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Virasoro algebra and geometry
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Abstract. W(' n'vi"w the aplwarance of the Virasoro algebra. in the
mlll('xl of dassi('al a.nd quantum bosonic string theory. The e1assical
algl.'hra is dosdy r('lale(( lo lhe Lic a1gcbra of vector fields on the
(irele as a diff"r{,lItial manifold, which suggests a deep and beautiful
fOlll]('(liOIl b('IW('(,lI physi(ai and grometricai objecls.

PACS, 11.10.Q,; 11.90.+1; 02.40+m

1. Introduetion

Thc Virasoro algebra [1] plays an important role in string thcory sinee il arises as
lhe algelHa of lhe ("()[lforlllal group in olle aJl(i lwo dimcnsions [2] where, unlikc
lilrec or more dillH'llsioIlS, il is infillite dimensional (in faet in two dimensions lhe
algehra (,oJlsists iJl lwo cOlllll1llling Virasoro algebras), and at lhe c1assical levd
conformal t.ransforlllalions are •.he residual syrnlllclries of lhe gauge~fixed rncLric
'/rrd =diag (1, -1) on the world-slU'('\. aflcr use of reparamctrization ami \Veyl invari-
¡tIlO'S. At tlU' <¡ualltulIl ICH'I, elfeds duc t.o normal ordering of operators break lhese
sYlllllletri('s prodllcing an allolllaly whirh is the origin of the central (or c-numbcr)
tf'1"I11in lIle alg('¡'ra, 1" tlU' path integral fOfllllllalioll of lhe quantum tlK'Ory, fune-
tiollal integratioll O\'('r ghost (and antighost) fidds is introduced to represent the
Fad(,,'v-Popov dell'flllill<lnls, which apl)('ars as a cOlIsN:}uencc of gauge fixing. The
('lll'rgY-1Il0IlH'ntlllll tellsor rcccivcs a contrihution from lhe ghosts whieh lhrollgh
Fonrin tran:sforlllatioll I('ad to all additivc modification of the Virasoro generators.
Thl' algl'bra gell('raled by lhe 1TI0dificd operators is the conformal algebra i.c, lhe
"ff('d of tlle élllolllaly callce1s) 0111)' at thc dimensionality of space-tirne D = 26.
TI\l'sl' rl'sults ("orn'Sponci lo the bosollic string. In lhe supersymmetrie case lhe
tlwory is anomaly-fre(' at IJ = lO. In tire following wc festricl Qur discussion to the
ho:;ollic ('ast'.

It is ti\(' pnrpo:;e of ti\(' prt~(,lIt artidc to rcview lhe appearanee of the Virasoro
algebra in th(' ("onít'xt oC tILe c1assical aIHI quantum bosonic string theory (Part I)
iUld to COIlII('Ct tlU' i\llomaly-frl'c algchra with grometrical objects (Parl II). In
St',.s. 1-;1 (llarL 1) Wt' ciis("lIss the Namhll ami Polyakov actions, and the classj.
("al (witltont ¡U10lllaly) and <¡uanturn (anomalous) Virasoro algebras. In Sees. ,1-9
(Parl 11) WI' deriv(' tlw Lie algebra of lhe veclor fields on the eirele which is the
1Illiqlll' (lIfl lo dilf('olllorphislTls) real ¡-dimensional c10sed (compad without bound.
;1 ry) ("Ollll('l'lcd difrt'n'llt.ial manifold. Il is the complexification (Sec. 9) of the algebra
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which coincides with the anomaly-fccc V¡rasara algehra. 'Ve do nol intend ao cx-
planation oC the (possibly deep) rcason oC the abovf' COIlIlCclioll. Saine discussion is
givcn in ReCs. [2,3]. General introduclions lo the suhjcct oC string and supcrstring
theork"S can be found in ReL [,1].

Parl I

J. Nambu aetion and clu$,',;cal l'im."oro algebm

Lct 1\1 = (RD,gr) be /J-(lilTlctlsional ~linko .••..ski spacc (91. is thc Lorcntz rnetric
9L ==diag (1,-1, ... ,-1)),7 and 1c10sed inlcfvals of tIJe real linc and SI thc

- -,
cirele. An opcn strillg pulh is a nmtillllouS fundiDo (map) r: [rom Ixl iolo ,\[ ¡.e.
E: 7 X t ---lo i\f,(T, a) 1-+ E(T, (7) with E E !\lap (Ix t, ,\1). For 1: wc have thc ordcrcd
set oC fllllctions r: = (ro, ... , xlJ-1), WlWfC thc x~'s are the coordinatc functions of
A/ givcll by xl-l = rl-l o ~ with ,.11 : 12[) --+ R bcing the JI-th coordinate functioll on
RO \\'e ha,"e (T,<7) ~ (IO(T,<7), .... IIJ-'(T.<7)). I"(T,<7) = r"(E(T,<7)) E R. ,In

- _/ - -1

open ",tring ll'or/d-sha[ I'r; is the imagr of 1 X 1 by tlw path ~ i.l'. rr; = E(J xl).
For él c10sed string path oTlehas ~c : 7 x Si --+ .\1, (T, a) •.......•1::c( T, a). In what follows
we dis(t1ss open strings. Thc disctlssion of c10sed strings is analogolls.

