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Abstract. The LAKNS equation is solvcd exactly by using ama..
trix operator method which is difTerent from the method developed.
by Kingslon and Rogcrs. A series of fundamental non linear equations
and their operator represcntations are obtained, and from their linear
combinations other non linear equations can be constructed. It is shown
that the non linear equations in tite LAKNS equation contajn only tite
first.order time derivative and space difTerential and integral operators
acting on lhe q and r functions.

PACS: 02.30.Jr

1. Introduction

Lax [1) and Ablowitz, Kaup, Newell alld Segur [2-4) developed the application of the
inverse scattering melhod to salve lhe initial-valuc prohlcm for nonlinear evolution
equations. The scattering problem is definoo by lhe linear equation

a (-i(
ax 1/! = r(x, t) (1)

where ( is the eigenvaluc parameter and q, r are polenlial funelions. The time
evolution of the wave funelion,

a _ (A(X,t,()
at1/! - C(x,I,() B(X,I,()) 1/! = S1/!,

-A(x, 1, () (2)

is chosen in such a way that the eigenvaluc parameter rcmains constanl. This con.
dition leads to the LAKNS equation [5),
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which can be cxpresscd in terrns of the elemcnts of R and S in the form

D
DxA = qC - rH,

D . D
Dx [J = -2¡(IJ - 2qA + Dtq,

'J
DC = 2i(C + 2rA + DDr.

(X t
(3)

The authors of Rcfs. [2-4] uscd finite expansions of /1, IJ and e in tcrms of the
cigcnvalue parameter ( lo determine a broad c1ass of I10n linear evolulion equations
for q and r, which can be solved by thc invcrse scatterillg method. I\ingston and
Rogers [6] introduccd tile matrix 0pcfator lIIetllod lo dclilllit an cxtensivc cla..<;sof
such equations.

In this paper, the LAKNS equation is solved exactly by using a matrix opcrator
mcthod, analogous in principie to that of He£. [61, but difTerent in its implcmcnta-
tion and fcsults. A series of fundamental non linear equations and their opcrator
f('prl'Scntations are obtainro (TheoH;m 1). alld frum their linear combinations other
non linear cquations can be constructed (Theorem 2). It is shawn that the non linear
cquations jI] the LAI\NS equation caH be ('xprcssed only in terms of the first-order
tillle derivativc ami spacc diffcrcntial ano integral operators acting on the q and r
functions (Theorem 3).

2. The LAKNS equation

The main results of this work are contained in Thcorcms 1, 2, and 3. In arder to
formulalc afl(i provc these thcorellls, Definitions 1, 2-4, and 5-6 are introduced,
ano Lemmas 1-2, 3, and 4-5 are stated and proved, respectively.

Definitio1l J:

(g), F= ~ O)=GJ p = ( -2~
-r n,T= O

2r O

0= O O ~), u= O O n.1 O
O -1 O

Titen the LAKNS cquation can be written as

D .
Dx T = PT - 2¡(OT + F,

(4 )

(5 )
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where the determinants oí P, O, and U are zeros, and U and 02 are projection
operators
Lemma 1:

u + O' = J,

POI' = O,

UpU = O,

01'0 = O,

UPO = PO = (~
-r

O
O

-q)O '
O

(6)

when: 1 is the 3 x 3 unit matrix. The prooí is direct using Eqs. (.1).
Suppose thal in (1) T can be expanded as a power series of (

"=-00

whcrc

(7)

and in (2) the power series is finite. Thcrcfore there cxist two integcrs Al and N
(M :;:;N) sueh that

j\1 ~ n ~ N,

n < J\1 or n > N. (8)

Substitution oí the powcr series oí Eq. (7) in the LAKNS Eq. (.») and eomparison
of the coefficients of ('1; leads to the cquations

(9 )

whcre ÓkO is the Kroneckcr delta.
It is ohvious that Al > O or N < -1 will result in F = O, and thcrefore q and r

are bolh time independenl. In such cases tlle non linear equations will only have lhe
spacc dependenee, bccoming ordinary difTerenlial cquatiolls, which is nol lhe topie
lhat LAKNS sludied. The conclusioll is lhal the inlcrval ¡M, Ni must inclllde al
least O or -1. Ir Al = N = -1, lhe LAKNS cqllalion is rcduccd lo tile sine-Gordon
equalion; lilis siluation is cxcluded in lile following.
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Lemma B:

(lO)

The proof consists in multiplying Eq. (9) by U from the left, and recognizing from
Eqs. (4) that

l'heorem l.

