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Abatract. \Ve considcr the moments of weight functions for the das-
sical diserete orthogonal poiy lIomials.

PACS: 02.30.+&

1. Inlroduction

Recently considerable progress has been made in the theory uf elassical orthogo-
nal polynomials of a discrete variable on Ilon-uniform Inttiees ([1-8] ane! rcfcrences
thercin). In these papers, a class of polynomials was singled out and many of its
properties ,•.'ere established. Arnong the topics that ","ere discusscd we may rnention
several equations, the classifieation of lattiees, the orthogonality property of poly-
nomials and th(~ir various derivatives, series cxpansions, Rodrigues-type formulas,
etc. Sinee the results obtained in ¡1-5] in fact arnount to a further generalization of
Hahn's approaeh to the theory of orthogonal polynornials [n], it is natural lo cxp<,ct
that in this case sorne analogue of Hahn's characterization theorem should also
exist, in consequence of which any one of five proper conditions are known to de-
termine a unique class of orthogonal polynomials (Hahn's c1ass, see reference 10).
Moreover, fragments of the proof of such a theorcm are essential1y contained in
the works mentioned aboye. But, as far as we know 1 the question concerning thc
properties of the rnoments for weight functions still remains untouched. This will
be the subject of our discussion in the prescnt paper.

2. The moments of the c1assical orthogonal polynomials

Before obtaining the rclation between thc morncnts of the c1assical orthogonal
polynomials of a diserete variable, it is convcnient to give a simple derivation of
an analogous relation for the Jacobi, Lngllcrrc, and Hermitc polynomials, whidl
is thcn eas)' to gcncralize.
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From the Pearson equation (up)' = Tp for the function Pv(s) = UV(s)p(s) \Ve
have

\Vhere Tv(S) = T(8) + "u'(s). Using the equatioll (1) and the expansions

u(S) = u(z) + u'(z)(s - z) + ~U"(S - z)2,

Tv(S) = Tv(Z) + T~(S - z),

it is easy to verify the identity

d
-¡u(s)Pv(.s)(s - z)"1 = 1"'(Z)(.s - z)"Pv(s)
de

+ [Tv(Z) + II"'(Z)](s - z)"Pv(s) + (T~ + ~¡I"II)(S - z)"+lpv(s),

wherc Ji and vare arbitrary complex numbt'rfi.
If the boundary conditions

are satisfied and the intcgrals cxist, thcn from (2) for the quantities

follows the rclation

(1)

(2)

(3)

Rence when v = O, J.1 =]J = 0,1,2, ... , z = O and 0(0) = O, we arrive at the
dcsired two-term rclation

[T(O) + pu'(O)ICp + (r' + ~PUIl) Cp+! = O

for the classical moments

(5)

The derivation of thc relation (5) can be gcneralizcd to the case of the c1assical
orthogonal polynomials of a discrete variable on non~uniform lattices.
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3. The moments of the c1assical orthogonal polynomials of a discrete variable

\Ve start with the Pearson-type equation for weight functions

(G)

and with the "gencralizcd powcr" introduced in rcfcrence 11. It can be sho,,"n that
for aH complex values Jl and V the idcntity

(7)

is valid, wheTe S(.s) = ,(I')"(S) + 'v(s)lxv-p(s + 1') - xv-p(é + 1)]. Using the
expansions

S(s) = ,(I')av[xv(s)1 + Tvlxv(.s)j ["(I')xv(S) + .8(,,) - xv-p(é + 1)

= Do + Ddxv(s) - xv(é - l'+ 1)1

+ D2[xv(s) - xv(é - l' + 1)1[xv(s) - xv(é + 1)],

where

Do = ,(I')"(é - l' + 1), D2 = "(I')T~ + h(l')a'~,

DI = "(é + v + 1) + T(é + v + 1)\7xl(é + v + 1) - "(é - l' + 1)
t.Xv_p+1 (é)

we comc to the ¡dcntity analogous to (2).

t.'{"(S)pV(s)lXV+I(S - 1) - Xv,dé)I!")} = Pv(.s)\7xv+ds)

x {Dolxv(s) - xvWI(p-1) + Ddxv(s) - xv(é)l!p) (8)

+ D2[Xv(S) - xv(é + 1)I(P+I)}.

From (8), for the quantitics

b-I
Cvp(é) = ¿: [xv (s) - xvWI(") Pv(S)\7XV+l (s)

4=0
(9)
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under the conditions similar to (3), follows thc threc-term rccurrence relation

(10)

If we put in (10) 1:= a + l' - 1 and choose ata) = O, then the equality

a(a+l'+v)+r(a+l'+v)'Vx¡(a+l'+v) ( )
'V () Cv"a+I,-1
x"+v+! a (11)

+ IQ(¡')¡~+ h(I')Ü'~ICv,"+! (a + 1') = O

arist~s. As a result when v = O and J.l = p = 0,1,2, ... , we find the t\vo-tcrm
rclation for the moments of distrihutions that we have been secking

b-¡
Cp'" Cop(a+p-1) = ¿Ix(s) - x(a+p-1)](p)p(s)'VX¡(s), (12)

lI=a

where

p-l P
Ix(s) - x(a + p - 1)](p) = IlIx(s) - x(a + k)j = ¿ S~k)(a)xk(s).

k~O k~O

Hcre we have chosen as an cxample the morncnts for the discrete orthogonality
property. Aetually the sarne line of reasoning rernains valid for the continuous
orthogonality property and, in particualr, for the Askey-\Vilson polynomials.
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Resumen, Se consideran los momentos de las funciorles de peso para
los polinomios ortogonales discretos clásicos.


