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Abstract. Tite continuolls orthogona.lity property fOTsorne classical
polynomials of a discrelc variable is studicd. An application to a rela.
tivistic quasipotential Illodcl of the N -dimensional harrnonic oscillator
is discusscd.
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1. Introduction

In thc papel' [1] the general theory of thc classical orthogonal polynomials oC a
diserete variable on quadratic latticcs was devclopl,tl on the basis of a difference
cquatiotl of the hypcrgeornctric typc. For sorne other classes of non-uniform lattices
this t1ll'ory was extended in Hcf. [2]. Thc classification of polynornials arising in
thcsc cases was carried out in Uds. [:l,4], thcse rcsults have been further developed
in Hefs. [5-7). As a result it became possible to gcneralize a sirnple approach to
construding a theory of the classical orthogonal polynornials, suggested in Re£. [5],
for solutions of tlle corresponding hypergeornetric-type differencc cqllation on non-
lIniform latticcs.

FOI"furthcr considerations it is cOllvcnient to write the hypeTgcometric~type
differcnce equation in the sclf-adjoint form

6 [ "'/(Z)]6r(z _!) a(z)p(z),,~(z) + .\p(z)y(z) = O (1.1)

As was shO\\'n in Hef. P} polYllomial Sollltions y = Y71(x),x x(z) of the
cquatioll (1.1) fOI" lalticcs of thc form .r(z) = cQz2 + CIZ + C2 do exist fOf definite
valucs of .\ = ,\",and tlle)' can be reprcscntcd as the following analogue of Rodrigues'
formula:
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Yn(X) = P~:) V'(n)[Pn(x)].

IIcre BtI are conslants and p(z) is a solulion oC the equation

~
--- ---,-[<7(x)p(x)) = T(X)p(X),
~x(x-2)

(1.2)

(1.3)

wherc <7(x) = &(x(x)1 - ~i'[x(x)]~x(x - ~), T(X) = i'(x(x)) (&(x) and i'(x) are
polynomials in lhc variable x of dcgrccs al most two and one, respl-"Ctively), the
functioIl PtI(z) is defined by lhe cquality

n

Pn(X) = p(x + n) II<7(x + k),
k=1

and the symbol \7{t1) denoles the following difference opcrator:
\

(1.4)

k
x, = x(x + 2).

Under definile eondilions (sce Refs. [5, 7)) poJynomiaJ soJulions Ym(x) and Yn(x)
of lhe equalion (1.1) will be orlhogonal for m i n, i.t.

6-1
:L Ym(X;)Yn(X;)Pi~x;_1 = O,
Zj=a

(1.5 )

whcre Xi = X(Z¡), Pi = P(Zi), ~Xi_! = ~X(Zi - 4), Zi+1 = Zi + 1.

Those polynomial solutions of lhe equation (1.1), Corwhich lhe discrctc ortho-
gonality rclation (1.5) with a constant sign weight Cunction Pi and a monotonic
Cunction Xi holds, Collowing to ReCs. [1,6,7], we shall caH the classical orthogonal
polynomials 01 a discrete variable on a quadmtie latticE. The consistent dcscription
oC thc theory and thc c1assification arising here oC l/ahn, Afeixner, f\"mvchuk and
eharlitr polynomials (Ialtice x(x) = x) .nd .Iso Raeah and dual llahn polynomials
(Iatliee x( x) = x( x + 1)) are givcn in Refs. 11, 5, 7].

As follows from a numbcr of works (scc, for example, Refs. [8,9]), Cor sorne of
the just mcntioncd polynornials thc continuous orthogonalily propcrty, wcll-known
in the thcory oC diffcrcntial cquations, also holds. In particular, ror the example
of the ~1eixner polynomials it was demonstraled [lOj that if we rcpresent the sum
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in (J .5) as a surn of the rcsiducs oC sorne eontour integral and subsequently open up
tbe eOlltour in the eornplex plan e, then as a rcsult of this aftcr analytie eontinuation
in the paramcler we come lo tite continuous orlhogonality rdalion Corthe Meixner-
Pollaczek polynomials [8,11,12). The continuous orlhogonality property was also
proved by direet ealculation of the inlegral for the Hahn polynomials (linear lat.
tice) [13,10,14], for the Raeah aod the dual Haho polyoomials (quadratie lattiee) [91
and Cor sorne other systcms oC polynomials (see, for example, Refs. [15,16]).

Since al! mentioned polynornials are particular solutions to the equation (1.1),
it ••••.ouId naturally be desirable to study the continuous orthogonality property on
a more general basis and to attempt the dassification of tile resulting orthogonal
families.

In the present work • the eontinuous orthogonality property of polynomial solu-
lions to tile cquation (1) is provcd for the case of quadratic lattices. For the lattices
of the form x(z) = coz2 + c¡z + e2 from the unified point oC view the systems
of pol)"nomials are consiclered, which are orthogonal in the eontinuous sense. In
this way it bccomes possible to inelude sorne other important orthogonal families
in the simple scheme devcloped earlier for constructing the tlH.."Oryof the classical
orthogonal polynomials of a d¡serete variable. Sorne of the polynornials thus arising,
for instanee, the Meixner-Pollaczck polynornials, though have beco known for a long
time, hut so far were eonsidered separateiy.

As a simple example of the Curther generalization oC this approach to the other
e1asscs oC oon-uniform lattiees 12] the system of the Askey- \Vilson polynomials is
discussed.

