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Abstract. With the aid of the Newman-Penrose formalism the Lanc-
zos spintensor for some spacetimes and the Weert superpotential for
the bound part of the Liénard-Wiechert’s electromagnetic field are ob-
tained.
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1. Introduction

In this work we are interesting in constructing potentials for the Weyl tensor and
for the Liénard-Wiechert electromagnetic field produced by a puntual charge in
arbitrary motion.

The present work is organized as follows. The section 2 has a short exposition
of the conventions used in this work. In section 3 we write down, in the Newman-
Penrose formalism (NP), the basical equations conecting the Lanczos’ potential
with the conformal tensor and with an energy tensor in the electromagnetic case. In
section 4 we use the technics described in 3 and the Minkowski and Newman-Unti [5]
coordinates to obtain the Weert potential [9] for the bound part of the Maxwell ten-
sor associated to the Liénard-Wiechert field. We write down also the superpotential
for the corresponding radiative part. Finally, we construct the Lanczos spintensor
for some metrics and remark that in all of these examples the NP components of
the spintensor are lineal combinations of the spin coefficients in section 5.
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2. Conventions in the Newman-Penrose formalism

We shall use the null tetrad formalism [1], so that we consider useful to write the
conventions used here.

The null tetrad is written as

T

(z(a)']:(m SR BT A ), &= Loy (1.a)

with signature (+,+,+, —), so the orthornormality conditions are

01 0 0
r 10 0 0
Gayzor)={o0 0 0o -1 W.8)
00 -1 0
The spin coefficients are given as
K = Y414, T = Y413, A =7232
VP = 412, v = 7233, T = 7234
_ — el (1.¢)
T = Y411, # = Y231, € = 3(7434 + 7214)
v =Yy +7213), @ =3z +y22), A= 3(ma+7211)
which are function of the rotation coefficients
T t
Yabe = ~Tbac = TZ(a)rit¥(p) #(c) (1.d)
(semicolon denote covariant derivative).
The Riemann tensor is written as:
e =Tk = T iy T aF =T ol g8 (2.a)
and the Ricci tensor and the scalar curvature are defined as following
R = Rijki Ricci, R = Rj scalar curvature. (2.)

The Weyl tensor is defined in terms of the Riemann tensor

1
Ca;km = Ra;km 2a §(Rakgjm & ijgak - Rjkgum - anﬂjk}

R
s 'g(gamgjk - gkgjm)a (2'C)
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with the following symmetries
Cujkm — "Cjakm = *Cujmka Cajkm + Cakmj + Camjk =0, C,,]J‘m =0. (2d)

The Weyl tensor has 10 real-independent components, therefore we can define 5
complex quantities:

P = C,,bj,.n“mbnjm' : P = Cabj,naé’brzjmr,
Y2 = —Capjel®mnim™ | ¢y = Cyp;p b7, (3.a)
Py = Cﬂb]-,.f"ﬁ:bfjﬁl',
With the quantities (3.a), we can write the conformal tensor
3(Cabed + i* Cabea) = YoUabUer + 1 (UasMer + Uer Map)

= wZ(MabA[cr + VaUer + Ver ab)
#+ d’S(Vabﬁfcr + Vchab) + "[’4Vachry (35)

where
*Cabea = %T?abjkcjkcda Tabjk = —v/—9€absk
Vap = namy — nymy, Ugp = —€amy + Gy, (3"3)
Map = mamnp — mymg — naly + nyl,.
And finally we write down the four covariant operators generated from (l.a)

§ =m*Va, 6 = m"Va, A ={"Va, D =n"Va (4)

3. Lanczos’ spintensor

Lanczos [2] and Bampi-Caviglia (3] found that in all spacetime there exist a tensor
Kijp with the algebraic symmetries

K. . =0 (5.a)
Kaij + Kijo + Kjai = 0,
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fulfilling the differential property
Kop'e =0 (5.0)
being Kj; a superpotential for the Weyl tensor, i.e.
Cpgsb = Kpqip = Kpabij + Kjbpig = Kjpgip + 9nTiq
— 9piTgp + 995 Tps — 9qpTpj5 (5.¢)
where
Tjr = K'a- (5.d)

Note that all the relations (5) are in agree with (2.d), and that from (5) the
relation for T},

Tjr = Trj1 Trr =0 (6)

hold.