- ~
Let ~ be a diffeomorphism of 1 x 1 i.t. él smooth (COO continuously differ-

cntiablc) bijcctive functioll 4J : 7 x 1 --+ 7 x 1. A rc¡m7Ylmelrization 01 E by
q, E llilT (1 x 1)' is lhe opell slrillg palh q,'(E) giV<'1Ihy q,'(E) : 1 x 1 --> Al,
(T,<7) ~ ~(?(T,<7)) i.c. q,'(E) = ~ O? which makes

Al;/
Ixl' '/xl'q,

--/ --/ --1

él COIllllllltativc diagram. Sillc(, 1> E Dilf (I xl), ó( 1 xl) = Ixl and the world
sh.'('\. n'lIlains invarii\nt III1<!f'r r"parallu'j rizi\ tions:

r.'(E) = '¡"(l;)(1 x 7') = (~o q,)(1 x 7') = ~(I xl') = rE.

'For any smooth rnanirold ,\f, llifT (.\1) is a group, slIhgrouJl or AIII (Al): p;roup or aulornorphism,;
(f .\1 - Al bicontinuolIs) or M (Ol1sidcrcd <\.<; a topological "pare. Iliff (M) is a topological
p;rollp, tIJoup;h not c10sed in Aul (M).
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- "'An aetio1l S for a path E is a function S : Map (1 xl, 1\1) -+ R, E 1--+ S(E)
which is invariant under reparametrizations: S(q/(E)) = S(E). Jt is ea..,y to see that
this rcquircmcnt is satisficd by the NamLu action [5]

(1 )

\\'here i: = (r1TXIJ), Xl = (D~:rll) ami AH = HA with A, B = X, x' is the scalar product
in A/ with the Lorcntz rnctric, A13 = (A, B}9L = L~:olAIJ BIJ{gr)IJIJ = AIJ HIJ' \Ve

chose 7 = [T" TII and 1= [O,~I.The nsual vallle for the constant in Eq. (1) is
-To/e \\'here 1'0 is the string tension and e tIJe velocity of light. It is common to
choose units such that c = 1 and To = 1/'!r. Tite equations of motion and the cdge
conditions are obtaincd by making a variation of the string path, E -+ E' + bE,
suLjcct to thc condition b~(Tl,O') = b~(rf,O") = O. Qne obtains

with

(i:xl)X' - .1Pi:
~p,= ((ú')2 _ x2x'2)'/2'

(xx')x - x2x'
~P. = ((ú'J2 - ú'2)'/2

and

Tlle exprcssions for PT ami p~ ¡cad to tiJe idcntitics (constraints)

The reparamctrization invariancc allows to irnpose two conditions 011 the string
path E. The "conformal gaugc" is dcfille<i hy the conditions

.TX' = x2 + X'2 = O,

which Icad tn equatiolls of motioTl, edgc ('onditions and constraints resp('ct.ivciy
givcn by

:i - .r" = 0, r'(T,1r) = x'(r,O) = ° and (i:::l: .r')2 = O.
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For Pr and Pt1' Que obtains 7rpr ::;: X and 1f'Pt1' ::;: -x'. The world-sheet solulions
rE are

00

X"(T, u) = q" + ¡I'(T - T;) - 2L co~u im(a~e-;n(T-T;»,
n=1

with qJJ, pP E A, a: E e integration constants, and the constraint equalions are given
by O = -2 ¿fiEl e-in(r::r.tT) Ln implying Lm = O,m E Z. The Virasoro generators
were defined as

with Q~ ::;: pJJ. and a: ::;:y'na: = Q~.n roc n E Z+. As roc any mechanical system
aue introduces a Lie algebra o/ Poisson bmekets stn.tctUT'f in the phase space oC the
systern, Pr and x are conjugate maps and then it is natural to sel

{~(T,U),X"(T,U')} = ~""6(u- u'),

{p~(T,U),p~(T,U')} = {X"(T,U),X"(T,U')} = O,

(~""= (g£)"") whieh lead lo

{o::"o:} = im6m,_n~"" for m,n E Z - {O} and {¡I',x"} = ~"".

A straightforward calculation using the familiar properties oí Poisson brackels
{AB,C} = A{B,C) + {A,C}B and {A,B} = -{B,A}, leads lo lhe class¡eal
Virasoro (Lie) algebra

{Lm,ln} = -i(m - n)Lm+no 11¡,n E l.