Bcsides, in this work sorne other questions are also considered: representations
through hypergeometric functions for the Racah polynomials and the dual Haho
polynomials are derived froTIl Rodrigues' formula; an application in a relativistic
quasipotential [18,19] model of the N.dimensional harmonic oscil1ator in the con-
figurational represcntation [20} is diseusscd.

2. Continuous orthogonality property

For polyoomial ,olutioo, of the equatioo (1.1) the followiog orthogooality prop-
erty is valid. 1/ the conditions

fc V[P¡(z)x;(z))dz ~ O (k~0.1.2, ... ). (2.1 )

are satisji,d th,o polynomial solutions o/ (l.!!) will b, orthogooal 00 th, eootour e
in the comp/ex p/ane o/ the van'abie ::

.Which is the exlended version of our prl'prinl [17]
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r y,,,[.r(o)]y,,IT(Z)lp(o)VxI(z)do = Ole (111 '1 11). (~.2)

ProQ[ As in the case of the discrete orthogonalily rclation (1..1) (:-('e, for exalllple.
Hcfs. (t>.ij), the casiesl way lo pron' (2.2) is on tbe hasis of diff('rence eqllation
similarly lo the proof for lhe well-knowlI property of lhe Sturlll.Lioll\'ille problclll.
Lct liS write the equations for t.ll<' polynomials !Id:) = Y,dx(z)](A' = 1n,1I) in lllt'
self.adjoint form (1.1), ITlllltiply tlll' eqllation for !1m by Yo and the e<¡llatioll for !lo
by fim itlld thcn subtract lbe sl'cond ('quation from lhe firsl 0111..'.:\s a result we
obtain

(A", - Amhim(:) ¡i,,(:) p(:)VTI(:) = iI {ato) 1'(0) 11'[!im(:),y,,(o)ll. (~.:l)

where

'[~ ) ~ )] ~ )Vy,,(o) ~ VYm(:) I !im(:)
11. Ym(:,Y,,(: =y",(:r;-:--(_) -y,,(o)V (_) = '"'mi,1

',1 ¥ .1" _ \'.r(:)

y" (z) I
\'.rJ,,(Z)
\' x(.:)

is iln ilné'lloguc of lhe \Vrollskié'lll itlld. i\S it ciln be ShOWIl, fOI"lhe quadratic lattin's
is a polYllolllial in .r(: - ~):

I\'Wm(:).Y,,(:)] = L e,x'(: - !).,
Therefore tll(' farmllla (2.:~) for t!lis case has t.Iw fonll

(Am - ,I")y,,,[.r(:)] y,,[.I'(:)1 1'(:) V.I'I(:) =L C,iI[a(:)p(:)x'(: - !). (2 ..1),
Sin('{'

iI[a(:)p(:).r'(o - ~)] = \7[,,(: + 1)1'(0+ 1)./(: + ~)] = V[pI(:k;(o)],

11ll'1lillll'grat ing !Jol h :-;ici"so[ tlll' t'ljll<llily (2 ..1) o\'l'r sllC!l a conlollr c. for which (2.1)
is valid, \\"(' ("011)('to tlll' l'dation (:!,:!).

f{(I/lork. Qur r(,il~olling rClllains ,.alid for otlH'r d<lssl's of Ilolllltliform litUin'S
cOllsid('l"/,d in fieL [2].

\\", hit\'l' provl'd t.1ll' orl!logollalily proJ)('rly 01' pol.\'IJ()rnial sollltiolls to tbt' t'qUit-
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tion (1.1) on a COlltour in the complex plane. 111SOIne cases (see below) it becomes
possible to c1l0ose tlw contour in the complex planeo In sorne cases (scc bclow) il
becorncs possible to choo~e tlw contollr e in (2.2) in su eh a wa)' as to obtain the
continllous orthogonality rdatioll

1.' I'm(t)I',,(I)p(t) di = O (m fe n). (2.,] )

Tbis arises for lbe wal syst{'m of polynomials 1',,(/), obtained from the polyno-
mials !/n(x) by a c1lange of \"ariabl(~ and appropriatc choice of paramcters.

It is abo naturill lo caH tll<' polynomials 1',,(1) lIw c1assical orthogonal polyno-
mials of a discrete variable 011 llw qlla<lralic latlic('s.

3. Continuous orthogonality for the Hahn, Meixner, Racah and dual Hahn polynomials

011 lhe hilSis of Ollr ilpproach we shilll single 0111 polynomial solulions of the
eqllation (1.1) on liJe qllildratic latt.ires, which are ort.1Iogonal in the continuolls
sen se. 11 is 1H'(('Ssilry for Ihis lo filie! slIch a solulions p(z) lo lhe equatioll (1.3) alld
lo choose sllc1I él conlollr e thal t.he following rf'<¡lIiff'rncllt.s are salisfied:

¡) Tlle ¡1I,,"gr.l, ill (2.1) alld (2.2) cxlst;
2) tlH' cOIle!itiOllS (2.1) hol<ls;
:J) the trallsitioll frolll (2.2) lo tlle rt'étl orthogonalit.y properly (2.5) is possible.
'1'0 sat.is(r lIlf's(, rf'qllin'rJwllts it is COllv('llicnl 1.0 make use of lhe following cir-

ClllllstaTlCes.
1° In tlw appronch Ulldf'f consir!eration the f\lnction p(z) isdefined as a so-

lution of the er¡lIation (l.:q up to all arbitrary pf'riodic factor (ilS perioJ being
equal 1.0 IInity), which do('s nol illflll('nn~ the form of polynomials obtained by lhe
formula (1.2). This arl)ilrarill('ss rnay 1)(' exploit.ed when choosing a function p(::).
satisfying the con<iitions (2.1).