We write now Ecs. (5) in NP formalism. In order to do so, we observe the
symmetries (5.¢) implying only 16 real components for the Lanczos spintensor,
i.e., 8 complex components which are:

D =Koy, =Ky
N =Kaywe, B =EKaywe
D =Ky, % =EKee
M=Kz, 1= Kge)e) (7.a)
where we have used the notation K,)()(c) = qu;Z(pa) Zfb) Z(‘C).
Now we compute the quantities %(K“bc +1* K4pc), and arrive at
3(Kape +1* Kape) = QoUasle + Q1 (Masbc — Uapmne)
+ Qa(Vaple — Mayme) = QaVayme — QaUapme
+ Q5(Uapne — Mapnc) + Q6(Mapnc — Vaprie)
+ Q7 Vapne, (7.5)

where

- | 2
*Kabe = 'g'nabpqh pqc. (7C)
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From the differential equation (5.) one finds the following relations
Ay — 603 — 8§05 — 200, +(3#+ﬁ+‘7—‘7)92+(5—35+T—“ﬁ’)93
+DQ7+2A95+(—a—B-}-'T'—~37r)Q5+(3c+E—p—ﬁ)QT =0
Ay — 60 —SQ4+D95+(,u+ﬁ—3‘y—-’?)ﬂo+(3'r—-7‘r+&+ﬂ)ﬂl
—2crﬂg+(3a—3+f—1r)ﬂ4+(E—e—ﬁ—3p)Qs+2mQG =0,
— ALy + 80 + 605 — D + vy + (7 + Y= 2p—p)y
H—a+8-2r+ 7)) + 0y — MU+ (—a+ 3 -7 +27)0s
H—€e—€+2p4 )% — k07 =0 (8.a)
and from (5.c) we obtain
Yo = 2[-6Q + Dy + (a 4 38 — 7)0p — 30l + (=3e + € — p)Qy + 3x0s),
21 = — Ao — 3601 + 804 + 3D05 + (37 + 7 + 3u — i)y
+3(a+p8—7-1) —60‘02+(—3a+,@~31r—7‘-)94
+3(=e+ €+ p — p)s + 6x82,
Y = — AQ, —592+Sﬂs+DQs+on+(2p—ﬂ+7+’?)Q1
+(d—ﬂ—ﬁ—2r)ﬂ2—aﬂ3—Aﬂ4+(—a+5—-21r—f)ﬂ5
+(e+ &~ p+2p)0% + £y,
2hs = — 3802 — 893 + 36Q + D7 + 3(—f + w4 T =)0 + 600
+(&=38-37r - 7)Q, =6 +3(a+ -7 — 1)
+(3e+e—p+ 3p)Q7,
V4 = 2(=A0s + 607 + 300 + (— — 3y + 3)0 — 370 + (3a + F — 7)), (8.6)

Ecs. (8) are also written by Zund [4], however this author has some typographical
mistakes.

In order to simplify Ecs. (8) we combine Ecs. (8.a) and (8.5). One arrives at the
Weyl-Lanczos-equations

Yo = 2[—6800 + DOy + (a + 38 — )% — 308 + (-3¢ + & - P + 3x0s5)
P = 2[—691 + DQs + u+ (e + 5 — ) — 200, — w(y
+ (€~ €~ p)Qs + 260,
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Y2 = 2—6Q + D + 20 + (& — § — 7)Q2 — 003 — 2705
+ (€ + € — p)Sks + &S7),
hy = 2[—AQy + 606 + 20 + (—fi +5 — )02 — 783 — 2005

+ (e + B — 7)0% + p1],

oy = 2[—AQ + 807 + 300y + (—p — 37 +7)Q — 30 + (3o + 8 - 7)),
gy = 2 [~AQg + 604 + (=t + 37 +9)% — 372 + (=30 + 4 — 7)Q + 3p0s] .
y = 2 [—AQ + 605 4+ v + (v +7 — A) — 218
— AQ + (—a+ 3 — 7)0s + 200%] ,
by = 2[—805 + D7 + 3 + (@ — 38— )0y — 370 + (Be+ e — p)Q7]  (9)