UO = O, UF=O.

where

ca = ~ (0+ r dxPO)

- - (8 ) i ( 8 J')G = Go 8x - P = 2' O8x - OP + dxPO,

(11 )

and 0J:_I is an arbitrary constant, with nJ: = O for 1.: < Al because TJ: = O when
k < M.
Proa/: Multiply Eq. (9) by O from the Idt to write

O'T._1 = ~ {O (:x - p) T. - ÓlOOF} ,

and use the first of Eqs. (6) to obtain

(12)

Then, use lemma B to write

(13)
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Substitute Eq. (12) in Eq. (13) and use the remaining Eqs. (6) 01 ¡emm. 1 to obtain

and aftcr intcgrating

Substitution 01 Eq. (14) in Eq. (12) completes the proof of Eq. (11).
Sorne conscquences of Theorem 1 are the .following

i) For k = N + l (N '1-1):

ii) For k = M: Sinee TM_l = Oand 0M_I = O then Eq. (11) becomes

or

Thc rcsult is the non linear equation

This can also be obtained directly lrom Eq. (9).
Dejinition 2:

(
8 ) ~.f. = 8x' - P Gel.

(15)

(16)

(17)

Lemma 3: fk has only y, z components and can be expresscd by the reCUrrence
relation oC the two components

where U3 is tile Pauli 2 x 2 matrix.

(18)
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Proof: From Eqs. (11) and (17)

- -(iJ )G = Go iJx - P ,

~~).!-(~2q¡9dyr
O -1 iJx O -2r r dyr

o ) }2qr dyq .
-2r r dyq

It is then obvious that

Thus, f, can havc only y, z componcnts (k = 1,2, ... ). Fnr k = O, Eq. (17) bccomes

and then again

Ufo = O.

Thcrefore, fk (k = O,1,2, ... ) can be written in the forro of a two componcnt vector,
Eq. (18).

Definition 3:

(19)

Thcn it follows that

(20)

Definition 4:

(21)
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Theorem 2: Suppose (M = 0, 1,2, ... , N = 0, 1,2, ... )

-M~N,

n < -M or n> N1

then the non linear eq"uations determined by the LAKNS equation can be expressed.
as thc linear combinations

N

FM = I:: Okfk+M,
k=-M

wherc O_M , ... , 0N are arbitrary constants.

Proa!: Theorem 1,

written explicitly for k = N + 1,N, ... , 1,0, ... ,-M + 1 gives

TN = ONel

TN-' = (aNC + aN_¡)e¡

~N ~N l ~
To=(aNG +aN_¡G - + ... +a¡G+ao)e¡

N+l ~N ~ ~T_¡=(aNGN +aN_,G + ... +aoG+a_¡)e¡-GoF

~N+M ~N+M-l ~T_M=(aNG +aN_¡G + ... +a_M+,G+a_M)el

- CM-ICoF.

Thus the non linear equations are

CT_M = O.

From thc rclations

~ ~(8 )G = Go 8x - P

(22)

(23)

(24)
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and

it is irnm<.oJiatcto cstablish that

(25)

When Eq. (23) is subsliluled in Eq. (24) and Eq. (25) is used logelher wilh
Eqs. (20) and (21), lhe non linear equalions lake lhe form

Go { t o,fHAI - FAI} = O,
k=-M

leading lo Eq. (22). This can also be oblained from lhe recurrence relalion of Eq. (9)
by laking k = -M and using lhe expression for T_Al.
Remark: The prcccding relations also hold when N = -1 and M = -2, -3, ....