The cOIl(1il.iolls (2.1) Illay \)(' rf'wril t('U a..<;

1J(:)d: = r J(:')d:'.
,e le' (:l. I )

whcre f(::) = pl(=).l'I(=) ane! (." is tll(' contour obtaiuc(1 froln a contour e by the
shifl. =' = = - l. The ,'alidity of t1lis ('f]uality follows frolll Cauchy's thcorem provid('d
that therf' i'trf' 110~illglllétriti(.s of 1.\11'fllllclion PI(:) \)('tWf'CII tIJc (ontours e and e'

2° \\'llCll ("ho()~illg él ("olllom e in (2.2) alle! fOl"a slI1Js('qllf'nl proof of thc realil)'
of cllterillg in (2 ..';) polYllollli<lls. it is ("ollw'llicllt 1.0 make liS£' of lhe symrnetry rcla-
tiolls fOl"polYllomial sollllions lo ti\(' ('(llIatioll (1.1). whirh follow from Hodrigues'
formula (1.2).

TakiJlg l.hese fcéttmf's illt.o cOllsie!('réttioll, W(' silétlllrf'al. the systems of lhe clas-
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sial orthogonal polynomials of a di serete variable on lattiees of the form x( z) =
coz2+C] Z+C2, for which the property (2.5) is satisfied. By a linear ehange oC variable
these lattices can always be rcdueed to either thc linear x(z) = Z or the quadratic
x(z) = z(z + 1) ones.

1. Lattice x( z) = z

Thc real eontinuous orthogonality property holds for the Hahn and Meixncr-
Pollaczek polynomials.

l° In the case of the Haho polyoomials h~o,.8)(x,N) ., using the arbitrariness
in the choice of the periodical factor, we select the following solution of the equa-
lion (1.3):

p(z) = r({3 + z + l)r(z - N + 1)r(0 + N - z)r(-z). (3.2)

As a contour C we consider one which comes from infinity along the imaginary
axis separaling lhe poles of lhe expressions r({3 + z + I)f(z + -N + 1) and f(o +
N-z)r(-z). Thechoiceofsuch conlour is possiblewhen o> -1, {3> -1 and N
is any complex number.

The condilions (2.1) in lhe form (3.1) will be salisfied by virlue of Cauchy's
thcorem, sinee betwccn the eontours e and C' (obtained from C by the shift by unity
to the leCt) thcre are no singularities oC the integrand and, besides, PI (z )xf (z) -+ Oas
11m zl -+ oo. Consequently, for the Hahn polynomials h~a..8)(z, N) the orthogonality
properly (2.2) wilh lhe complex weighl (3.2) is valido

\Ve now proceed lo lhe real orlhogonalily properly. Since 1r(3)I' = r(()r(('),
the function (3.2) will take real values in the case when the arguments oC two pairs
of r-functions are eomplex conjugates, i.e. when

or when

{3+z+ 1 = -z', z - N + 1 = o + N. - z., (3.3)

f3 + z + 1 = 0+ N. - z., z - N + 1 = -z'. (3.4)

1) In lhe case (3.3) lhe weighl p(z) in (3.2) becomes real if as a conlour e lo
choose lhe line Re z = -{3 + 1/2 prov;ded lhal Re N = -o + 13/2. Four [urlher
eonsideration it is convenient to put Imz = 1/2(t + ,) and lroN = 1, where t is a
real variable.

Using the symmctry relation

°The Bahn polynomials with the discrctc orthogonality property were introduced by P.L. Cheby-
shev in 1875 (see Ref. [21]).



Conlintlow. ortlwiJonality propcriy for... 547

¡'~'~(z, N) = (_I)"¡,!;',ol( -13 - z - 1, -o - 13- N), (3.5)

which rollows rrom Hodrigues' rorlllula (1.2), it is ea .••y lo show t1lat lhe polynomi-
.Is (i O]

(:l.G)

wllere z ;:; i(t + ')')- ~C8+ 1) alld N;:; h - ~(O'+ {J), are real ror the real valuL'S
or lhe variable t amI the paramclcrs 0,(1 and i. As a rcsult whcll o > -1 and
/3 > -} lhe ort!logonalily properly (2.:1) with the weight given in tablc 1. In Olll"
norlllalizatioll t.he cstimatc

hold,.s 11I ~ oo. /le!e lhe syrnhol ¡(I) ~ g(t) lIle.,1S li,.t lirnlJ(l)g-'(I)] = ¡ ,,1]('11
11I ~ oo.

As')' -t 00 lhc limit.ing rclatioll flO, 7].

f,(o,~I( ) - "[/,lo.{Ji(.) + O( -'JI11 13,')' - 1 n ,~ 1,

is valid, whcl'c p,~of1)(s) ill'C lhe .Jé\Col,i pol)'llollliills.
2) In t1lC'ir tUTIl, lhe condilions (:L.l) ilre satisri('d wl1('l: o = ,13 and N = i.V'.