Ecs. (9) have the same information as the Ecs. (8). The Lanczos’ potential is
not unique, therefore can be found several solutions of (9). Finally we write the
components of the tensor T, in NP formalism. One finds that

Ty =6(s — Qa) — ARy + DR + 90 + X(2Q; — Q) + (—a+ 8 = 37)Q
+(=p—c+30 + (—p—F+ 37U + (a— 3 = 37)0 + (20 — Q)
+ xQs,

Tay) = — 80 — 605 + D(Q + Q6) + Al + uQy — 72 — 7y + ARy + Ay
+la—B-21)0+(a—8-27)0+ (c+e—2p)Q + (¢ + ¢ —2p) 0
+ k7 + &7,

Ty =69% + 823 — A(Qy + Q5) + (D1 +201) = M + (v — 7 - 3j1)Q;
+(38—a—TF) 0+ v+ (7 —F—20)0s + (a + 4 —27)Q — 8%
+ o007 + plly,

Tiyay = — 601 — 8Q4 + D(2 + s) + i — 7 + (o + = 2m)0) + A
+(E—e—p) L+ aQ3+Ba—-F—7m)+ (c—c—3p)s5 — 05
+ k(2926 + ),

Tiayz) =67 + 807 — A(Qg + Q) + Q2 + w0y — AQ3 — MY + 2w 5 + v4s5)

—(Y+F5+30)0% — (v + 7 +31)Q + (=7 + o+ 33) )
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+ (=T 4+ a+358)0,
Ty == — 8% + D(Q + Q) + (3a + F— 1) + (3a + - 7)Dp
—(e+e+3p)l — (€4 ¢+ 35) + 2(s0 + &03) — 50,

s (T(]j + &5 + HQs. (10)

In the following we make some applications of (9) and (10).

4. Liénard-Wiechert field
If we introduce in the Minkowski metric
ds* = d2? 4 dy?' +dz?— dt?, (11)

the Newman-Unti [5] coordinates (0, ¢, r, u), defined as (n=0+1¢):

1 B - 3 m
Ir = -+ — + y = -|- —
T =q (u)+ 2\/§p(" n) y=q(u) zﬁ;,(" n)

r T
7—1), t=g* 7+ 1
2\/,21)(’771 ) q (u)+2\/§p(m}+ )

Pos [6" + " + (6" = ¢* I — (¢ = ig®n — (" + i¢?)7] (12.a)

2=q'(u) +

where ¢%(u) is an arbitrary time-like curve, u being its corresponding proper-time,
one finds

ds® = r——qdurﬁ,’i —2drdu— (1 - %r du?, (12.b)
2p? p

(dot denotes @/du). If we identily ¢"(u) with the path of a puntual-charge in arbi-
trary motion, then this charge ¢ has an electromagnetic field (see [5] and [6])

(AC):(;<O!01_11E*1)1 (13&)
rp 5]

corresponding to the Liénard-Wiechert solution in Newman-Untj [3] coordinates.
The Faraday tensor Fy, = Acp — Ay of (13.a) is

A — 8 p e a E g = q
oz (3) ez (8 m= Y
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vanishing on other case.
Teitelboim [7] found that the Maxwell tensor

Toy = FacFy® — §(FpeF™)gus (14.a)
for the Liénard-Wiechert case admit a splitting in two tensors

Top = Tab ## Tﬂb ! (145)
B R

where Ty5 and T, respectively are the bound and radiative parts of Tgp. This

B
tensors fulfill (6) and are dynamically independent outside of the universe line of
the charge

T =0, (14.c)
B
Tuc;c =0. (14.d)
R

A superpotential for the Einstein’s canonical pscudotensor was found by
Freud [8]. Inspired in this fact we seek a superpotential Kjre with the proper-
B

ties (5.a), (5.b), (5.d) and

T}'.,— = I(jar;a, (15&)
B B

i.e. we construct a superpotential K g of Lanczos’ type for the bound part of the
Liénard-Wiechert tensor. In Newman-Unti coordinates one can show that

