revista Mezicana de Fisica 34 No. 2(1938} 147-151

On the moments of classical and related polynomials

N.M. Atakishiyev”®
Physics Institute, Baku 870148, USSR

S.K. Suslov
Kurchatov Institute of Atomic Energy, Moscow 128182, USSR
(recibido el 22 de enero de 1988; aceptado el 23 de febrero de 1988)

Abstract. We consider the moments of weight functions for the clas-
sical discrete orthogonal polynomials.

PACS: 02.30.4+¢g

1. Introduction

Recently considerable progress has been made in the theory of classical orthogo-
nal polynomials of a discrete variable on non-uniform lattices ([1-8] and references
therein). In these papers, a class of polynomials was singled out and many of its
properties were established. Among the topics that were discussed we may mention
several equations, the classification of lattices, the orthogonality property of poly-
nomials and their various derivatives, series expansions, Rodrigues-type formulas,
etc. Since the results obtained in [1-5] in fact amount to a further generalization of
Hahn's approach to the theory of orthogonal polynomials [9], it is natural to expect
that in this case some analogue of Hahn’s characterization theorem should also
exist, in consequence of which any one of five proper conditions are known to de-
termine a unique class of orthogonal polynomials (Hahn’s class, see reference 10).
Moreover, fragments of the proof of such a theorem are essentially contained in
the works mentioned above. But, as far as we know, the question concerning the
properties of the moments for weight functions still remains untouched. This will
be the subject of our discussion in the present paper.

2. The moments of the classical orthogonal polynomials

Before obtaining the relation between the moments of the classical orthogonal
polynomials of a discrete variable, it is convenient to give a simple derivation of
an analogous relation for the Jacobi, Laguerre, and Hermite polynomials, which
is then easy to generalize.
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From the Pearson equation (op)' = 7p for the function p,(s) = o (s)p(s) we
have

[o(s)pu(s)]" = 7u(s)pw (), (1)
where 7,(s) = 7(s) + vo'(s). Using the equation (1) and the expansions

o(s) = o(2) +o'(2)(s — 2) + %c”(s . 2)2,

(s) = 1u(2) + 7y (s — 2),
it is easy to verify the identity

Llo(e)ou(s)ls - 214 = uo(z)(s - (o) .

+[ru(2) + 1o’ (2)](s — 2)¥pu(s) + (7, + gua)(s = 2)*Tpu(s),

where p and v are arbitrary complex numbers.
If the boundary conditions

b
o()ou(s)(s - 2)#| =0 (3)

a

are satisfied and the integrals exist, then from (2) for the quantities

b
Cunlz) = [[(s = 2)*pu(s) ds
a
follows the relation
19(2)Cuu-1(2) + [1(2) + 40’ ()|Cun @) + (7 + huo") Cupa () = 0. (4

Hence when v = 0, p = p = 0,1,2,..., z = 0 and ¢(0) = 0, we arrive at the
desired two-term relation

[7(0) + po'(0)|Cp + (r' + %pcr") el (5)
for the classical moments
b
Cp = Cpp(0) = [ sPp(s) ds.

The derivation of the relation (5) can be generalized to the case of the classical
orthogonal polynomials of a discrete variable on non-uniform lattices.
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3. The moments of the classical orthogonal polynomials of a discrete variable

We start with the Pearson-type equation for weight functions
(6)

A(G"Pu) =prVazy1,

and with the “generalized power” introduced in reference 11. It can be shown that

for all complex values y and v the identity

AS{U(s)pu(S) [$u+1(5 —1) - I"*‘(E)](“)}
(7)
]‘“‘”pv(s)mﬂ(s}

= 5() |z (s) = 2(8

is valid, where S(s) = ~v(p)o(s) + 7u(s)[zp—pu(s + 1) — Tu—p(€ + 1)]. Using the
expansions

S(s) = 'Y(li)f}u[Iv(-S)] + Fy[Iu(S)] [Oz(,u].r,,(s] + B(u) - xu—,u(f + 1)

= Do + Dy[zu(s) — zu(€ — u + 1)
+ Da[zu(s) — zu (€ — p+ 1) [z0(s) — T (€ + 1)),

where
Dy = a(u)7), + 31(k)é",,

Do =~(p)o(§ - n+1),
D _ o+ 1) o€+ -+ )V (€4 v 1) - olE =3+
' Az, yi1(€)

we come to the identity analogous to (2),

Ba{ (@ ()zsa(s = 1) ~ i1 (O} = pu(s) V(o)

x {Dolau(s) = 2u( 1) + Dz (5) - 2, (€)1
+ Doz (s) - (€ + D)WY},

From (8), for the quantities

b—1
Cuu(€) = 3 [zu(s) — 2o ()" pu(5) V2, 41 (5)

§=a
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under the conditions similar to (3), follows the three-term recurrence relation
DOCV,,U—'].(E) i Dlovp(g) 1 D2CV,,u+1(E) =i (10)

If we put in (10) £ = a + g — 1 and choose o(a) = 0, then the equality

ola+pu+v)+rlat+p+v)Vz(a+pu+v) Cuula+p—1)
Vzuivi1(a) (11)

+ [e(p )"u"“i'?’( )&’ ]Cv#+1(a+ﬂ)—0

arises. As a result when v = 0 and ¢ = p = 0,1,2,..., we find the two-term
relation for the moments of distributions that we have been seeking

Copla+p—1) = Z [z(s) — z(a + p — 1)] P p(s) Vzy (s), (12)

Cp

where

(2(s) — z(a+ p— 1)](P) = ng —“+k)j—zs") ¥ (s).
k=0

Here we have chosen as an example the moments for the discrete orthogonality
property. Actually the same line of reasoning remains valid for the continuous
orthogonality property and, in particualr, for the Askey-Wilson polynomials.
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Resumen. Se consideran los momentos de las funciones de peso para
los polinomios ortogonales discretos clasicos.