Using lhe I'elation

1(0.3'(_ \') - (_I)"/IiJ.ol( \, _ --1 \')II! ~,j - In I ~ ,j,

in a silllil¡'lr way Oll<' can ¡>ron: t.he PI'0I)('I'I.)' (2.;,) rOl' tJi(' POIYllolllials [13,101

(01(/ ') _ '_"1 (0.0)( _ .\,)q" ,n -, tn ~.',

\\.II(,I'C:: ;:; }I -1(n - f, + 1) alle! N = ~- n (:-('(' lal,le 1). TJI(' cC]u",litics

(3.7)

hold:-. \V(, 1101(' l" ••.1. l.!l(' polynomiills' q!rll)(I, f,) wit h
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p(t); ~[cosh ~t + cou.5r',
2

have also been considere<! in Refs. [22-25J for .5 ; O and in Refs. [26-31, 81 for
-1 < .5 < 1. \Ve also notice that the polynomial, q~o)(t, 1/2) have the weight
funclion

The polynomials 1)~,o,8)(t, ,) and q~o) (t, 6) are dosel)' relatro to the unitary
irreducible repre!'cntations of l.he Lorentz grollp 50(3, 1) ror the principal and com.
plcmentary series. respecti\'C'ly [lO]. \\'(' tlsed to cal! thcm the Hahn polynomials oi
an jmaginary aryumolf .•

2° The conditions (2.1) arc also satisfied ror tIJe Meixner polynomials m~w)(z)
if p(=) ; (-¡J)'rh+=)r( -z) and the contour e separates the poles of the function,
rh + z) and r(-=). The produrt of these r.functions will be real if / + z; -z',
j.e .. when Re.: = -'"'(/2 and 1m, = O. In this conocctioo we may choose the line
.:= it -,/2 a..c:; a contour C. Thcn

Since thc first factor does not dcpeod 00 t, thco the real weight anses \.•..hen
[/,1 ; I.

By the syrnmetry rclatioo

(,.,.)() -n (,.,.-1)( )
nln ;; = Jl IUn -'"'( - z ,

it is oot difficult lo show that lhe polynomials

°The complex orthogonality propcrty for tbe lIahn polynomialll wa.<¡;Uso proved by Áskey [14] hy
the direct evaluation of the integral (2.2) arter he had hecorne acquainted with our paper (lO]. In
fad, the real form of the polynomials Pn(z;a,b,c,d) treated by Askey, ditrers from (3.6) only by
an unessential "hift of the argllment

Pn(.r; a,b, e, d)::; const.p~21~"-1.2 R.6-1)(lma + 1mb - 2r., 1mb - ¡mal.

The orthogonality of these polynomials for lhe case corresponding to the principal series of the
unitary irreducible representalions of the Lorcntz grollp is also di!lcui'lsed in Ref. [32].
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are real for the real value of t, A and ¡p. As a rcsult we come to the orthogonality.
for the Mriznrr- Pollaczek polynomials P'; (t, '1') [33,31,11,12,8) (sce table 1).

The polynomials q~O)(t,1/2) and dl/'\t, ~/2) are orthogonal on the interval
(-00,00) wilh lhe weighl p(t) = const.cosh-1 Jrt. Therefore lhe equality

is valid [10). The more general expr('5sion has lhe form [35]

(.)(1 1) = (20 + n + ¡)n p(.+I/')(t ~)
q 12" 22n n , 2

2. I,a/ticc x(z) = z(z + 1)

10 In the case of the Hacah polynomials U~O)1)(.T, n, b) the conditions (1.)) will
be satisfied for a function

p( z) =r(o + z + 1)I'(a - z)l'(z - a + 13+ 1)r(¡3 - a - z)r(: - b + 1)

r(-b - :)1'(1,+ o - :)I'(b+ o + z + I)sin ~(2: + 1).

if lhe contour e separatcs the poles of r-functiolls, goin~ out lo ti\(' l('fl illld lo ttlt'

right, rcspC'cti\'c1y. By allalogy wit.h tbe .Jacohi pol.\'llolllials 11]('P¡ll"éllIWt.('I'So alld
{3are considered to be real, wllilc tllf' parametcrs fl ttlld 1, 111'1:'" t,"';l' ('olllpll'X "illtl('s.
1'11<: wcight wjl! be real if

a + : + 1 = 13 - a' - z' }

¡3-o+z+ 1 =a' -:' '

: - b + 1 = /,'+ o - :' } .

b+ o + : + I = -b' - z'

j.C. wIJen Hez = -1/2, Iku = 8/'1, 11c1, = -0/2. Fol' furthel' (,ollsic!t'r¡llitlll il IS
cOll\'cnient to put 1m:: = .~,IIIl(1 = b alld 1mb = ,.

Using lhe rclation

,,~n.a)I.T(:),a,bl = 1I!.n.dl¡.r(_z - I),{/-a,-o -/'1,

•As is kno ••••.n {ID, 1,1J. th('rf' f'xists a c!os(' relaliollship hl't .••..("('111111':\Ieixll<'T.I'olla(l.d; I'.,I~ 11"lllials
and thc Mcixner polynomials, though 111('forlll('r salisf)" a (,olllillllOtlS (lrll,n~(llló\lilY rd,lllúlI alltl
lhe latrr, a discrete OIlC. In Pi\rt ¡cular, Ihe orlllogollalily for 1111'\I •.iXIll'r-I'. ,11M""'" ""IYII"rni;1.l.••ran
1)(' obtaillcd by the allal)'lic ronlilltlal iOl1of t hf' di.sC"Tcl«orllwp;(\II,llil) fl,r Li1l' 'kixllN POI~'I'('llli;I1...•
•••..ith 11,(' aid oftlle SOl1ll1l\'rf('ld-Wals(~1I I rall.sforllli\liOIl [10].
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t(o + 1)(13 + 1)+ ~h'+8') + ¥(o + 13 + " + 1)+
(B2_o2)()"2_p)