2 2 =

q ¢ d (p
i s iy = 1 P 2
4 Bzz TR Bm Z7 (p),

0
2 2 .
g 9 (p
Tay = = W]
M=o g’d r2de (p)
Ta = L (1 - 221") : (15.b)
B 2rd p

To solve (15.a) is equivalent to solve (10). To do so, we use the NP tetrad

(m“)=§(z‘,—1,0,0), (E“)=(0,0,—%+§r,1) (n*) = (0,0,1,0),  (15.0)
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then

¢
of = —%, V=2ip% (g), a:—ﬁ:—ég—g. (15.d)
Additionaly is g(a}(b) = 0 except for
g(l)(Z) = -qui‘ ; g(l)(a) = —ggf’- (15.€)
Using (15.c-15.¢) in (10) we find the solution
ga =0, a#6,7, gs=—%, g7=§u. (15:7)

Substituting (15.c) and (15.f) into (7.b) we compute the corresponding potential
Kjbe of Weert (9]
B

2
Kjpe = —%w_‘i [w(3 = AW)(V; x Ky) K. + 4(a; x K}) K.
B

+ 96 Kb — g K] (16.a)
where we have used the Lowry [10] notation:

A: x B; = A.Bj — A,B,, (16.5)
and

K°=rn®, W=-K, = rg, (16.c)

being V¢, a® and w the four-velocity and acceleration and the retarded distance
respectively (see Fig. 1). In Fig. 1 ¢ is the retarded point associated to 2°.

Using Minkowski and Newman-Unti coordinates in (16.a) one arrives at:
T = g™ (305 + (Kjac + Keaj) + B(K; Vi + K.V)

— w21 - zwlffjfx'c], B=uw(1-W), (17:4)
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FIGURE 1.
(we have used the notation ,e = d/dX) also

the= =i e (17.0)

This potentials are not unique, because if we adhere in (16.a) the superpotential
ﬁ’jbc = —Pw 3 [W(V; x KV + (a5 x Ky)(—wVe + Kc)
+ W(ge; Ky — gan ;)] (18)

(15.a) remains invariant. It is casy to sce that B e =10
1]

The investigation of Eq. (11.d) is rather complicated. We want 1o constiuet a
superpotential Kjpe for the radiative part of Ty, that means
B

T = »"\'J-CL'r . (19.a)
R R

One finds that Kjpc can be written as
R

3

K jhe Z%w_‘“) [(aj x Kp)(ac + W WK, + 3w ™2 ”_-:’(ﬁ” Ky — g i)
n :

—w MWV (V; x Ky)(ae + w2 WK)
- 2(1};:’6])(0)])“),[' a(gyiiyVedu, o,7= 1,23 (19.0)

where there exist sum in o and 5. u represents the proper time for the retarded
event and pla) and a(e) are the p¢ and a® components upon a Fermi-tetrad ¢4,
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7 =1,2,3 in the universe line (e(,).V* = 0):

7)(0) = pcf.(a.)c, G(o’} = ﬂ,cﬂ(a)c, &EE(U)C = a(a]"“ﬂ . (196)
For the Liénard-Wiechert field the relation
Flpoms=0, o=1,23 (19.d)

holds. Note the nonlocal character of (19.6), it depends on the historically path
of the charge because of the radiative effects. Kjue does not fulfill relations (5.a)

R
and (5.0), except the antisymmetry relation in the jb subindex.
Substituting (19.0) into (19.a) and using Minkowski coordinates one arrives at

Ty = qzu_4(a2 - wAZWZ)Kjﬁ’b, a? = a%a.. (19.€)
R

Ees. (14.0), (15.a), (19.¢) and (19.e) imply

Tjp = ¢*w* [K;Uy + KyU + (a® = BY)K, Ky + 1g;) (20.a)
— (]\’jcb -+ [\']Ch) 4 (205)
B R %
where
U. = BV, + a,.. (20.¢)

Ec. (20.a) was found by Synge [11]. Ec. (20.b) shows that the Maxwell tensor
is an exact divergence for the Liénard-Wiechert field. The question what the Weert
potential means is still open.

5. Lanczos' potential for some metrics

In this section we obtain the Lanczos superpotential for some well known spacetimes.
That is equivalent to solve the equation system (9) for some given metric.

