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Abstract. W('ert \11 ohtained a potplltial for tile houllded part of tlLe
~laxwen Tellsor which is associatt'd to the Lii'lIéHd-Wiechert fieJeI. W(,
show that this potclltial can be interpr('t.at.('d a.s aH illtrinsic Angular
Momenlnm Dcnsit.y for lhe correspontiing Eh'ctromaglletic Field.

PACS: 03.50.De; 03.30.+p; 41.10.Fs

1. Introduction

In this paper we deal with elcctromagnetic firld which is produccd by a point particle
charge in the ~finkowski spacc. This chargc gives liJe Liénard- \Vicchert field (1.\\')
from which the i\laxwell tensor T)e can be obtaincd. Thc last can be separated
in two parts: T jc the boundcd ()Jle, ami T Je lhe radia.tive part (in the sensc of

B R
Teitelboim [2]).

Seco 2 is devoted lo a brief cxpositioIl oC the L\V ficld. \V('ert [1] cOllstrucled a po-
lcntial f{ Jbe fol' T jc, this will serve liS lo propase, in Seco :!, a physical intcrpretatioll

B D
oC this potential using lile Bhabha [4J-Synge [5J region; llIoreover, if wc uccompose
1\ )bc in two parts which satisfy the symmelry oC lhe Lanczos Spintensor {6J, we
B

obtain the rupture oC T JC proposed by López [9], which is very important in the
D

study oC the angular momentum of the L\\' field. In SeCo .1we construct a non-local
Superpotential (depending of thc past histor)' of the charge) for the radiative partj
and we show the terms of T jc which do not participate in thc flux of energy and

Il
mornenturn through the Bhabha-SYlIge tube.
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XC

FIGURE l. Kinematics of the world-line.

2. Point charge in arbitrary motion

A charged particle moving in an arbitrary motion in the !\linkowskian space, pro-
duced the electromagnetie L\\' field with tIte 4~potential and Faraday tensor given
by

(La)

and the !vlaxwell Tensor

where (Fig. 1):

(x') = (x, y, z, t), (9',) = Diag(l, 1, 1,-1)

T is the proper timer, qC(T) \ViIIbe the retarde<l point, VC is the 4-vclocitYl aC the
4-acceleration

(Le)

tu = - j{cvc whieh is the so caBed retarded distance

H = w-1 (l - W) known as the I'lebañski [101 invariant
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Teitelhoim [2] provcd tbat Eq. (1.h) can be writtcIl as the sum of a bounded
part 7\c ane! a radiative one 1'bc. namcly.

n R

.sll,h thal

Tbc = Tbc + 1'bc,
B R

(2.a)

'''" = ,,'ti' -1 lJ!I" + (/,',(/,+ A',",) + B(/":, v,+ 1":,,") - lO-2 ( 1- 21V)1\,1\,], (2.b)
n

i\lld

Tbe = q2w-?(a2 - w-2IV?)I'"bl\e'

"
E¡\ch tensor \lo~scs.ses tllt' following difTerential propcrties

1'(e=O,
n

(2.e)

(2.d)

(2 e)

respectivdy, whcll it is yalllCd out of the world.line.
\Vecrt [tI proved that Ec. (2.d) cOlnes out from the cxistence of the sllperpoten.

tial

f," )bc = _q2 /4w-.1 [w-1(;!--llr)(1') x f\'b)Ke+4(a) x f\"b)/"c+ge}/{b-gCbJ\)], (3.a)
n

wl]('re w(: !lave lIscd tlw Lowry [:q llot,<'ltioll

(3.b)

Sllch that

(3.e)

Frolll I}('n" (:.!.d) follows immediately.
In tlw ncxt sectioll \Ve will study (1.a) in order to givc a physical intcrprctation

of this slllwrl'oh'lItial. In SeCo -l we will do rt bricf rtllalysis of Eqs. (2.c.(:).

3. Weert superpotential

Our paint chargc in arbitr<'l,ry motioo gives an elcctromagnctic field which posscsses
an intrinsic angular lTlomentum (IAI>1). Herc we will provc that f{ Jbe behaves like a

»
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FIGUIlE 2. Bhablla-SYllgl' tuhe.

dCllsily fol' LUI \\'Ill'll thc corrcspOIllling f1l1xcs are ralnd"l(,d tbrollgh a Hhablt,\ ¡.lj-
SYlIge [51 tube.