A final remark is the following. It is natural lo define the extcnsion t ;[Ti, TI] x
[-", "! ~ M of lhe slring palh E lhrough lhe equalions t(T, -u) = t(T,U) =
E(T,u), t(T, -u) = t(T,U) = t(T,U) and t'(T, -u) = -t'(T,U) = -E'(T,u),

. , ~/ - :. ~
where u E [O,"1, E = aTE, E = a,E, E = a,E and E = aTE. Then lhe lwo
constraints are exprcsscd by the uniquc cquation (i + .i')2 = O (or (i - .i/)2 = O),
and the Virasoro generators are the Fourier transforms
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2. Polyakov action

The inlroduelion of lhe Polyakov aclion [6J (sce also Ref. [7]) and ils assoeialed
method oí quantization involves a deep change in the description oí the dynamics
of the slring. While in lhe Nambu lheory lhe world-shcel rE is lhe image in M
of lhe slring palh E, in lhe Polyakov approaeh lhe world-sheel is eonsidered a
one-dimensional complex-analytic manifold (a Riemann surface) and the theory
describes fields xP (Jl = 0,1, ... ,D - 1), which are O-íorms "interacting" with a
metric haj3 (o,{3 = 0,1) with Lorentz signature defining a Riemannian structure
on the manifold. In this context, (T,a) ; ({O,{I) are coordinate íunctions on the
manifold i.e. elements oí local charts, and the "reparametrization group" is not a
group but a pseudogroup of transíormations [8} (general covariance). In this section
we briefly review the classical equations oí the approach and show that the Virasoro
generators are the Fourier transíorms oí the energy-momentum tensor associated
with the "matter fields" xp.

The Polyakov action is

where h(O= - del h.~(Oand h.~h~,= h\. Sinee no derivalives of h.~ appear
in the action, the equations oC motion Cor the metric coincide with the definition oí
the energy-mornentum tensor Taj3 oí the matter fields, and lead to the vanishing oC
this tensor

where h/hh.~is lhe funclional derivalive wilh respecllo h.~.
Qne obtains

wilh

- - rt~
For the solution haj3 oí Ta/J = Owe have haj3 = 2iaj3/h i,~with iaj3 = XP,aXp.,/J,

and lhen Sp(;;.~,x") = SN(X"). We wanl lo emphasize however, thal lhough lhe
Nambu action has been recovered, this 1S a pure formal result, since both approaches
have different geornctrical basis. General covariance allows to set haj3 = e.r¡aj3 with
~.~ = diag (1,-1). Then Too = Tu = Kr' + x") and TOI = TIO = Xx' which lead
to the constraint equations in the Nambu theory. According to the remark at the
end oí Seco 1, we see that the generators Ln oí the Virasoro algebra are the Fourier
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transforms oC lhe linear comi>illatioll ~(Too + 1'11) of CotTlpotwnts of lhe tensor 1~13
associatpd with lhe cxtf'n<ied ficlds r.
3. QUflTltUtn \fimsoro algcb1'tl

'1'0 go (rom the classical to tlw quantulll throry in lhe operator formalism wc have lo
makc the rcplaccrncnt of Poissoll hrackcts oC canonical variahles by cornmutators oC
tl)(' associaled opcrators in lhe lIilbcrt sparc V oCstatc vcctors, i,c., { , } -t [, l/ih.
afie obtains (ofn, o~l = -11161'1._" tI/u' h 1, [p,/l. x"l = ih,,'U' 1. wherc 1 is lhe idcntity
in \'. From lile c1assical cxprcssiolls roc lile gcncrators Lm we sec that roc m -# O no
or<1('r3mhiguity exists o"om_n = 0m_non and lhe quantulll l.", opcrators have the
sarne dependen ce on lhe n,,-opcrators as lhe c1assical I.m's have on the 0", s E a:.
For m ;;;O therc cxists howcvcr all alllbiguity, sincc classically

I.,,(.r.!!).

with I, Y E e, I +Y ;;; 2, and n~:.does nol COllllllute wil h o ~ wlH'1l lhe c-nulllbers are

rq)laecd by opcrators. The nOflllai-on!ered operalor : Lo :;;; 10fi + ¿nEZ+ o~t0"/1
dilTcrs frolll the naivc <¡uanlization of Ln(:r,y) in all infinil(' COllstant times the
i<!elltit.y i,r., LO(J",y)lquallt. ;;;: 1'0 : +~Y[)"(¿flEZ+ 11)1 (1J = t1illl,\1 appcars he!"e

since o::oL;;; Q~tO'Il/I - [)lIltl), lIowc\"('r, thcrc is no prcscriplion in lhe thcory by
which Lul(IUanl. should be o!>laitwd from its c1assici'l1 nmn!crpart in tltis way. The
IIslIi'l1 procedurc is to mak(' tlj(' U!.$lIl11Jdion that in any ('xprC'ssiotl ill\'olving Lo olle
can \Hite for it lhe tlorlTlal-ord(~f('d : 1.0 : plus a finilc cQTlfdalll (which in (,i'lch cas(~
ha.s lo be ddC'rmincJ by physical nmdilions) timC's tlU' idcntity (for simplicity of
llo1atioll, we \Hite in tlw followillg Ln for : 1.0 :). \Ve apply these arglllllcnls to tlU'
('\"aluatioll of [1.,.,1' Lnl, following tlw nllalysis in fkf. PI.