2(o+p+2n )(o+IJ+2n+i

(n+n)(p+n)I("¥l+n)' +('-")]~+n)' +(1+")
(o+p+2n )("+;1+211+2)

(_l)nu~n,p)(:r,(J,b), :r = -1 - t,
p ., b n .a=}+w, =-}+q

Pn(t,a,b,c)

(0,00)
,+,-W (id +a) r (id +b) r (id +c) l'sinh2r.d

(a > O,b > O,c > o;
a = b', !lea> o, c> O)

1
Il!

;!rl'(a + b + n)f(a + c + n)r(b + c + n)

n + 1

ab + oc + be + 2r¡2+

+n(2a+2b+2e-l)

(a + b + " + l)(a + c + " - 1)( ¡, + c + " - 1)

(-I)nll',\'-~)(:r,a -~. ~ - b),

l' = -t - t

¡)
•5'•e••
e
:l;
e•o
'".;;
"
~,
.;;
C'
"

TABLE 11. Continuous orthogonality for the Bacah ,1.lId dual lIahn polynomials. ".'"-
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which follows from (1.2), it is not difficult to show that thc polynornials

(3.7)

where x = -t - 1/4, z = is - 1/2, a = i6 + (3/2 and b = i¡ - 1/2, are real lor
the real valucs of t,o,/3" and 6. As a rcsult, we come to the property (2.5) (see
table 2). The asymptotic bchaviour

holds as t ~ oo. Tbe parametcrs oC the polynomials ])~o,P)(t, " 6) are chosen in (3.7)
in such a \••..ay that tbe rclation

is valid as ')' ~ oo.
The continuous orthogonality for the Racah polynomials was established earlicr

by the direct evaluation oC the integral [9}.lIere this property is proved on the basis
oí our approach. Resides, for the polynomials (3.7) a choice of the parameters is
used which emphasizes their analogy with the Jacobi polynomials. The continuous
orthogonality for the Racah polynomials was also proved by ~Iiller [36]with the use
oí symmetry techniques, which eontains points oC similarity with our method.

2° In the case oí the dual Hahn polynomials ~V~c)(x,a,b) in a similar manner it
is possible to come to the eontinuous orthogonality for the polynornials Pn(t1 a, b, e)
(lable 2). For lhe weighl p(t) lhe eslimale

holds as t ~ oo. The eqnalily analogous lo (2.5) was eslablished by Wilson [9J.
In connection with a relativistie quasipotential model oC the three-dimensional har-
monic oscil1ator this propcrty was also trcated in Hef. [37].

In accordance with their dcfinition the basic properties of the polynomials,
exhibited in tables 1 and 2 -the differcnce equation, an analoguc of Rodrigues'
formula, formulas oC diffcrence diffcrentiation and so on- can be obtaioed through
the properties oí the classical orthogonal polynomials of a diserete variable 00

linear aod quadratic lattiees, which have becn studied carlier. (See, for example,
Rels. [38,7]).

To ealculate the square oC the norm
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d~ = l P~(t)p(t) dt (3.8)

we shall modify in the following way the considerations for the discrete case carded
out iu Refs. [5,7]. Let in (1.1) y = Yn(X) and Á = Án. Vnder these assumptions for
the functions

where Xa = x(z), va = y(z), the equation [1]

is valid. Let us multiply both sides of this equation for the function vdz) = Vkn(z)
by Vln(Z)~Xk+l(Z) and integrate over a contour e, for which the conditions (2.1)
are satisfied. Then for the quantities

we obtain

I1ence, using thc identity

Ll[J(z)g(z)] = j(z)Llg(z) + g(z + ¡)Llj(z)

for thefunctions j(z) = v,,, (z) and g(z) = u(z)p,(z) ",¡,':;(,V, we cometo the relation

(3.9)

provided that the conditions



554 N.M. ltlakishiyct' (lll(l S.A'. Sus/OI1

are satisficd. Fl'olll (~.9) we successivcly nnd

Since t'"" = ¡1"!J,,
]'cslllt we oht<lin

")IIst. ami ¡1" = (-1)" n~:6Jlk~ (sce flcf. [7J), then as a

d;' = r y;,[.l'(=)]p(=)V.l',(=)d= = (-I)"A"n;, r p,,(=)Vx,,+,(=)d=.le le
The squarrs of t.lw norms (~.S). <:a!culalcd on th,: basis of this equality, are

given in t<lbles 1 <11\(12. 'I'hc "alucs of inlegrals are laken from Refs. [39,40,9],
For all considcrcd POIYtlOlllials la.hlcs 1 amI '2 conlain also the leading terms oC
t.he expansiotl 1'1l(t) =- a1l1" + ... ami lhe cocfficicllts oC the recurren ce relat.ion
ll'lI(t) = Cllll'lI+¡(1} + (JI/PI/U) + ,'"p,,-l(t).