In the following, we only write down the null tetrad for cach case, and only
when it is necessary we show some spin coeflicients. Knowing 45 7= 0yu 5. »/T» the
corresponding Ky spintensor can be obtained from (7.5).

L. Godel metric [12]

4

ds? = —(dx')® = 2(¢" Yt de? — %(02’4)((.’;1’2)? + (dr?)? + (dat)?
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(m") = (1,-(5“),0,%) . (@)= \%(1,0,—1,0)

ry =] g
(n)—ﬁ(l,o,l,O), n“—P—Q'

then

7
I

0, T?l-‘],ﬁ, leﬂﬁz H

Rl

or

(21.a)

Q. =0, r#1,836 QU=0= %,u, Q3 = cexp (_2_1,4 — L.Ta) . (21.8)

V2
where c is an arbitrary constant. Substituting (21.a) into (7.b) one finds
V2
Kpgj = 12 ’?pqﬂb‘[’ab)

Lab; = (e3)a X e(app) €(a); + 3 (€@)abi — €3)9a5)
4
(6(3)1') = (0!01 1}0)1 (e(d)r) = (-1, g .0, 0)»

(21.c) can be compared with the result of Novello-Velloso [13].
2. Taub metric [14]

ds* = f7Y((da')? - (dz*)?) + F3((dz?)? + (dz®)?),
=1+ Kz!, K =const.#0

= L (0.1 —i n oL
(m )_ \/27!(0111 !,0)‘ (ﬂ )— ﬁ( 1,0,0,1)
(n’)=\/§(1,0,0,1), p=p=4de=dy=— 2ff—'s/2

then

f=l

=10 vk 1,6; 0 = ﬂﬁ—%y

3. Schwarzschild metric

1‘ = 2 o 2 ¥ | .2' 2
ds? = (1 2 I) dr® + r3(d0* + sen® 0d¢*) — (] - j) di?

i3 r

(21.¢)

(22.a)
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1 1 M’ 1
)= 0111__501 =71 00—‘
(TT?- ) r—2r( send) ) \/— ( I_M)
I —-1/2
__( 1_22 ) . 2(1——2’”) (22.)
‘2 ¥

therefore Q, =0, a # 1,6, ) = Qg = %
4, Kasner metric [15] (z,y, z,1)

S

ds? = 11 da® + 1212 dy? + 1*P3dz? — di?

pAptm=1,  ph4phtrh=1

(m") = % (177, —it™2,0,0), (£")= % (0,0,—t773,1)
(n") = \—}_5 (0,0,t77.1), €= Epi\/i%
then
ta =0, a#1,6, 0 = -0 = %c (22.¢)

5. C metric (z,y,¢,7)

ds? = (z +y) 7% (f'de® + h7 dy? + fdo? — hdt®)

f=2z4+ax+b, h=y"+ay—b,

KT I+y (\/_O ), (er):(f\‘;zy) (0‘_\/5,0,%)

4 4 1 h
(n')=(””(o,~/f'a,0,7a), k=r=13

SR P, S
B 2’ =73V T o

i L L L pmdin

)z +y)




406 (. Ares de Parga et al.

where a and b are constants. Then

Qo=—-Qr=——, Q1:QS:E+£

™
4
_ _ B, P

Qy = =05 = 3+12, D=8 = 1 (22.d)
6. Petrov metric [16]

ds? = f4/3((da:‘)2 +(de?)?) + f-m(dm“)" ~(da'?, f=kat41,

( !’ e f—2/3 if—ZfS’O‘O)’ [ R fl/S
\/— (") = \/— 1)
s 1/3 I . .
(n)_ﬂ(oaovf ,1)1 P_ #—46— Bf’
being k a constant. One finds that
1, =0, a#1,6, 0 =0 =4 (22.€)

7. Kaigorodov metric [17] (z,y,v,u)

ds® = 2(kz)™%(d2® + dy?) — 2du (dv + 2vz~dx + zdu) ,

-t (350 - (aviy)

(nﬂ) = (0107 \/;30)1 1= =
then

Q=0 a#7 (Qr=—n (22.f)