In t.1lf' c1assical llwory OIWohlains

I
{Lm, L'l} = :;L(h'( nm_,(n,(+'l) + (111 - k)( 0,(.°11I_,(+'1))'

- I.El

In ('aeh tf'rm of tl](' two infinile SIlJllS in tll(' r.b.s. tl](' factors no cornmute at the
qllalllllrn level unless ni ;;; -IJ. For Hl i- -" OIle ChilTlg(,:" J..- + n = Jo:' in lIJe first
slllTl and ohtains 1st. slIm ;;; L.l'EZ(e - ")Om_k,+"HI.' ;;; ¿,(ElO: - n)okOm_k+f1;
thetl 1st. ~;urn + 2nd. slllll;;; (m -11) ¿,(E] o,(.om+,,_,(' ;;; -2(m - n)l'rn+n and th('
f('J)lan~lll{,llt { , } -1, lllh I('acls lo [/'m,I .•• ]::; h(m - ,,)/"mtFl' For m = -1} 01]('

ol,laills in lile r.h.s. Lu, whic!J is dd('r1J1irll'd up lo a constant. '1"11('11,for arbitrary
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rn,71 E 7l,

(Lm, f,n] = h(m - n)Lm+n + A(m)8m,_nl.

Once A(rn) E R is fixed, this algebra is known as the centrol extension of
the Virasoro algebra, and the constant tcrm is known as lhe anomalous termo Lel
m = O; for n = O, O = A(O)l, lhen A(O) = O. From [Lm, L-ml = -[L-m, Lml il
follows A( -m) = -A(rn). Then A(m) has lo be fixed only for m > O (or m < O).
From Jacobi idenlily [L" [Lm, Lnll + [Lm, [Ln, L,Il + [Ln, [L" Lmll = O and for
k+ m + n = Oone finds A(k)(rn - n) + A(m)(n - k) + A(n)(k - m) = O(a). Pulling
k = 1 and for n ::o: 2 one oblains A(n+ 1) = ((2+n)A(n )-(2n+ 1),t(1 ))/(n-l). Then
lhe subsel {A(l), A(2)} fixes lhe sel {A(n)}nEZ+ ¡.o., we have lo delermine only
two constants. It is casily verificd that ror l. + m + n = O, A( l') = clf + c3f3 satisfies
(a) ror any CI and C3. To fix these constanls one lakes vacuum expectation valucs
( )0 for lhe commulalors [L" Ll! = 2hLo + A(l) and [L" L,] = 4hLo + A(2),
where lhe vaeuum slale lO} salisfies 1'10) = O, o~IO) = O and (010) = 1. From
lhe expansions of lhe Lm,. we have ([I'j, L-jDo = A(j) (sinee (Lo)o = O) and a
slraighlforward ealclllalion leads lo A(l) = O, A(2) = Dh' /2. Solving for lhe c,'s
gives q = -03 = Dh' /12. Then

\Ve notice thal the anornaly is a quantum correction (O(h1)) lo the "leading term"
proportional to h. The replacement [, ] --+ ih{ , } and the subsequent limit 11.--+ O
lead to the classical algcbra.

Parl 1I

4. 51 as a difforential manifold

We start by considering SI as the subset of R2 given by the points

s' = {(x,y)lx' + y' = 1).

In this way, SI can be scen lo be a real connected Hausdorff one dimensional
eompael lopologieal manifold (51, TSI) wilhoul boundary (TSI is lhe lopology of
SI). In fad, S1 inherits the (mctric) topology from R2, the open scls of 51 bcing
lhe inlersections of SI with lhe open sets of R2 (arbitrary unions oC open balls
B,(xo, yo) = {(x, y)l(x - xo)' + (y - yo)' < ,} of R'). 51 is eonnected since il is nol
the disjoinl union of two non-emply opcn sets of its topology, Housdorff since any
two difTcrent points of SI have non-intersecting open neighbourhoods, and compact
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FIGURE l. Minimum atlas on SI,

sincc any open cover (collection oC scls oC lhe topology slIch that its union contains
51) contains a finitc slIbcollection which is itsclf a COW"r.