4. Hypergeometric representation for the Racah and dual Hahn polynomials

Tbe Hodrigucs-typc formllla (1.2) for tIJe Hacah polynomials was first estab-
lishcd in Hcfs. [.11,,12]. A represcllt<ltioll fOl' thcsc polynomials in the form of the
bypcrgeolllcl.ric fUllction 1F3(l) was trc<l!ed by \Vilson r9] <lml tiJen it has hccollle
a st.arting point for a Ilumhcr of illvcsligill.ions. In tbis COIlIH'ctioll it is Ililtural lo
derive the rcprescntatiolls fOl" the Hacah and dUill lIahn polynomials Ihrough tile
bypcrgcomel.ric fllllctions. The corrcsponding results fol' the linear lattice are givcll
in !leL 17].

\Vith the aid oC tile 1I0tion of dividcd diffcl'cllc(, (scc, fOI"exampk, Ref. [.n])
Rodrigues' formula (1.2) in the ca.se of lhe qlla<!ralic lat.tice :r(z) = .:(= + 1) can be
brought to tile fonn

y"lx(z)] = (-I)"n" t (-n),(z - ~ + 1),(2= + 1- "h [pn(z -" + k)].
(2z-n+.2)" bO k!(z- ",'h(2z+2), p(=)

(1.\ )
where (ah; a(a+ 1) ... (,,+ k-I) = l'(,,+ ql'-'(,,). (J,i"g (1.1), iI i, I'o«ihl"
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to ohtain the following hYPcl'gC'olTletric rrprcscnlations for lile Itacah U,\n,¡J)(.r, (l, b)
and dual I1allll lV~c)(x, a, 11) polynornials:

(-1).
-,-(/3 + I).(b- a - n),,(a + 1,+0+ 1).n.

,(-n, o+/3+n+l,
x .Ih

/3+1, a-b+l,
a-=, a+=+III),

a+b+o+1
(.1.2)

(-1).
1F~')(.T,a,b)= --,-(a+c+ I).(b-a-,,).n.

/ {' (-71, (l - ::,

x:) '2 fI + e + 1, a+=+111)a-b+l .

In fkri\'ing (.1.2) alld (.1.:1) frolll (1.1) 'n~haw,: lIsf,d liu: formulas (.1) on pagc 25
tilld (2) 011 ptigc 2S fmlll !lilc'y [.10] rf'Sl)('di\'dy. with t1w suhsequl'llt cOIlW'ntional
1rilllsil ion to 1he polYllollliill l'xprcssiolls in the arising fllllel iOIlS .1f\( 1) and 3 F'-:!( J),

'I'llc hypergeometric n'presf'lllal iOlls for the dilssiCill orl.hogolltil polynolllials of
il discrclc "ilriable 011 thf' qllarlral.ic lallicf' are cxhihi1cd in tahle :~. ,\11 C'xpi\llsions
iJl this tahl(' can be rcpn~('ntc.d in l.hc 1I1lificd forlll:

"
.'1,,1,(=)] = L (',,,I.,,_,(a) - .,,_,(=)]('1.

k=o

(-1

I.,,-,(a) - .,(_,(:)]1'1 = IlI.,,-,(a) - .1(_1(: -1')1
,,:0

k-l k

= Il[,(a + 1') - .,(=)] = (-1)' L Si")(a).,"(:).
,,:U ,,:0

5. On the Askey-Wilson polynomials

(.1..1 )

Tlw proof of 1111'l'OlllillllOllS orlhop,ollalily 1'('latiOlI (2.2), gi\'CIl rol' the case of
q1J;Hlratic lilH i('('s in 1111'sed ion 2. is il1 fad of p,C'lIc'r.d chal'i\cter and remains valid
(wilh ('OIT('Spol1dill,l!; dlilllg:t.S) rOl' .111da!'isc'S of 1l01111l1iforllllattic('s, considercd in
Ikf. 2. 111t.his ('oI111l'dioll. in C'(mlplctl' al1alog:y wilh Ihe case oC quadratic lattice,



Y.(x) ,F,to
Lattice x(z)=z

h~.'P)(x,N) (-~r(/3+ I).(N - n).3F, (/3 -:i, <> + /3+ n+ 1, -x 11)
I-N

m~7,")(X) (-y).F( -n, -x, ')',I -1'-1)

• ( . -n, a-z,a+z+lll)(-~i(a+c+I).(b-a-n).3F, a+c+l, a-b+1

,
..!l

~
:.:
"i."
"o,
.~
]
~..;
::i
'"

K!;l¡x, N)

C~(x)

u~.,P)(x,a, b)

W~<)(x,a,b)

(-p)'CÑF( -n, -x, -N,p-I),

,Fo( -n, -X, -1'-1)

Lattice x(z) = Z(Z+I)

(-~r(/3+ I).(b - a - n).(a + b+ <>+ 1) •• F3 (/3-:i,

N!
CÑ=~

<>+/3+n+l, a-z,a+z+lll)a-b+ 1, a+b+<>+ I

'"~ TABLE III. Hypergeometric representations for s.ome c1asical polynomials oí a d¡serete variable.
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studicd aboye in detail, it is possible to give a simple derivation of the continuous
orthogonality properly also for other systems of classical orthogonal polynomials.
In particular, this can be done for the polynomials p,,(t, a, b,c,d, Iq), introduced by
Askey and Wilson [13). In lhis case we have x(z) = eoshwz = !(q' +q-'),q = eW,

<7(z)= q-2'(q' - a)(q' - b)(q' - c)(q' - d),

p(z) = p(z,",b,c,d) = AI,(z) n 9(Z,V),
v=a,b,c,d

(5.1 )

(5.2)

Ilere I,-I(z) = r,(2z)r,(-2z)(q' - q-'), r,(w) is lhe q-gamma funclion (see,
for example, Refs. [44,4,,)),

00 00

9-
I
(ZV) = n (1 - vq'H)(1 - vq'-') = nll - v(q' + q-')q' + v2q24), Iql< 1,

,1;=0 ,1;=0

and A is a conslan!. In deriving (5.2) and (5.3) from (1.3) and (1.4), respeclively,
the following relations were used:

I,(z + 1) -"-2
I,(z) = q ,

\Ve al so note the uscful equalities

9(Z + 1,1') 2,+1 q-' - v-q ---9(z,v) - q,+I-v'

(1- vq-,-1)9(Z + 1,1') = 9(x + !,vql/2).