The SUllCl"pott'lltial (:!.a) has tll(' follo\\'ing prol)('I"lies

1,. , = O
El ) ("

1,' Jbe + 1,' bC) + 1,' (J" ;::; O
1\ Il 11

<Illt.isytlllll('t.ry.

111111 1 ran'.

rydic

Ilull ciin'rgence.

(1)

These propcrties agwc with t!lOS(' of t he LaIlaos [G] GCllerator ¡{Jbc for the \Ve)'l
tensor of the spacc.timc. Lallczos cakuliltt'd l"}be for \\'('Hk gravitatioll fidds aJl(1 in
!lis analysis, tlw Dirac equatioll. for spin ~,aplH'ar('d. FOI"this reason he called the
potenlial I\}be spin-tC'lIsor. In om ("ase, I(}bc will Iw associated \\'ilh the IA~I of the

II
I.I\" field.

Considcr tl](' Bhahha.Syngc tllh" (Fig. 2), whirll is (,(HlIposed by t11t~light eOlles
\\'ilh the tops in T = TI amI T ;::; T2, fllld a surfan' of ('()J\stant retarded distancc.
First. let us caklllatc the f{ }be flux tbrollgh a light ("011('; thc cxpressioll i:o;given by

R

SYlIge [51

(5.a)

whcrc dO is ti\(' eil'I1wnt of solid ¡wgl".
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FIGURE 3. Fermi tetrad.

The unital'Y spiH:c-like vector ¡l hits becn dcfillcd in Pig. 1

¡lVe = O. (5.b)

l\'ow fol' aH)' evellt ill lhe lille-ulli\"n~e. ¡{ call he wriU(,1l in tcnns 01' (1,Ferllli tdrad

ch)c \vith i = 1.:1,:~ (Fig. :q.

de C

h) ,c (' ) ,c-- = a(<7)t = ([ f(<7)'- 1, ,,iT
c . O . c+ '0' A. c O cP =SIIl COSoc(l) SIII SI1l~lt'C!) +("OS c(J)

a"e1 ,¡n = si" ()dO ,¡.p.
FrolIl (:ta), it is c1ear that

1\' )bcl\'c = O.

"

(5.c)

(5.'¡)

Th('refort~ (.~.(/,) illlplif's ,Úlb = O. t.ha! IS, J{ llJC flux v<lnishes t.hrollgh a light. cone.

"Sow w(' \','ill cilklllaU~ t.IJe 1\')1Je flux tllI"ough !iJe :J-spacew = Wo = COllst; tiJe

"(~xprcssioll is givell in SYllge [[)]

(G.a)
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where

W,C :;;;;Gl'adient of w:;;;; -Ve + [Jf{e

'I'hercfore, Ecs. (:I.a, 5.c, ().a, b) imply that

s, "1'",\1 Jb = -q' (u] X "b) de.
1 3 TI

This Ia."t result agrees with the intrinsic angular momcntum of the LW

,(,hNdore. H }b, behavcs a.<>a dellsity for slIch an angular mOlllentum.

"The superpotential (3.a) a('("('pts Ihe following rllpture

1\' }he :;;;;k }be + f{ jbe,
11 11 Il

where

1-. 2 -, [( - -111' -) 1']/'~ }bc :;;;;q tu -a} + w v} X \b \c

and

(6.b)

(6.e)

Field (7).

(7.a)

(7.b)

(7.e)

Thc potelltials in Eqs. (7.lI,e) sal.isfy all the properties in ('l). as the Lanczos Spin-
t.ellsor does.

It is simple lo provc lha!.

