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Abstract. UIt\1ll and von Neumt\nn [1] said lhal slarling wilh almosl
('\'('TY X in lhe inlerval [0,1] and itNaling lhe fUllelion Tx :;;:.Ix( 1 - x)
olle obtains a seqllcllce of "random" nlllllbcrs in tbat illt('f\'al with proh-
ability dislribution arcsin. In this paper it is gi\'(,1l (J d(,lTIollstratioll that,
ill (,{f('et, the probability measure arcsill, Jl(dx):;;: d.r/1rJx(1 -.1') is tll('
pruhabilily law that describes the statistical behavior of the lIulllhcrs
in ('aeh orbit 01'(X):;;: {x,Tx,T2x .... } for almost ('v('r)':r ill [O,J!.

PACS: 02.90.+p; 02.50.+5

'Ve ha\'t~ two ('on1<';..::lsand olle problcm:
First. Ulal11 and \'011 j\'(,II111ann PI said H ••• Various distributioIlS of sud. 1111111-

bers I"randolll .• Bumbers with a gin'll distriLlltion] can. hO\\'l'\'er. he oht"illt'd by
detcrmilli~ti( prore ...•...•.For <,xampl<" starting with almost c\'t'ry r, (in tlll' sCllse of
Lehesgue Ilwasure) aud ill mlú'9 the function T:r = .l.r(1-.r) 011('ohtain ...•,1 s('(¡tH'nce
of Iluml)('rs 011 (0.1) with a computable algehr<tic c1istrioutioll.

Sccond, in the chaotic r('gime it has becn fOllnd the lIl'cl'ssity of studyillg the
aSYlllptotic heha\'ior of TUr when n - 00; h:ai and Tomita [2], ('olld an.! Eck.
milllll [a] amollg others have found experinlC'ntal1y, making hislograms of s('\'eral
set¡uell("cs of results r, T.r ..... 1'n-1:r fOf largc 1I that the probabilistic 01' statisti-
cal heha\'ior of the orbits dcrncnts .T, 7';r. T2;r .... is regulat('d by ti\(' prohaIJilily
TlJ('asure arCSllI,

dr
I,(dx)= -r===

T.v,r() - .r)

Th.f~prohlf'lII is if t.lJis Ji is l"I'ally tbe probabi1ity la\\' that d('snilH's that statisl.ica!
oehavior; i.f', jf it i...•lnl(' tllol. fo," <¡lrllo...•t en',")' .r

11-1

.!. I: IJJ(,[,'x) ~ I,(IJ)
11 i=O ,,_<'00

for ('\'('1')' llore! sd IJ of t1lf' illtcrval [O,l).
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Il ha..o;;bcen shown [S,9]lhal lhis probabilily mcasurc is invariant under T and
that T is crgodic rcspect to 11, howevcr thcse characteristics of a probability rneasure
are ollly nccessary but not sufficient to a.ssure this slatistical behavior. In fad, lhcre
are infinitcly many probability Illeasures of this kind. Tvlyinterc_'ü in this paper is
to givc a rigorous proof, lIsing rcsults of Uds. [4,.5,6},that in elTecl, 11 is lhe uniquc
positive answer for lhe qucstioll raised ahoye.

\Ve will need the rollowing t!leorclll [.t,5,6]:

Thcorem:

Ld a tmnsJannation;l': [O, 1] ~ [O, l] salisJying l1<eJollau'ing eandilians:

Jir is eonlinuous and pieccwisc e2,

2)T' does noi exisi ai II lwini t E [0,1],
3)1' sali8ftes

1
<1'1'1¡uf -d > 1

rEJ, .r { d'i'}IL'hc1Y: JI;::: x E [O, lJ; dI c:risl... .

Thcn, [here is 01lE (4) and ollJy olle ¡,í] absoJutdy cOll/illtlOllS pl'ObabiJily measure ji
illvarúl1ll undcr f. MO/Tol'cr [6] fOl' almost all x E [O,l]ll'C Iwt'c thal

11-1~L ILJ(T'.r) ~ 'ji(li)
11 i=O n_oo

for Cl'cry Bon:1 sct B in [0,1]. (1" is lhc ehamcleri .••/ie f!lndio" of a .••d A e [O,lJ).