I,(-z) = -I,(x),

Since

9( -z, v) = 9(z, "), 9(Z:!: 2"iJog-1 q,v) = 9(Z,V).

<7(z)p(z) = p¡(: 1) = _qlp(z _1/2,aq'/2,bql/',cql/2,dql/2),



.0> ["(=)d=) \7Y(~)] =.0> [PI(= _ 1) 8y(~ - l/~)]
\7.1(,) 8.r(. -1/_)

= -'11/'.0> [0(= _ ! aq! bql/' cql/' dql/,)8
y(z - 1/2)]

, " , , , 8x(=-1/2)

= -ql/!8 [p (=,aql/',!x11/1,cql/1,dql/') ~~~:\],

whel"e ¡jI(::) = ~f(:: - 1/"1), I !lCIl tJI(' <'qllat ion (1.1) fOI"lh!' case oC lIJe Askey- \Vilson
pol.nlOlllials t,,\.;('s tlJe forlll [lGl

8 [ 11' 1/' 1/' 1/' 8'1(=)] _ -1/1 , ,-.- I'(=.a" "/'1 -.n/ ',.1" ')-'- - .\'1 p(.,a.b,c,d)y(.).
b.r(=) 8.r(=)

COITespOIl<!illgly. sillc('

\71"11 (=)1= \71,,-1) [ 81',,(=-1) ]
(1" ( ,( ~ !!..=.l)

(1,1 • + J

=\71"-'1 [ 8 (8P"(=-~))]=",
li.r(.:+,,::?2) llJ'(=+~

(
f, )"= 8.r(=) Ip,,(=-'i)I.

(5..1)

lIJen the Bodrigu('s-tYI)(' fOflllul" p.:!) for the .r\skey-\\'ilson polynomials can be

rcwrittell as {16J

(-l)"q-"i"-'I/!/J" ( f, )"Y'l(:r) = ------- ,.¡.('e) [p,,(.:,aqll/2,IK¡"/2.cq"f:..dqn/2)j.
p(z,a,b.c.d) 0_

(5.5)

\Ve shall also bricfly disclIss series cxpansions for lhe r\sk('y.\Vilson polynomials.
For lhe lallicc x(z) = i(f/ + q-:) MI analague oC formula (-1.1) has lhe forrn

(-1)" nn "J."q'u-n(II-3)/4

y,,[x(z)] = (1 _ '1)"(""-,,+1,'1),,

.¡:... kn('1-", '1),("'-' +1,'1),(-",-,+', '1),(q"-", '1),
X f;:.q (",'1).("'-"/',").(-'1'-"/1,'1).(,,"+1,,,),
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\Vhere (a,'1)o = 1, (a,'1), = (1 - a)(1 - a'l) ... (1 - a,,'-'). Wilh lhe aid of a
Pearsoll-typc c<¡ualion it is not diffieult to derive that in the case of the Askey.
\Vilson polynomials,

p,,(z - n + k) 2"'-"("-1)( -, ) (b -, ) ( -, ) (1 -, )p(z) =q aq lqn q ,qncq ,qll(q ,qn

(
2 +")'(a'l', '1);(1)'1', '1);(C'I','1);(d'l', '1)' '1- " •

x (a-I ql-n+t 1 q),.{b-1ql-n+z, q).¡.(c-1ql-ll+z, q),dd-1ql-n+t, q)J. abcd
(5.7)

Slli>stituting (5.7) ¡nto (5.6) amI first using \Vatson's transfofmation ['101 fol-
lowed hy SCim,' trilllsformation [I:l], we come to lhe standard representatioll for the
Askey.\Vilsoll POIYllOllli;dsin tcrms of tbe hasis hypergcomdric funclion -1!.r?1:

"(3'1-')2" !Jnq-
y,,[.T(=)1 = ( ("I>,'1)"("C,'1),,(,,<1,'1),,

an 1 _ q)"

(
'1-", "I>cd'l"-',

XI:,.?:)
ab, ae,

"'1', "'1-'I )
d '1, '1 .
"

(5.S)