\Ve define an atlas (not maximum) 00 SI as consisting oC the t ••••.o charLs (U,~)
.nd (V, \ji) with U = S' - {O}, V = S' - {O'} elernents or the topology (Fig. 1) and
,¡,-I, \jI-' given by

q,-l : (O,2~) ~ U,

\jI-I: (_~,~) ~ V,

t lo---!' (cosl,sinIL

t ~ (eost,s;nt).

Both ~-I and \l1-1 are continuolls functions Crom oren scLs oC lhe real ¡¡oc lo
open scts of the cirele. Tlwir invcrs{'s are also continuous. Thercforc Si is locally
bomcomorphic lo R1. Thc smooth slrllclure oC lhe manifold is seco as £01l0w5. The
lransition function

\ji o q,-I : 1>(S' - {O,O'}) ~ \jI(SI - {O,O'}),

{

t,
I ~ \ji oq,-I(t) =

I -h, 11"<1<211"

(Fig. 2) is given by a powcr series (0111)'tll{' first linear t('TIII oC tile series exisls, lhe
1lhcrs Leing idenlically zero). Therefore SI is a real-analylic (COO

) manifold. For
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IR

IR

f'IGURE 2. Plot of the transition function V' o 4J-l.

the dcrivativcs of the transition funetion we have

d"
dt" (\ji o 4>-I(t)) = 8.,1, 1 :5 n E " t E (O,"') U ("',h).

TIte first derivative does not ehange sign whieh means that the manifold is ori-
entable, the existence (thollgh vanishing) of the other derivatives means that the
manifold is smooth.

In what follows, and only for easy of ealculations, wc shall consider SI as a topo-
logical subspace of el ¡.e. 51 = {zllzl = 1). \Ve shall then parametrize the points
of 51 by the complex numbers ,;2" with tER. Also, C~(A, B)(C~(A, B)) wiU
denote the set of smooth (analytie) functions from the manifold A to the manifold
B. In particular, with pointwisc sum and product, COO(1I1,111)and COO(sl, al) are
commutative rings with unit e: A -+ 111, P 1-+ 1 (A = 111or SI), and if multiplication
by numbers (R1) is included, thc structllrcs are infinitc dimensional real associative
algebras. In the prcscnt context, RI is given the usual smooth manifold structure
through the minimum atlas (RI, idlR, l.

5. Pmjeetion oi 111 07lto SI

Define the function.

"This is a particular case of the covering of lhe n.torus (n E 1+) hy Rn through the projection
'lrn: Rn _1'" = SI x '"' X SI e en, (tl, ... ,tn) _ (e;2.11, ... ,t'i2"f~). For n = 1 we have the
l.torus TI = 1 - sJlhere Si.
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\Ve have ~(I + n) = ~(t), 11 E 1 i.t., ~ has period 1 (Ialer we shall also use
ñ- : R1 ---+ SI, t •.......•ell which has period 2n-). 1f is (all('<1 a covcring oC 51 by R1.

Notiee that ~((n,n + 1)) = 51 - {l}, ~ is many-lo-one, onto and ~ E CW(IlI,SI).
For an)' p E Si, 11'"-1 ({p}) is callcd lhe fiher oC p and is denolcd by 1.1. AIso natice

that Rl = UPESl J1 i.e., lit' can he considercd as a bundle oC fihers, and each fibcr
is in a one-lo-olle corresponocncc with the integers 1, lhe fibcr oC the bundle. \Ve
have lIJen the slructure oC a srnoolh fibcr bundle ~, whidl can be rcpresented by
the diagram

A function fE coo(SI,IIitI) is called a scetion oC lhe bundle ir 1r o J = ¡dISI.

Let f E COO(Sl,R1). 7l" imllJ("cs

~. : coo(SI, 111) ~ coo(lIl, 111),

I ~~'(f) : 111 ~ 11',

t ~ ~'(f)(t) '" (f o ~)(I),

i.e., one has the diagram

11'

I

11 is easy lo sce lhal ~'(f) has period 1. In fael, for 11 E 1, ~'(f)(1 + 11) = I(~(I +
11)) = I(~(t») = ~'(f)(t). \Ve denole by Cl'(III,lIi) amI Cj':;'(II', 111) the rings of
smooth fundioos Crom RI lo RI with pcriod 1 and 21f rcspcctivdy, and it is clear that
these scls are suhrings oC the ring coo(Rl,Rl). Also, we !lave Jr. : COO(SI,R1) --.
Cl'(Dl', 111).
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6. Dejinition 01 the vector jield dldO

Let p E S' and .\ E I1. Define the map

L Coo(S' 11') -+ Coo(S' 11')dO" , ,

I ~ :0 (J) : S' -+ 111,

p ~ :o(J)(p) '" :t(~'(J)(t))I'~A = :t(J(e"il))lt~A

= hiz d~(J(z))I,:,";'

where t is the usual coordinate fundion on RI and 1i is the hase of the tangent

space 1~tRI to RI at the point t. It is easy to see that if ),.' E J1 and ),.' =f ),. i.e .
.\' = .\+ n with O¥ n E Z then

:t(~'(J)(t))lt~A+n = :t(~'(J)(t))I,=>

I.e. ~ is well defined. Also, ~ E CW(II',S') and I E Coo(S',II') imply I o ~ E
Coo(R',R') and then ~(J) E Coo(S',II') as it must be. \Ve have the

P1'Oposition: -le is a derivation i.e., it oheys the Leibnitz rule ami it is R.linear.