8. Siklos metric [18] (z,y,r, u)

ds® = r’z=3(dz? + dy?) — 2dudr + = zdu

3/2

E(laii!()’(])‘ (C“): (O,D,T,—\/fﬂ

(m®) =

(”‘a): Oﬁoﬁ_ﬁjo 3 p:_ﬂ:[:;_-r’ ﬂ:_E:_ ﬁ
2 2r 2 282
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then

=0, a#37, M=l W=p

or

D=0=0, Q=-3m=-f g--0,=10,=-2 (29

6
9. Gravitational plane waves

ds? = (dz')? 4 (dz?)? — 2dz%dz? + H(z',2?, a*)(d2*), Hy+Hap=0

(m) = —(1,-i,0,0), (&) = (0,0,VFF,0)

V2
1 1
4 :010! H,—, =——(H;—1iH
=4 \/_\/ﬁ *= JonHa—ill)
one finds
D=0, a#0, Qo= g (22.h)

10. Spherical gravitational waves (0, ¢, r,u)

2

g .. T 2 2 2M
2
(m®) = 403/2(1,5,0,0), (£2) = (g,o, 30 + ﬁ, 1)
' . T
a 1
(?1 ):(0’051)0)1 Pz—;
3v2 36 M
= *ﬁ = T\/_glfz, H=— =7
4 o F
then
QUZQTZ[], Q4=—3Ql :-%p
Qg = —9.5 = %O’, Q;} = '—395 = —%,u (222)

I1. McLenaghan-Tariq [19] and Tupper [20] metric

2
de? = ::—2(631'2 + dy?) + 2%d¢?® — (dt — 2yde)? a = const,.
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bl (L =L, )= (0,0,__1,_ . @)

V2a V22' V2 @
1 1 Vo
M= ana_af_-l'— )
R
149 i i

R:_U_Q\/ia’ az#ﬁ:ﬁ
then
Q= 0, c£0,7, Qo =-0 =%(2k—a) (22.5)
12. Petrov Type [ metric
ds? = ¢f (cos 0(dz')? — 2sen Oda'da* — cos 0(dz*)?) + (da®)* + ¢ (da?)?

f=Kz2*, K = const. 0= \/gf

-fl2 :
(m") = N (0, 5 —ief,O) ) () = € (ﬁ /c0s0,0,0, Lﬂ)

V2 V2 cos
~142 1 —send K
e sen
"= —— c0s0,0,0, ——— |, g T
(n") V2 ( cos 0 ) 2:/2
o K\/gl—senﬂ . K\ﬁ]—ksenﬂ
TV 2 coso T2V 2 cosh
a_i?cosﬂ—\/g ﬁ__LZCOSU-{-ﬁ
T 4y/2  cos@ 42 cosO
then
K T
Qﬂ:07 =1v'—a4y61 Y =i Q'-?:__
a 3 0 2 5
Q5 = {47+ 2 - B), Q7 = % (22.k)
13. Novotny-Horsky metric [21] (z,y, 2, )
ds? = sen*/?(az)(dz® + dy?) + dz* — cos*(az) sen_z”s(a:ﬁ) sen”23(az)dt?,
()= = sen_z/a(az)(l, —1,0,0), = i— (0,0, —l,sen]’ls(az) sec(az))
V2 V2
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(7" ) = % (0,0, l,sen]/?’(az) sec(az)) ; I =ip = —%5 cot(az)
E=7 = —%ﬁ [ta.n(az) + %cot(az)]

where a is a constant. Then
0 =0, r #1,8, 0 =06 = %(25 +p) (22.0)

Note that Ecs. (21.a), (22.a),...,(22.0) show an internal relation between the
Lanczos spintensor and the rotation coefficients. The question wether it yields always
so it is possible to find a null-tetrad, so that the quantities ), are lineal combinations
of the spin coefficients, has not yet been answered until now. In fact, the 18 NP
equations are rather useful to solve (9).

It must be also interesting to compute the Lanczos potential for the Kerr-metric.
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Resumen. Con la ayuda del formalismo de Newman-Penrose obtene-
mos espintensores de Lanczos para diversos espacio-tiempos, asi como
el superpotencial de Weert para la parte acotada del campo de Liénard-
Wiechert.