\\'e I\ote thiil fOI"these polynomials lhe representation CI..t) also holds.
'fhe COlllillllOllSorlhogonillity relation for lhe Askcy-\\'ilsoll polynomials was

pron~d by direct c\'illllation of the integral P6], for simplifications of the proof s('c
Refs. I.I6-'18j. It is not hitrd to derive lhis rclation with the usc of the approaeh
undcr consideration. In f<lel, the sollltion (,j.2) of the equation (1.:1) is a pcriodic
fllnction of period 2r.i log-l q. 'fhe contour e we define in the following way: z =
i$. -r. log-l q ::;.., ::; 1r log-I q. Thc conditions (2.1) hold owing to Cauchy's tht.'orcm
aud periodicity of lhe fllllclion (l¡(z).r}(z), As a rcsult Wf' come lo the contilltlous
orthogonality relalion (2..í). whcrc (J = -1. b = l,l = x and the weight function is
e<¡lIal to

n~ [1 0(012 1)' "1
(1)=(1-1')-'/' '=0 -- - - '1 +'1
f n n~(1 11'+",),,'=n,b,(",d 1.:=0 - t' q v-q~

pro,,;ded tbat l'I1ox(141"1, Id, Idi) < 1 ami -1 < '1 < 1.
Thc disCllssioll of \'arions particular itnd limiting cases of the polynomiills d('-

not('(I/',,(t.fI,b'('ldlq) can he fOllnd in HeL [16]. The vallll's of squar('d 1l0rlllS Illay
bc cvaluat{'d hy dirN:'t analogy with the cascs. consideJ"{'d in section ;1. For anotlH'r
",ay of 1he C\'aiLliltion of sqllarrd Ilorms s('C ReL [36]. Some othcr ('xalllplcs of llw
contillllouS orthogonality 1"('latiolls for classical polynomials of a disnde \"ari.lhh.
are giv(,1l ill Hd. H!lj.
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6. A model of the harmonic oscillator in the relativistic configurational r•..•.-space

As an example of the utilization of tlle polynomials of a diserete variable we
Jiscuss an O(N)+syrnmetric Illodel in the configurational r,v-space [20,50], which is
a simple extcnsion of thc rclativistic tllrce-dimensional harmonic oscillator, studied
in detail in Refs. [51,37], to the N~dimensional case. Firstly, we note that in vicw
of the O(N) symmctry the depcnJence of thc wave funetion (h = m = e = 1)

(6.1 )

on the angles 01,••. ,ON _ J is describcd by the spherical harmonics Y.{, (01, ... , ON -1 )

(indices, corrcsponding to the azimutht\\ quantum numbcrs, are omitted bccause
they are irrclevant for further considcration). Since in the requirement that wavc-
functions be square-intcgrable in the rN-space, enlcrs the mcasure (rol' dctails ~('c

Rcf. [50])

then the cxtraction oC the factor

{
V_I)}-J l-N 1 N J I-N 1r'--'- =i-'--f(-ir)r- ( ,- -ir)=i"(-ir)~,

in (6.1) reduces an N.dimensional probleITl to finding the eigenfunetions of the radial
part of a hamiltonian, Le.

(6.3)

where n = O, 1,2, ... is the radial quantuffi number. A model of the oscillator under
consideration is specificd by the differcntial-diffcrcncc opcralor lI(rN), thc radial
part of which has the form

_ 1 { (. d) [L(L + 1)] (. d)}lI(r) =:2 exp -, dr + [1 +w2,,(2)] 1 + r(2) exp 1dr '

"here L = 1+ HN - 3).
\Ve represent the eigcnfundion oC ií(r) as

(6.4)
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h.villg lhus exlracled lhe funclion, (r)IL+I) .nd Mv(r) = [v(v - 1)1-"/'
!'(I' + ir), 2v = I + (1 + 4w-')I/',which delermine lhe asymplolic beh.viour
of .l'Nni(r) al the points r = O and r = 00, respective}y. Then for its polynomial
p.rl P(r) we oblain lhe following ditrerence equ.lion (eL wilh ReL [37])

[(I' + ir)(L + 1 + ir)e-'f,o - (v - ir)(L + 1 - ir)e'f,o] P(r) = 2iE:nl rP(r).
(6.6)

The ,olulion, 0[(6.6) corre'ponding lo lhe eigenvalue, ENnl = w(v+2n + L+ 1)
are lile dual Halln polynomials

-nv.L(r')_,V(O)(_r'_! L+1 1_I')=(_I)np (r' L+I v 1)rn - n 4' 2'2 n" '2 .

TIJe norrnalization constant eN ni cntering in (6.1) is equal to

[1 3 ( 1)]-1/'CNn/= ;¡(n+l)v+LI'(n+/.+;¡)!' •• +v+;¡ ,

(6.7)

(6.8)

ano tIJe orthogonality of the wavefunctions (6.1) is the consequence of the continuous

orlhogon.lily rel.lion for lhe dual !lahn polynomial, W!'l¡x,., b) (sce !i 3, ,eclion
2). Thu, formula, (6.1), (6.5), (6.7) .nd (6.8) complelcly define lhe explicil form,
of lhe wavefunclions \ji Nn/(r,O" ... ,ON-tl for lhe pre,enl relalivislic model of lhe
oscillator. In the nonreIativistic limit (i.e. when the vciocity oC light e tends to
infinity) lhey coincide wilh the wavcfunctions oC the nonrelativistic N.dimensional
harmonic oscillator in the coordinate representation.

In complete analogy to the thrcc-dimensional case {37J it is easy to construct by
lhe Infcld.lIull f.clorizalion melhod bolh lhe spcclrum-generaling algebra SU(I, 1)
and tIJe radial n and orbital 1 ql1antum numbers raising and lowering operators. It
su!Ticesfor lhi, lo replace 1 by L = 1+ HN - 3~ in lhe corresponding formulas of
the paper jusl mentioncd.
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Resumen. Se cstur!ian las propiceiaC!C'sde ortogonalidad en el continuo
de ciertos polinomios hásicos de variahle discf(~ta. Se discute una
aplicación al modelo de f:uasipotellciai rdativista del oscilador armóllico
en N dimensiollcs.