Proof: i) z1,(J(z)g(z)) = (z/')g + I(zg') i.e. ~(Jg) = ~(J)g + I~(g); ii)
1,(al(z) + 13g(z)) = al'(z) + 139'(z) i.e. ~(al + 13g)= a~(J) + 13~(g), for all
a,13 E 111 QED.

Let ~(Il') be the modulo of vector field, on 11' over the ring Coo(R',II'). For
any V E ~(RI) we have V = 'Pf/; with 'P E coo(lIl, 11') and V : RI -+ T.1l1,
t ~ (t,'P(t)f/;) E {t} x T.,III where T.RI is the tangent bundle of RI Call ~(S')
the modulo of vector fields on SI over the ring coo(sI, al). From the aboye analysis
it is clear that ~ E ~(S') and for any X E ~(S') we have X = t/Jx~ with t/Jx E
Coo(SI,II') and X: S' -+ T,s',p~ (p,t/Jx(p)~(p)) E {p} xT.pS',whereT.S' is
the union of aH tangent spaces to Si and T.pSI is the tangent space at the point p.
T,s' together with the left projection ~, : T.S' -+ SI, ~l'({p}) = {p} X T.pS' = Fp
has the structure of a smooth vedar bundle, T(Sl): tangent bundle of the cirele,
with fibcr al and structurc group o = ({1},.). In this contcxt ",(SI) is nothing
but the space of smooth sections of the bundle since X E ,..;(SI) is smooth and
rrl o X = idlsI. We write ~(S') = Coo(T.S'). T(SI) is a product (trivial) bundle,
since T.S1 is topologically homeomorphic to SI X RI. Thcse facts are represenlcd
by the diagram
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Ul'-O

T.S' '" SI X R'

7. A Ihcorern on C~(S',R')

x ",

SI

Lel 1r : RI -+ Si, t 1-+ ei2rl as before and let tp : Si --t Y' with Y arbitrary seL \Ve
considcr the diagram

y

;7
Ul'-----SI

"
¡.c., ,,'(<p) : RI ~ }', I ~ (<p o ,,)(1) = <p(e""). For n E Z, ~'(<p)(1 + n) = ,,'(<p)(I)
i. c. ~'( <p) has period 1. Denoling F( S', \') (F, (R' , }'» lhe ,el of funclions from
SI(R') lo Y (wilh period 1) we have~' : F(S',Y) ~ F,(R',y), <p~ ~'(<p).
Consider now lhe map o : FI(R',\') ~ F(S', Y), .p ~ o(.p) : S' ~ Y, p ~
o(.p)(p) ;: .pP)IAEF,. \Ve have lhe

p

Proposition: 1r* o 0= idIFl(RI,Y) and o o 11'* = idIF(SI,y) i.e. 1["* = 0-1 provides

a sel isom()(phism belwccn F(SI, Y) and F, (R' ,\').

Proof: i) ~'o o: F,(R', Y) ~ F,(R',\'), .p ~ ~'(o(.p») = o(.p) o ~ : R' ~ Y,
I ~ (o(.p) o ~)(I) = o(.p)(p) = .p(I'lI"EF! = .p(1 + nll.El = .p(I); lhe resull

p

holds for aH lE RI, lhen (~' 00)(1/') =.p. ii) oo~' : F(S',Y) ~ F(S',Y),
<p~ o(~'(<p)) = o(<po~): SI ~ Y, p ~ o(<po~)(I') = (<po~)(-I)IAEFJ, = <p(p); lhe
resull holds for aH p E SI, lhen (o o ~')(<p) = <p. QED.

In the aboye propositioll, let }' = RI and F = Coo. Then we havc

Theorem A: Let 11'": RI -+ SI, t 1-+ ei2ltt. Then 1f. : COO(Sl, RI) -+ G¡(RI, RI).
<p 1-+ 1f.(cp) = r.po 1r is a sel isomorphism.

Similarly, we havc
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Theorem B: Let ~: 111_ SI, t ~ eil. Then~': Coo(SI,R1) _ C2~(1I1,RI),
cp 1--+ ;¡'.(cp) = cp o;¡. is a set isomorphism.