Corollary:

l' is eegodie re$p<c/ la 'ji. IJ 'ji(lJ) > ° Jor ,,'ery open .<el IJ ciD, 1]' 11<", l1<e
orbit OT(X) = {x, Tx, 1",., ... ] Jar alma.<1 all x E 10, Ij i.< dellse ill 10,11.

Consider now the trilllsformatioll :¡ :ñ = [011] - ñ ;:::¡O,1] sllch that

_ { 2,.
Tx =

2(1 -,.)

if"E[0,11

ir,.E[1,Ij;

here t ;::: 1/2. It is well knowll thal thc Lchcsgue rneilsurc f is absolutely cOlllinuolls
with rcspecl to itself amI illvarianl lluder'r. By tiJe foregoing lheorclll thcrc is onl)'
Illcasurc ii oC this type, tiJen wc must have ¡¡ ;:::f. •
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~Iorcover, by the thcorcm, we have that ror almost all x E [O, l]

.-J

.!.L 18(T'x) - ¡i(lJ) = 1(8)
n i=O n_oo

ror every Borel set 8 e [O, !j.
Consider now the transrormalion T : !1 = [O, II -: !1 = [O, l] sueh that Tx =

'1x(l - x). By means oC the hom('omorphislTl r.p : n -+ n, su eh that

1'(x) = ~ aresin ,ji,~
-J() I-cosu

r.p T = 2 '

we can construct lhe dynamical syslern (n, B,I', T) (B is the class oC Bore! scts
in [0,1]) rrom the dynamieal system (il. a,¡i = f. T) and lransrer the last affirmation
oC lhe TheorcITl aboul T lo T. In Cact:

i) Huelle [7J constructs by rneans oC r.p lhe probahilily space (n, B, Jl) \\'here the
probability rncasurc It is

¡,(dx) = (I'(dx)

dT
=

~Jx(1 - x)

rnorco\'er, Jl(dx) is invariant undcr T.
Furlhermorc,
ii) x E 8 ir and only ir I'(X) E 1'(1)),

T'x E 8 ir and only ir T'I'(X) E I'(E)

anJ the Craction oC iterates {x, TT, ... , Tll-J T} oC I thal are in B,

11-1

.!.L 111(T'x).
n

i=O

is lhe same as the [raclion or the itera les {I'(x), TI'( xJ, .... T'-'I'( x)) o[ 1'(x) thal
are in.1'( lJ),

.-11" -;; L., 1~(lJ)(T'I'(xJ);
1=0

by the Thcorem this last proportion tcnds to ¡i(1'(8) = 1(I'(lJ)) when n ~ 00 ror
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almost all <p(x) and BE 13. Thcn

1 n=l . 1 d-L 18(T'x) ~ ¡¡(<p(B)) = (<p(B)) = X.
71 .=0 n_OO . IJ ~Jx(1 - x)

In lhis way wc have shown thal lhe statislical behavior oí the clements oí almosl
all orbit 0T(X) follow probabilistie law

dx
I'(dx) = -===

~Jx(l - x)

Bcsidcs, we arrive in a diffcrent way lo results in 18,9]:

Corollary:

The logistic tmnsfor'mation Tx := 4x(l - x) is ergodic respecl lo Il(dx) and
0T(X) is dense in [0,11 for almos! all x E [O,lj.
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Resumen. Ularo y von Neumann (11 dijeron que partiendo con casi
cualquier z en el intervalo [0,1) e iterando la función Tz :;;;;4%(1 -
x) se obtiene una sucesión de números 44aleatorios" en ese intervalo
con distribución de probabilidad araeo; en este artículo se da. una de-
mostración de que, en efecto, la medida de probabilidad arcseo, ¡.¡(dx) =
dx r1f'¡x( 1 - x) es la ley probabilista que describe el comportamiento
estadístico de los números en cada 6rbita 0T(X) := {x,Tx,T2x, ... },
para casi toda x en (0,1].