J h" }be dac :;;;; J R }bedac :;;;;O, (8.a)
11 B

T=const U'=const

and

j\l }b = J k daC and r ¡{ }b, da' = O. (8.b)
I B jbc J Il

w=consl T=consl

That is, 1\' jbc doesn't contribute lo lhe IAM of the elcctromagnetic ficld; this mean s
11

tllat k }b, is the active part of part of f{ lb,.
1\ 1I

The I'esult can be obtaincd hy using Stokes ThcorclIl anu tIJe Itowc [8J idcntity

(8.e)
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wherc D]her is a tensor used by Syngc [5] in anothC'f contcxt

(8.tI)

Finally IIsillg (i.a) in (3.('), the following dccolllposilion is ohtailled

'1'" = '1'" + T , (9)
11 fl II be

with '11' be ;;;: ~~' b) C,) and t be ;;;: ~~' b
J
(,J'

Eq. (9) is important at tll(' lllOIlH'nt "'C' relate il 10 Ihe angular 1l101Ill'lIt radiated
by (he charge [9].

4. On a rupture for Tab
R

lIe1"e we show ho\\" the radiat.in' parl of 'I:rb can 1)(' wriitcll a$ t.he Sl\1I1of two tCl'lllS;
olle of tlll'lIl doeslI't participa\<' in tllC' C'llf'rgy and lllolllcnlullI IIlIx Ihrough tlH'
Bhabha-SYlIg(~ t.uiH'. ~loreoVt'r, \\'C will gi\'c a 1>o1.t'IIt.ialfor Tbc.

II

The expressioll (~.c) can 1)(' wriUell ill the fonu

Tbe;;;: Tbe + -¡'be.
H H

whcrc

T be;;;: :!q2!{,-G\r! l\'b/,'e'
II

Il is simple lo d(,lllollslratc tllal

'1" = O,.,
'1" = O¡, .e

"

(IO.R)

( 10./1)

( 10.r)

J
'"

( 11.,,)

lilat is, (lO.b) docsn'l contrib\lt(~ 1,0 tlle ('I]{'rg)' ;UIII 1110111('111,11111f111Xtlll'ough t!Je
llhabha-Syngc tlll)('. In a similar \vay

J
ti! =e01151o,
T =e.onNt

(lLb)
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Hencc T be doesn't participatc cilher in the momenlum fluxes for such tube. Due

to Ecs. (ll.a,b) we say that the tensors in (lO.b) rcpresent the inaclive part of Tab
Rwith respect to the Bhabha.Synge region.

The conservation law is immediatc!y deduced frOIll t he existence of the super-
potential:

2

~( ,be = - :1 W-2 [w-2W'(ge, [(, - ge! [(,) + w-1 W( "j X [(,)( "e - :lw-2 W [(e)

+ (a, X [(,)(4w-2W [(e - ae)],

such that

Tbe == f{/ '.
i ¡e,)

~doreovcr. the identity T { e = O is a conscquence of
R '

7', f" ,
be == \ b e '1

Ji rt ,)

where

~ bje = -2qFb,p(a)p(¡) [.10' a(a)a(¡)vedT + p(f3) J.' a(a)a(¡)e¡P)e dT]

in equation (13.b), the surn o\'er a", {3= 1,2,3 has to be done.
To verify Ec¡. (13.a). \ve have to use the following relations

(12.a)

(12.b)

(13.,,)

( ¡3.b)

-If'Tj == -lO \j,

F,' . = O
" '

W = -wp(a)a(a),

retardcd dcrivative

Maxwcll equations

null eigenvcctor

Fermi tetrad
( 13.c)

The cxistencc of integrals in equntion (l3.b) shows the non. local charactcr of
k bje; thal mealls that it dcpends 011 the past hist.or)' of the charge. Therefore
R
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E'Is. (2.a, :J.c, la.a, 12.b, n.a) illlply

'[' ([' Jbe= \be+
B

I\J +i\J). b e b e
I R ,j

(J.I)

1it'llce tile Maxwdl tellsor associat.ed to thc LW Ficlc1 is ;111rrad dirclgencr.
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Resumen. \\'pprt jI} oht\l\.o un potl'll(.ial para la parte acotada del
tenSor d(, ~laxw('11 a.<;ociado al campo di' I,i(;nard.\\'iechert. Aquí
mostramos qu(' dicho poll'Jlrial pUI,dp illt('rprl'tiHS(' como Ulla dellsi-
d¡-¡d de mOIlH'llto an¡!,lllar intríns('('o 11('1rOlT('spoll<!i('nt.e rampo e1ect.ro.

lllagnéot.iro.