Most important, we also have

Theorem C: i. :coo(Sl, R1) ---+ Ch'(RI, R1) is a linear space isomorphism.

Proof: i. is a bijedion, coo(SI, Rl) and Ch(R1, RI) are linear spaccs, and for
any o,P E R1, ~'(o<p+ p,¡,) = o~'(<p)+ IH'('¡') since (01' + p,¡,) o ~ = 0(1' o~) +
{3(1/J o *).QED. (Noticc that *. does not give an algebra isomorphism i.e., *. is not
a ring homomorphism since ~'(<p'¡')¥ ~'(<p)~'('¡').)

The isomorphism between smooth functions on the circle and smooth periodic
fundions on tlle real numbers allows us to rcwritc the vector ficlds on SI cntirely
in tcrms oí fundions bclonging to Ch'(Rl, Rl). In fad, froIn the theory oí Fourier
series, íor any X E ,,(SI) wc can write

00

X = OOXC{)+ 2)OnXCn + I3nX'n) : Cf,;(R1, R') _ Cf,;(RI, RI),
n=]

J ~ X(J) = OOxC{)(J) + L(OnXCn(J) + PnXSn(J)) : (RI
- R'),

n=1

00

,\ ~ OOxC{)(J)('\) + L(OnXCn(J)('\) + I3nX"n)(J)(.I))
n=1

00 d d
= OOX + L OnX cos nt dt (J(t))!,:, + PnX sin nt dt (J(t))I,:"

n=1

with

00

06x + L(o~x + l3~x)< 00

n=l

(Parscval incquality).

Clcarly, tlle structure (/\'(51)),+;R1,.) is a vector SPi'lCC, with the ficlds
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acting as a basis. The linear space operations are given by

00

+: K(SI) x K(Sl)-. K(SI), (X,Y) >-> (oox +ooy)co+ ¿((onX+OnY)Cn
n=1

+ (f3nx + ,8ny)sn),
00

.: R' x K(S') -. K(S'), (A,X) >-> poox)co + ¿(pOnX)Cn + Pf3nX)sn).
n=1

For X E K( SI) we can also wrile

X ='PXI': C~(R',R') -. C~(R',Rl), 1>-> ('PXI')(I): R',-' R1
,

d
A >-> 'Px(t) dt (1(1))1,=,

wilh 'PX E C~(R', R') given by 'PX = ooxCo + ¿:::'=I (onXCn + f3nxSn), CO(A) = 1,
Cn(A) = cos nA, Sn(A) = sin nA, n ~ l.

8. Ue algebm 01 vector fields

On lhe vcelor space (K(SI),R') we define lbe associalive producl * K(S') x
K(S') -. K(SI), (X, Y) >-> X * Y: C~(R',R') -. C~(R',RI),

I >-> (X * Y)(I) : R' -. RI,

d d
A>-> 'Px(t) di ('Py(l) dt (1(1))1,=,

d
= 'PX,y(l) di (1(1))1,=,

with
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whíd: makcs (K(Sl), +, *) a ring; and thc non-associati\'e Líe product

(X, Y) ~ IX, Y] ;: X. Y - Y. X: Cr,;(KI ,KI) --+ Cr,;(KI,KI),

I ~ (X, Y](I) : KI, --+ 111,

d
,\ ~ [X, Y](I)('\) = I'(X,y¡(t) dt (I(t))I'=-I

with

d d
I'[X,y¡(t)= I'x(t) dt (I'y(t)) - di (l'x(t)l'y(I),

which makes the structure «(SI), +, [ , ];KI,.) a Lie algebra, the Lie algebra 01 the
vector fields on Si. In Cad, as can be easily verified,

i) [X,Y) = -[Y,X¡,

ii) [X, [Y, Z]J+ [Y, (Z, X]J + [Z, IX, YI] = o.

For the basis vector fields one has cn(l)('\) = cosnt(;f¡I(I))I'~-I, n <: O,
8n(l)(,\) = sinnt;f¡(I(t))I'=-I, n <: 1, and a straightforward ca1culation oC their
Lie products leads to

[Cn,cm) = ~(n - m)sn+m + ~(n + m)sln_mlsg(n - m),

(sn,sm) = -~(n - m)sn+m + Hn + m)sln_mlsg(n - m),

(cn,sml = -Hn - m)cn+m + ~(n +m)cln_ml'

where

{

n - m, n <: m
In-mi = ,

m- n, n ~ m {

+1, n <: m
sg(n - m) =

-1, n < m

and So = O E «SI). This result is known as the Witt algebra oC the vector fields
on the circle or equivalently the a/gebm o/ smoolh sections o/ lhe tangent bundle
o/ the eire/e. The strueture constants can be identificd by writing the previous



