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On certain numerical technique to solve
Sturm-Liouville systems (1)
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Abstract. This note deals with the generalization of a numericaJ tech-
nique to compute approximated eigcnvaJues and eigenfunctions of sec-
ond ordl'r linear differcntial operators in one dimension recently pro-
poscd. This technique now uses a finitc matrix representation oC thc
opcrator d/dx built out of N numbers obtained by imposing acondition
wh('fCth(' coefficients of the differential equation play the main parto It
is showll lIumerically tltat this method can now be applied to eigenvaluc
problcIns with difficult-to-handle boundary conditions.

PACS: 02.60.+y: 02.70.+d

Hecently, ~1. Bruscbi, n.G. Campos and E. Pace [1], have improved a numerical
Il1cthod to compute eigenvalucs of linear ordinary differential cquations proposcd
SOIIICycars ago by F. Calogero [2]. This mcthod consisls in lile suLstitution of the
diffcrential operator d/dr and lhe variahle x by the N X N matrices

N 1
",---- 1 =),t;; (Xi - XkJ'

1
(Xi-Xj)'

; f j,
(1 )

huilt 0111 of the N arbitrar)' different Iltlmbers Xl, X2, ..• , XN, (the prime of the sum
sign rncans that the lcrm with i = 1.: is exclucicll) in lhe difTerential equation lo
convcrl it into a.matricial problem. (A similar mctl10d was proposcd independently
hy one of liS (3D. The improvernent fr('(~sthis method of its main drawback: the
presellcc of complcx eigcnvaluL'S for an hermitian operator as lile Schrodinger-like
differelltial opcrator

x E (a,b), (2)

where •.•.J(.r) > O, and <pía) = <p(b) = O. 11 lales advalltage of the arbitrariness in lhe
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selection oC the points Xj and oCthe Cact that the method embodics the homogeneous
boundary conditions oC such a problem through the ansatz

",(x) = 1(X)J(X), a::;: I'::;: b, (3)

where 1(a) = 1(b) = O and J(x) is a supposed regular lunction al lhe boundary
points. The matrices given in Eq. (1) replace the operators d/dx and :r in the
differenlial equalion lor J(x) oblained by lhe subslilulion 01 (3) in (2). In Ref. [11 il
is shown lhal if 1(X) = (x - a)"(b- xJ", l' > O,v > Oand lhe poinls x, are chosen
lo satisCy the non linear equations

N, 1 1'(.;)f; (x; - x.) = - 1(X;) ,
i = 1,2, ... ,N, (4 )

then a rcally fast convergence of the approximated eigenvalucs lo thase of E{I. (2)
is obtained for functio"ns q(x) and w(x) satisfying certain boundary conditions.

Our purpose in this note is to reporl the numerical rcsults yicldcd by a gener-
alizati~n oCthis metho<1 whcn it is applied to a unidimensional two-point boundary
problcm witlt nonhomogcnoous conditions like this one

[(1 - x')",'(x)]' + .lx'.,,(x) = O, ",(O) = O, ",(x) conlinuous al x = 1. (5)

This equation, concerning a heat conduction problcm, [.1] does not meet the
condilions for which lhe resulls of Rel. [1) are valid. Besides lhe slrong singularily,
lhe lack of a quantitative condilion on ",(x) al x = 1, makes lhis problelll dilficull
to handlc even with other methods [4]. But lhis is not beyond remedy, bL'Causc wc
can obtain good rcsuIts, in agrcemcnt with those obtained by otlJer autbors, iC \Ve

extend the numerical procedure as follow5.

Wc bcgin by <:onsidering the general Corm oC the Sturm.Liouville equation

[P(x)",'(x)]' + q(x)",(x) = .lw(x)",(x) x E (a,b), (6)

where p(x),w(x) > Ofor x E (a,h). In lhe ansalz (3), lhe funrlion J(x) is supposed
to be approximated by polynomials, i.e., a polynomial of degree N that satisfics
approximately the cquation

A,(x)J"(x) + 4,(x)l'(x) + Ao(x)J(x) = .lw(x)J(x)
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where

1'(X) ,
A,(x); p(x), AI(x); 2p(x) 1(x) + p (x),

1"(X) 1'(X)
Ao(x); p(x) 1(X) + p'(x) 1(X) + q(x),

is supposed to exisl. This means that the N points Xj obtained through

(7)

are the N approximated zeros of ¡(x) [5J. Therefore, these poinls should be a beller
choice lhan lhose yiclded by Eq. (4). Jt is an easy malter lo show thal the malrices
D and X built out of thcse numbers yield real eigenvalues for

L; A,(X)D' + A¡(X)D + Ao(X).