From Eqs. (7), (8) and (23), il is possible lo wrile

When Ixl -+ 00 the fundions q, r and their derivativcs tend to zero. Thus

N

T(lxl ...,00)"" L o,('el.
,=-AI

Then

N

A", = L 0,(', B", = O,C", = O.
k=-M

(26)

(27)

(28)

Definition 5: Lct T be a fundion set, such that any (unetion w E T does.not depend
explieitly on x, but is only a function oí q, r and their derivativcs. If w is a matrix,
then cveryone oí its elements satisfies the same eonditioll.
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Deji.nilion 6: Ir F, WI, W2 E T and

we say that WI ~ W2.

Lct J¡. be a 2 x 1 matrix and jI;; the transposed matrix.
Lemma.: lfm '" n and h(k ;O,l, ... ,max(n,m» E T, then in<72lm E T and

in02!m ~ in-I02!n+l

in02!m ~ in+I02!m_i

(when n > m),

(when .n < m). (30)

Proo{ Ir n > m,

Then

Then we obtain

Im+l ; ~<73{:x - 2 U)r dy(r q)} 1m E T,

In ; ~<73{:x - 2 (~ ) r dy(,. q)} In-i E T,

Jr dy(r q)lm ano Jr dy(r q)ln-1 E T.

in<72lm ; ~ {:Xin-1 - 2 [r dyjn-l (;)] (q r)} <73<72Im
'"Vn-W2<73:x 1m - [r dyin-l (;) ] :x r dz(r q)lm

'" ~i ••-W2<73:'Im + in-l (;) r dz(r q)lm

The sarne holds for fl < m.
Lemma 5: lf h (k; 1,2, ... max(n,m» E T, then

(31)
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¡lmof: By n'IH'at(,d appli,alioll or hmma 4 it can be ('~tablislwJ thitt

J- (7 J - { j,(7,j.
r1~I/l- r- J

.. ~+1f12i

whetl
when

m + 11 = :!...¡
m+ TI = '1. •.•• + 1

f~+I(1:.d~ '== O.

Thfonm:J: JIII(1II = 0,1,'.!, ... ) E T.

Prouf: lJ:-;e lIlathelllatical inductiun. Dircd caiculatjoll indica,te::; tbat Jo, JI, h, h
E T (s('e Apellclix). SIlPPOSt~ tha! Jo, JI. h,J .... !k E T, tlll'lI il hitS lo IJI' proved
that h+l E T. FroTll Fq. (18)

i {iJ . () J'~ -(7;¡ - J, - 2 1 dy(r
'1. eh r

Examine

(¡)f¡} -

(,- q)f¡ ~ (q r)(7¡f¡ ~ i(q

Therefore, h+l E T.

3. Conclusion

\Vhen ¡\f = O llw LAKNS ('quatioll corrcsponds lo nOIl lincar diffcr(,lltial ('fjuatiotls
and whcll Al > () il. corresponds lo Ilonlinf'ar inlcgro-difr('rential ('<¡II<ltiollS.
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Appendix

1 (" _ 2'-'1')[2 = --173 xr ,_ '):2 ra - 2qr~

F(J = F = ('1,)'-,

1:' _ i (q.ct - '!.q#i.r dyrq)
r 1 - -a3 J J

~ rxt - 2rf¡¡.r dyrq

'.' __ ~ ('lIT' - ~q('-q), - q(rq, - qe,)- ~q,{J¡r dyrq + '1ftr dy(r"q - qyel)
r') - J (' a '- .1 T'rrl - 21'('11'), - 1'((1"1 - ¡'(/¡) - '2rr'Ji. dyrq + ra¡ J dy(qy1' - ryq)
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Resumen. La ecuación de LAKNS se resuelve exactamente usando
un método de operadores ma.triciales diferente del método desarrollado
por Kingston y Rogers. Se obtienen series de ecuaciones fundamentales
no lineales y sus representaciones de operadores, y a partir de sus
combinaciones lineales se construyen otras ecuaciones no lineales. Se
muestra que las ecuaciones no lineales en la ecuación de LAKNS
contienen solamente la derivada temporal en primer orden y operadores
espaciales diferenciales e integrales que actúan sobre las funciones q y r.