172 ,\l. Socolol'sky

eOIllIllutators in the form

00

[en. r",] = :L)o~cmrCr+ fJ~~llr,9,r).
r=O
00

["'n•..•m] = L(()~":nrCr + fJ~~nr'''r),
r=O

00

[eTl,,"m] = L(o~~rCr + fJ~~lIr$r)'
r=O

One oLtains

iJ")p"
,0¡3 nmr

~(f1- lIl)lir." .•", + ~(" + "I)~V;("- ",)/\.1"_"'1 )
- ~(fI - m)lir,,,+m + ~(" + '" )SV;(II - 11I)1\.1"-"'1

()

It IS instructin' to compare this idgel,ra with tlll' Lil' alg('lJra ()f .'>'1ilS il 1.i('
grollp. TIH' fOrlIwr is a highly 1I0lHrivial infillil(' dillll'11Sionill <llgehril. wllilc 11lf'
I¡¡t.lcr is a trivial (aH ti\(' Lil' prodllct.s vanish) 0111'dillU'IlSiollid al/!,clJ1"il."ill("(' ,1" ;1

vl'("\or SP;-l.(Ct.he algebra is tllf' l.angent space to tllf' ('irch' ill. 11)(' idl'lItily of 1Ill'

grolll' (C '" z = 1j.

9. COTllpiuijication

Te) cOlllplexify the pr{'violls aIg('bra \\'(' define t he sf'1 f,' (,C,'I r == {oll('n + z=;~1(( 1" l'" --t

.:i".",,)} with {oo.o"./1"};;"=1 e (; itllcllol~ + L~I(lol;, + I,illl~)<:x:. TllI' II",Uit!

Slllll alld product by complt,x 1I1I11I1)('rslllaKC f,'(S'] r a lillC'ilI' sl'an' wil h 1111':--<11111'
l'OIsisas .••(81), nanwly tll(' \'('clor fil'lds ('" a1\(1.",,: how(,\Tr 1111'('l('llll'llb uf ",( ...•.1)'
('()[lsid('wd as vf'dor fj(,lds einl 1101rl'l)f(,sl'nt. f1l1x('s011.(,,'1:-;illl'(' 110\\"1111'¡j('ld:-- h;I\'I'
cOlllpkx ("odficil'llts ;wd no cOlllplt'X flllx can be carril'd (JI! I IIl' ('in"J¡, wlliell is il 1"1',,[

OIll'-dilll(,lIsiollal manifold. \Ve go [LO\\" to IJI<'hasis {(o, (:h L%l' ro .= ("ll. (:t:r. :::::1'"1-
¡'''II' Olle has f -n = (;1'

It is ell'ar that tll!' st n 1<"1111"1'

i" a ("()Il1fllt'x infinilc dillll'll~iollal Lil' alg('1Jra, and fOl"1111'i.i(' prodllcts of 1111'l',I"i:--

\'1'c1ors Olle gets

[rm.(,,1 = -i(III-1I)(",+", 111,11 E 71



Fimsoro algcbm and gcometry 173

which is the Vira-<;oroalgebra \",ithollt the central termo (for the lincar cornbinatiolls
!:t.n, n 2::1, oneobtains l:t.n(J)(,\) = c:i:.illt1iJ(t)I,=), which (up to a factor i) coincide
with the infinitesimal generators of diffeomorphisms of SI given in Eq. (2.1.86) of
fief. [3J in terms of the angular variable O.)

Conclusions

In the context of bosonic string theory we discllssed the appcarance of the Virasoro
algebra, both in lhe c1assical and in the quantllm cases. Thc classical algebra is free
of anomalics whilc the quanturn algebra has an extra tcrm (central charge), which
appcars due to an operator order arnhigllity in one of lhe gencrators of the algebra
(Lo) in the transitioll frorn c1assical to qtlantum rncchanics. The c1assical algebra is
then shown to coincide \",ith the complexification of the Lie algebra of tite vector
ficlds on the cirele SI considered as a diffcrential manifold (\Vitt algebra). Thc vector
ficlds on a manifold are the scctions of the tangcnt bundle of the manifold. One
thus obtains a rclation betwccn physical objects (elassical propagating strings) and
gcometrical ones (a vector bundle structure). Hecent dcvcloprnents in the geomctric
approach to the quantum theory oC closed bosonic strings can be found in Ref. [9]'
where the grotlp of diffeornorpbisms of the cirde plays a cent.ral róle.
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Resumen. Se prf'scnta la derivación df'1 Álgebra de Virasoro en d
contcxto de las. tC'oría..<; clásica \' cuánti(;l de cuerdas bosónicas. El
álgebra clásica ('stá cstf('chamcn"te n'larionada ron £'1 álgebra de Lie
de los campos \'crloriales sobre el círculo romo variedad difercnciablc,
lo que sup;iere ulla bdla y profunda collcxión ('ntre ohjetos físicos y
geométricos.