Firstly, we nole lhallhe righl.hand side of (7) can be wrillen as -r'(xi)fr(x;) where
r(x) ; 1(X)Jp(x), and lhis fundion is usually zero allhe extreme. Therefore, a
solution of (7) there exisls [61, wilh a < XI < x, < ... < XN < b (i! ln(r(x))
is a concave íunction, the solution is unique), and this implies that the matrices
p(X) and w(X) are positive definite. Bccause L can be written as a product oí the
posilive definite malrix p(X)[w(X)I-1 and lhe hermilian malrix (D' + Dd - dD-
d' + Ao(X)[A,(X)tl), where d is lhe diagonal malrix whose nonzero elemenls are
given by Eq. (7), its cigenvalues are aHreal, having the same inertia as those yielded
by the hermitian matrix.

No\e lhal Eq. (4) is olle case of Eq. (7). lhe fUllclioll 1(x) should be chosen
to embody the boundary conditions in such a way that the ansatz (3) satisfies the
differential equation at the extreme, as 5tated in Re£. [1].

Thus, for lhe problem given ill Eq. (5), we choose 1(X) ; x and build lhe
matrices D and X out oí the point5 obtained through

N 6¿' 1 1 7xi
k=1 (Xi -xd; xi - 2(1-xJ)'

i = 1,2, ... ,N.

According to this method [2]. we proceed to diagonalize the matrix

(8)

The fir5t eigenvalues ..\~ of this matrix (approximants of those of Eq. (5), An) are
shown in Tablcs 1 and II for sorne values of the number of points N. The com-
ponents (vn)¡ oC thc t'igenvcctors Vn oC (8) are related to the values rp~(x¡) oí the
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n

1
2
3

TABLE 1.

~; (N = 10) ~~ >.~
8.72747035 8.721575 S.7274j"J
152.423 128.2512 152..1131
435. 2083475 43;;.063.1

The first three stabilized eigenvalu('S A: of the matrix given in Eq. (8) obtaillcd wilh a
lO-point mesh are shown in the Il{'cond column. they can be compared w¡th ti\{' lower
and upper bounds A~ and A~. obtained [4) by the orthogonal invariants J1wthod ano
the Rayleigh-Ritz method respedively.

n ~;(N=20)
1 8.727470352642

2 152.42307087862

3 435.063332175

4 855.68572

TABLE 11. The first four stabilized eigenvalu("S of the matrix given in Eq. (8) oblained .•...ith a 20-
point mesh. The stabilization was eslahlished by comparing them with the eigellvalues
eomputed with a 25-point mesh.
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rlGURE 1. (a)-(d): Piecewise lillear interpollltions of lhe first four normalized "'ectors I,?;,(rd.
n = 1, ... ,4, yie1ded by Eq. (9). They Me lhe approximants to the corrc!'ipolLdin,l!;
eigeilfunctions lPn(r), n = 1, .... 4 of Eq. (5).
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approximall'd eigenfundiolls of (.5) through (2,1]

(9)

wllC're en is a normalization cOlIstant.
In Fig. 1 we silo\\" a graphic dcscription of lhe first foue normalizcd eigenvectors

:';~.('''l)ohtainc{1 for N :;;;2.1.
\Ve conc1u{le tllis note pointing out the simplicity oC this procedure. The rcsults

1)l"('~(,lItcd in tbis \\"ork ha"c hcen pcrformed on a personal computer using standard
FOHTHAN 77 fOutiucs lo solvc Eq. (7) and to diagonalize Eq. (8).
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d.

Resumen. Esta Ilota trata con la generalización de una técnica
Illllll"'ricit rl'Cielll.('IlU'nte propu('sta para calcular eigenvalores y eigen-
ftlllCiolH's ;jproxilllados ele opcr;:¡dores difC'renciales lineales en una di-
1lll'lIsic)n. Esta lc'rnica ahor;:¡ lisa una r('prcsC'ntación matricial finita del
0p('f;:¡c1or d/dr ('Ollstrllid" con l\' números obtenidos a partir de una
condición donde los ('OcfifÍeutC's de la ecuación diferencia! juegan el pa-
pd principal. Est(' mc'todo pu('de S('f aplicado a problemas de eigenval.
or('s ron condifÍones a la frontera difícilcs de manejar, como se muestra
lluln<,ric"IllC'lIt('.




